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Memorial Dedicated to Professor Antonio Ambrosetti 


Professor Antonio Ambrosetti was born in Bari, Italy in the year 1944. He died in 
Venice, Italy on November 20 in the year 2020. 

He graduated from the University of Padua, Italy, in 1966. He has established sig- 
nificant groundbreaking results in the general area of nonlinear analysis, particularly 
related to pde, calculus of variations, Hamiltonian systems, bifurcation theory, and ap- 
plications of pde to differential geometry. 

Professor Ambrosetti was a co-founder of SISSA (the International Center for Ad- 
vanced Studies), where he taught. SISSA has recently started an award in his honor; it 
is called the Antonio Ambrosetti Medal. It is offered on a bi-annual basis to exception- 
ally talented young researchers who have already made significant contributions in the 
general area of Nonlinear Analysis. He also won the Caccioppoli prize in 1982, and the 
Amerio Prize by the Istituto Lombardo Accademia di Scienze e Lettere in 2008. 

Professor Ambrosetti was not only a great mathematician but also a great educator. 
He has produced several Ph. D. students who are internationally renowned mathemati- 
cians in their own rights. His former students include (chronologically ordered): 

Coti Zelati, Vittorio 
Solimini, Sergio 
Malaguti, Luisa 
Majer, Pietro 
Vitillaro, Enzo 
Cingolani, Silvia 
Berti, Massimiliano 
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Malchiodi, Andrea 
9. Biasco, Luca 
10. Secchi, Simone 
11. Felli, Veronica 
12. Baldi, Pietro 
13. Calahorrano, Marco 
14. Ianni, Isabella 
15. Mercuri, Carlo 
16. Vaira, Giusi 


Preface 


The first edition of this book was published in 2021, just prior to the time when Antonio 
passed away. Perhaps the publication was somewhat rushed due to the surge of the pan- 
demic. Antonio and I agreed that we would revise it as soon as feasible. Unfortunately, 
Antonio passed away quite suddenly and unexpectedly, at about the same time as the 
book was being printed. 

The revision has mostly addressed correcting some misprints and errors that are 
fairly common in the first edition of a book. Many new examples and exercises have 
been added or substituted. Also, a lot of effort has been made to make the presentation, 
especially of the first half, as lucid as possible. The first half should be quite suitable for 
a one-semester undergraduate course in differential equations, taught at most univer- 
sities in the US. It is suitable for a well-motivated student with a minimal knowledge of 
Algebra and Calculus. Complete solutions to all the even number problems are given in 
the back of the book. 

I wish to acknowledge the efficiency, competence, and courtesy of the DeGruyter 
personnel; particularly Ute Skambraks and Vilma Vaicelitiniené. Their help and techni- 
cal support were indispensable. I also wish to thank Steven Elliot, the publishing editor, 
for his support and advice. 

Finally, I wish to dedicate this edition of the book to my former students from 
Venezuela. They were a hard-working, fun-loving and lively bunch who were totally 
dedicated to the cause of advancing education in their country. Working with them 
was fun and gratifying. All of them went on to play important roles as teachers and 
administrators, including ranks of Deans, Vice Presidents and Rectors of universities. 
Unfortunately, I cannot name all of those wonderful people. 

My six Ph. D. students from Venezuela include: Ramon Mogollon, Ramon Navarro, 
Francisco Montes de Oca, Jorge Salazar (deceased), Jose Sarabia, and Ennodio Tor- 
res. All of them published in international journals and held professorial ranks at vari- 
ous universities in Venezuela. 

A few other friends and former students, who received their terminal degrees un- 
der the supervision of other professors, include Ernesto Asuaje, Jose Bethelmy, Yetja 
Cordero, Betty and Wilfred Duran, Ramon Gomez, Justina Guierra (deceased), Myr- 
iam Hernandez, Raul Lopez, Anna Montes de Oca, Rafael Morello, and Cruz Daniel 
Zambrano. 
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VIII —— Preface 


Chapter Contents 


Chapter 1 contains a quick review of some topics from multivariable calculus. It includes 
topics such as stationary points, local extrema, mixed derivatives, gradient, line integral, 
Implicit Function Theorem, and Fourier series. 

Chapter 2 deals with first order linear differential equations. It includes solving such 
equations by the method of integrating factors. After introducing the notion of initial 
value problem, simple proofs of existence and uniqueness of solutions are given, using 
only elementary calculus. Several examples, applications, and some important proper- 
ties of solutions are discussed. 

Chapter 3 deals with theoretical aspects of the general first order equations. Local 
as well as global existence and uniqueness are discussed with some of the proofs pre- 
sented in an Appendix. It discusses the importance of learning to analyze the qualitative 
behavior of solutions, particularly when dealing with problems that cannot be readily 
solved by known methods. This chapter may be considered optional, some instructors 
may wish to simply state the existence and uniqueness results and move on to the next 
chapter, depending on the backgrounds of the particular students in the class. 

Chapter 4 deals with separable equations and application to the logistic equation, 
homogeneous equations, Bernoulli’s equation, and Clairaut’s equation. 

Chapter 5 is dedicated to the study of exact equations and integrating factors. Ex- 
amples are given to show that one can choose among four options, some of which may 
be more convenient for a given problem than others. 

Chapter 6 is about linear second order equations, homogeneous and nonhomoge- 
neous, and includes the Wronskian, linear independence, general solutions, equations 
with constant coefficients, methods of variation of parameters and undetermined coef- 
ficients. 

Chapter 7 is essentially an extension of Chapter 6 to higher order equations. 

Chapter 8 is about systems of differential equations, changing linear scalar equa- 
tions to linear systems in matrix form, eigenvalues and eigenvectors, etc. 

Chapter 9 deals with phase space analysis of the trajectories of second order au- 
tonomous equations, equilibrium points, periodic solutions, homoclinic and hetero- 
clinic solutions, and limit cycles. Among applications, there is a discussion of the math- 
ematical pendulum, the Kepler problem, the Lienard equation and the Lotka—Volterra 
system in population dynamics. 

Chapter 10 treats the topic of stability, classifying stability of the equilibrium of 2 x2 
linear systems based on properties of eigenvalues. It includes Lyapunov direct method, 
a brief discussion of stability of limit cycles, stable and unstable manifolds, and bifurca- 
tion of equilibria. 

Chapter 11 discusses how to obtain solutions by power series methods. There is also 
a discussion of singular points, ordinary points, the Frobenius method, and Bessel func- 
tions. 


Chapter Contents —— IX 


Chapter 12 introduces the basic properties of the Laplace transform, its inverse and 
application to solving initial value problems of linear differential equations, including 
a brief introduction to the convolution of two functions. This deep subject is presented 
in a simple and concise manner suitable for readers with minimum background in cal- 
culus. 

Chapter 13 treats oscillation theory of selfadjoint second order differential equa- 
tions, the Sturm-Liouville eigenvalue problems. Once again, an effort is made to keep 
the presentation at an elementary level, but it includes some challenging examples and 
problems. 

Chapters 14 and 15 deal with a short introduction to linear PDEs in two dimensions. 
The former contains first order equations such as the transport equation, including an 
Appendix on the inviscid Burgers’ equation. The latter deals with the most classical lin- 
ear second order equations such as the Laplace equation, the heat equation and the 
vibrating string equation. 

Chapter 16 gives an elementary introduction to the subject of Calculus of Variation, 
starting with an explanation of a functional and the Euler-Lagrange equation. There is 
also a discussion of the brachistochrone problem, the Fermat problem in optics and the 
isoperimetric problem. 

A final section is devoted to revisiting the Sturm—Liouville problem. 
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1 A brief survey of some topics in calculus 


Here we recall some results from calculus of functions of two variables. Some additional 
more specific results that we will need in this book will be stated later. For a textbook 
on Calculus, see e. g. G.B. Thomas Jr, Calculus, 14th ed., Pearson, 2018. 


1.1 First partial derivatives 


Let F(x, y) denote a function of two variables, defined on an open set S ¢ R’, which 
possesses first partial derivatives F,, F,. 
— The gradient VF is the vector defined by setting 


VF = (Fy, Fy) € R’. 


— Wesaythat Fe c! (S) if Fy,Fy exist and are continuous in S. 

- A point (%,yo) € S is a stationary point of F if VF(x9,yo) = (0,0), namely if 
Fy(X%q,Yo) = Fy(Xo.Yo) = 0. 

- A point (X,Y) € S is a (local) maximum, resp. minimum, of F if there exists a 
neighborhood U c S of (Xp, yg) such that 


F(x,y) < F(X. Yo) ~VOGy)€U, resp. F(x,y)>F(X%p,¥9), WX y) € U. 


- A stationary point of F which is neither a local maximum nor a local minimum is 
called a saddle. 


Theorem 1.1. Suppose F(x, y) has first partial derivatives F,, Fy at (X,Y) € S. If (Xo;.Yo) 
is a local maximum or minimum of F, then (Xo, yo) is a stationary point of F, that is, 
VF (X0,Yo) = (0,0), or Fy (Xo. Yo) = Fy(Xo.Yo) = 9. 


The following result allows us to solve, locally, the equation F(x, y) = 0 for x or y. 


Theorem 1.2 (Implicit function theorem). Let F(x, y) bea continuously differentiable func- 
tion on S ¢ BR’ and let (Xo, yo) € S be given such that F(X9,Yo) = Co. If Fy(Xo,¥o) # 9, 
resp. Fy(Xo,Yo) # 0, there exists a neighborhood I of Xo, resp. neighborhood J of yo, and 
a unique differentiable function y = g(x) (x € ID), resp. a unique differentiable function 
x = h(y) (y € J), such that g(x) = Yo and F(x, g(x)) = Cy for all x € I, resp. h(yg) = Xp and 
F(A(y), y) = Co for ally «J. 
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1.2 Second partial derivatives 


Let F(x, y) possess second partial derivatives, 


2 2 
ea ea ee a ree 
ax? oy? dy \ ox ox \ ay 


Fy and F,, are called mixed partial derivatives. 


Theorem 1.3. Suppose that the mixed partial derivatives F,y and F,y are continuous at 
(Xq,¥o) € S. Then 


Fyy(Xq,Yo) = Fy, (Xq» Yo) 


— The Hessian of F is the matrix 


H- ( a ) , 
Px Fy 
— The determinant of H is given by 


det(H) = 


| 2 | 
yx Jy 


If Theorem 1.3 applies, then we find simply 
det(H) = Fy Fy - Fey. 


2, A A . . 
— We say that F € C°(S) if F,,, Fy, Fyy, Fy exist and are continuous in S. 


Theorem 1.4. Let (Xo,¥o) € S be a stationary point of F(x,y) and suppose F « C’ ina 
neighborhood of (Xo, Yo). Then: 


1. ifdet(H) > 0 and F,,,(X9, Yo) > 0, then (Xp, Yo) is a local minimum; 
2. if det(H) > 0 and F,,(Xp, Yo) < 0, then (Xp, Yq) is a local maximum; 
3. if det(H) < 0, then (X9, yg) is a saddle point. 


Another way to state the previous theorem is to consider the eigenvalues A,, of H, 
namely the roots of the second order algebraic equation 


er 
det(H —aly=| i 


B yx yy 
ie., 


(Fyy — A)(Byy — A) Fey = 0, or A? = (Fy + Fy)A + Fy Fyy — Fey = 0. 


1.3 Lineintegras —— 3 


Then 
1. A, and A, are both positive = (x), yq) is a local minimum; 


2. A, and A, are both negative => (Xp, yo) is a local maximum; 
3. Ay -Az < 0 = (Xp, Yo) is a saddle point. 


1.3 Line integrals 


Let y be a planar piecewise C'(‘) curve with components x(t), y(t), t € [a,b]. 
— The length of y is given by 


Db 
ey) = | x72 + yo ae 


In particular, if y is a Cartesian curve with equation y = y(x), x € [a,b], we find 


b —— 
ey) = | \1+y"200 dx. 


a 


- The curvilinear abscissa of a point (u,v) = y(t) is defined as the length of the arc 
from y(a, b) to (u, v), namely 


Se | \x12(0 + y/(0) at. 


Introducing the arc differential 


ds = \\x'2(t) + y!2(t) dt, 


we can simply write 


ey) = | ds. 


—s 


1 Recall that a function f(t) is piecewise continuous on S c R if there is a discrete set of points D c S$ 
such that: 

1. fis continuous on S \ D; 

2.  f has ajump discontinuity at any ty € D. 


We say that f is piecewise C’ on S if it is continuous on S and there is a discrete set of points D’ c S such 
that the restriction of f on S \ D’ is continuously differentiable. 
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—  Givena continuous F(x, y), (x,y) € Sand the piecewise C' curve y : [a,b] + IR’ such 
that y([a, b]) c S, the curvilinear integral F on y is defined by 


b 


| Fonyas = | Foo.y(0)- er + ye 
y a 


1.4 The divergence theorem 


Given a vector field V : S 5 (xy) & (FX y),GOcy)) € R’ with F,G ¢ c(s), the 
divergence of V is defined as div V = F, + Gy. 


Theorem 1.5 (Divergence theorem). Let V(x,y) be a C' vector field defined on S and sup- 
pose 2 c Sis a domain (i. e., a bounded connected open set) such that its boundary 0Q is 
a piecewise continuous curve with components (x(t), y(t)). Then 


| div 7 aay = | V-nas 
Q 0Q 


where n = (y',—-x') denotes the outer unit normal at dQ. 


Using the components F, G of V, we find div V = F, + G, and V-7i = Fy’ - Gx'. Hence 
the preceding equality can also be written more explicitly as 


[e + Gy) dx dy = [@’ — Gx') ds. (1.1) 
Q 0Q 


From the divergence theorem we can derive an important formula. 
Let F = gf, and G = gf,. Then F, = gf, + 8, and Gy = gyf, + Sy yield 


Fy + Gy = &ixhy + Sfx + Syby + Shy 


and hence from (1.1) 


| Gohc+ Shar + fy + Shy) day = | (gh ~ ghx') ds 


Q 3a 
or, introducing the laplacian operator A = 0¢, + 0, = div V, 


| war +Ve- Vf) dx dy = | (eho ~ gf,x!) ds. 


Q 0Q 


Assuming that g = 0 on dQ we find 


1.5 Fourierseries —— 5 


| war + Vg- Vf) dx dy - 0= | gaf dx ay - - | vg- vf ax dy, 
Q Q Q 


which can be seen as an integration by parts for functions of two variables. 
Exchanging the roles of f, g we find 


| fg ax ay = - | of -Vgaxdy, 
Q Q 
from which immediately follows that 


| gaf ax ay - | fag dx ay. 
Q Q 


1.5 Fourier series 


Fourier series are series associated to periodic functions. Recall that f(t), t € R, is 
T-periodic if f(t + T) =/f(t), Vte R. 

The Fourier series associated to a 27-periodic function f(t) is the trigonometric se- 
ries 


foe) 
Y [an sin nt + b, cos nt], 
0 


where 


ale 


qT 8 
Qn = | f@ sinneat, by = = | F0© cos neat, neN, 
-1 —i 


are called the Fourier coefficients of f. Here and below it is understood that f is such that 
the previous integrals make sense. 
In particular, 
- _ iff is 27-periodic and odd, then the associated Fourier series is given by }.;°a, sin nt; 
- if f is 2m-periodic and even, then the associated Fourier series is given by 
Yo Dn cosnt. 


If the Fourier series of f is convergent we will write 
[oe] 
f= Vilar sinnt + b, cos nt]. 


0 


We recall below some simple convergence criteria for Fourier series. It is understood that 
f(t) is 27-periodic. 
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Theorem 1.6. Iff is piecewise continuous, then 
Tl 


Ss at egos. Ah ge 
(Parseval identity) Ya, +b) = on | f(t) dt. 


Therefore limy_,o5 An = LiMp_so5 Dn = 0. 


Theorem 1.7. Let f be piecewise continuous and let ty € [—7, 71] be such that 


Fi (tyt) & tim FOt MSO) ang f'(ty-) SE tim Hot Slo) 
ho0+ h ho0- 
exist and are finite. Then 


[a,, sin nt + b, cosnty] = slot) +f (to-)], 


oM@Bs8 


where 
F(to+) = jim f(Q) and f(t-) = jim f(O. 


Corollary 1.1. If f is continuous, then the Fourier series of f converges pointwise to f(t) 
provided f is differentiable at t. 


Theorem 1.8. Iff is of class C' then the Fourier series of f is uniformly convergent to f. 


Theorem 1.9. Suppose that for some integer k = 1 one has 


n¥(a? +b?) < +00. 


oM@Bs8 


Then f(t) = Y$°[a, sin nt + b, cos nt] is of class CK and 


k co Kk gs k 
aft) _ Ya! sinnt xp f cosnt ] 
ue AG atk atk 


For example: 
(1) If S$? n(a +b?) < +00 then f’(t) = Y$°[na, cos nt - nb, sinnt]. 


(2) If Yo n*(a2 + b2) < +00 then f""(t) = Y°[-n"a, sin nt — n*b, cos nt]. 


If f(t) is T-periodic, all the preceding results can be extended, yielding, under the appro- 
priate assumptions, 


~ ~ f Dit Qn 
f= >| sin( ne) + Dn cos( Ene), 


1.5 Fourierseries —— 7 


where 


. = s [pooso(2ne) a, = bee [rw cos( Ene} dt, neN. 


For a broader discussion on Fourier series we refer, e. g., to the book by S. Suslov, An 
Introduction to Basic Fourier Series, Springer US, 2003. 


2 First order linear differential equations 


2.1 Introduction 


A differential equation is any equation that expresses a relationship between a function 
and its derivatives. 

In this introductory chapter we focus on studying first order linear differential 
equations of the form 


x!’ + p(t)x = q(t) (2.1) 


where p,q are continuous functions defined on some interval J. The main features of 

equation (2.1) are: 

1. itis an ordinary differential equation because there is only one independent vari- 
able t and hence the derivative is ordinary; 

2. itis first order, because the highest derivative of the function x(t) is the first deriva- 
tive; 

3. itis linear, because the dependence on x and x’ is linear. 


A solution to (2.1) is a differentiable function x(t), defined on the interval J, such that 
x'(t) + p(t)x(t) = q(t), Vt € I. 


For example, x(t) = e” is a solution of the differential equation x’ + 2x = 4e” since 
replacing x(t) by e~ results in (e”)’ + 2e% = 2e% + 2e% = 4e” for all real numbers t; 
hence it satisfies the equation x’ + 2x = 4e”". 

Let us point out explicitly that the fact that solutions are defined on the whole inter- 
val I, where the coefficient functions p(t) and q(t) are continuous, is a specific feature 
of linear equations. 

If q = 0, the resulting equation 


x' + p(t)x = 0 (2.2) 


is called homogeneous, to distinguish it from the more general equation (2.1), which is a 
nonhomogeneous equation. 

The rest of the chapter is organized as follows. In section 2.2 we deal with homo- 
geneous equations. In section 2.3 we address nonhomogeneous equations. Finally, sec- 
tion 2.4 deals with applications to electric circuits. 


2.2 Linear homogeneous equations 


Let us consider the homogeneous equation (2.2). First of all, we note that the zero func- 
tion x(t) = 0 is a solution, regardless of what kind of a function p(t) might be. The zero 


https://doi.org/10.1515/9783111185675-002 
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solution is also called the trivial solution. Of course, we are interested in finding non- 
trivial solutions of (2.2). 

To outline the idea of the procedure for solving such equations, we first consider 
the simple equation 


x’ —2x =0. 


We note that if we multiply both sides of the equation by the function p(t) = e~', we 
obtain 


ey = 960. 
which is equivalent to the equation 
(e x)’ =0. 


Therefore, integrating both sides yields e ‘x = c and x(t) = ce“,c Ee R. 

AS we just saw, the function x(t) played an important role in solving the above equa- 
tion for x(t). We now search for a differentiable function u(t) that will help us to solve 
such linear equations in general. 


Definition 2.1. A differentiable function y(t) is called an integrating factor of 
x' + p(x =0 
I ‘A 
u(t)x! + w(t)p(t)x = (u(t)x) . 
In order for y(t) to be an integrating factor, we must have 
I ii 
M(OX' + p(t)u(t)x = (u(t)x) , 
which is equivalent to 
u(t)x! + p(tu(t)x = u(x + u(t)x’. 
Simplifying, we obtain 
p(t)M()x(t) = u'(O)x(0). 


Let us further impose the condition that w(t) # 0, x(t) # 0. Then we can write et = p(t), 
or ay = p(t) dt. Integrating both sides and suppressing the constant of integrations, 


since we need only one function, we obtain In |u(t)| = | p(t) dt, or 
u(t) = al p(O) dt 


Notice that y(t) > 0 so that the preceding calculations make sense. The function p(t) is 
an integrating factor since it can easily be verified, using the fundamental theorem of 
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calculus, that 


oe! Pitatys f p(tye! p(t) dt _ (e! Po dtyy! 


Remark 2.1. 

1. Let us agree by convention that J f(t) dt stands for a fixed antiderivative of f(t) 
and not the whole family of antiderivatives. When we wish to discuss the family of 
antiderivatives of a function f(t), we will write J f(t) dt +c, where c is an arbitrary 
constant. 

2. We often divide both sides of an equation by a function that may be 0 somewhere. 
To be correct, we should always mention that we are assuming that it is not 0. For 
example, if we divide both sides of tx’ + t? = t by t, it would not be valid for t = 0. 
But it gets to be rather cumbersome to keep saying that we are assuming --- + 0. 
So, let us implicitly agree that division is valid only if the divisor is not zero without 
explicitly stating so each time. 


Let x(t) be any nontrivial solution satisfying (2.2). If we multiply both sides of the 
equation by u(t) = el p(t a it will automatically make the left side of the equation to be 
the exact derivative of the product e! ? x(t), yielding the equation 


(e) POA x(zy)! = 0, 


Integrating both sides, we obtain e! xz) = ¢, or x(t) = ce!” , where c is an 
arbitrary constant. Notice that if c = 0, then x(t) is the zero solution. For c # 0, x(t) 
never vanishes; it is either always positive or always negative. 

We have shown that any nontrivial solution x(t) has to be of the form x(t) = 
ce! P(t On the other hand, it is easy to see that, for any constant c, x(t) = ce JP # is 
a solution, simply by substituting ce~ J?“ for x(t) in (2.2) and verifying that it satisfies 
the equation. Hence the family of solutions 


x(t) = ce J PO at, (2.3) 


where c is an arbitrary constant, includes all the solutions and is called the general so- 
lution of (2.2). 


Remark 2.2. In determining the integrating factor, instead of using the indefinite inte- 


iE 
gral, sometimes it is convenient to use the definite integral, obtaining u(t) = eli noe 


t 
: = d . : 
and the general solution x(t) = ce I, Be) A where t, is some number in I. 


2.2.1 Cauchy problem 


Both, in application and in theoretical studies, one often needs to find a particular solu- 
tion x(t) of a differential equation that has a certain value x, at a fixed value ty of the 
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independent variable t. The problem of finding such a solution is referred to as an initial 
value problem or a Cauchy problem. The initial value problem for a homogeneous first 
order equation can be expressed as 


x' +p(t)x =0, Xx(tp) = Xp. (2.4) 
Example 2.1. (a) Solve the Cauchy problem 
x'-2x=0, x(0)=3. 


We have shown above that the general solution to this problem is given by x(t) = ce“. So, 
in order to find the solution satisfying x(0) = 3, all we have to do is substitute the initial 
data into the equation and solve for the constant c. Thus we have 3 = ce’ = c and the 
desired solution is x(t) = 3e”*. The solution can be verified by noting that (3e”")’ —2.3e" = 
6e* — 6e* = 0 and x(0) = 3. 

(b) Find k such that the solution of the Cauchy problem 


x' =kx, x(0)=1 


satisfies x(1) = 2. 

The general solution of x’ = kx is given by x(t) = ce“. The initial condition yields 
1 = ce® = c. Thus the solution of the Cauchy problem is x(t) = eXt Since X(1) = 2 we find 
2=x(1) = ek whereby k = In2. 


Lemma 2.1. A nontrivial solution of the homogeneous equation (2.4) cannot vanish any- 
where. 


Proof. Since x(t) is nontrivial, there exists a number ¢ in J such that x(¢) = x # 0. Recall 
that the general solution is given by x(t) = ce~!" , Therefore, there exists a constant 
é such that x(t) = ce-J?, since x(t) is nontrivial, we must have ¢ # 0, otherwise 
we would have x(t) = 0 because e~/?\ 4 0, This shows that x(t) cannot vanish 
anywhere. 


Theorem 2.1 (Existence-uniqueness, homogeneous equations). Ifp(t) is continuous in an 
interval I, then there is a unique solution to the initial value problem 


x' +p(t)x =0, Xx(tp) = Xp. (2.5) 


Furthermore, the solution is defined for allt in I. 


Proof, Existence. Recall that the general solution is given by x(t) = ce/?, we 


t 
é = dt . : : ‘ fe ae 
claim that x(t) = xe J, Peo ae is a particular solution that satisfies the initial condition 


X(t) = Xo. This can easily be verified by direct substitution, since using the fundamental 


- {i p(tyat - [i p(tyat 
theorem of calculus, (xje “ e ) =-p(t)xpe e , and hence 
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t t t 
Io p(t) a Ii, p(t) ay - Ti p(t) at 


(xpe ee p(t)(xpe = —p(t)xe 


t 
Finally, it is clear from x(t) = x9e Sr pad that x(to) = Xe" = X, and it is defined on the 
interval where p(t) is continuous. 


t 
An alternate proof is: using the integrating factor p(t) = eli pte) o the general solu- 


t 
J, Po “ Hence X(to) = Xo implies that xp = ce° = c and there- 


c 
is p(t) us 


tion is given by x(t) = ce 
fore a solution satisfying the required initial condition is given by x(t) = xpe_ 
which can be checked by direct substitution. 


£ 
ips p(t) at 


Furthermore, x(t) = xXge implies that x(ty) = Xo. 


Uniqueness. Suppose that x(t) and y(t) are both solutions. Then we must have x’ + p(t)x = 
0, x(to) = Xp, and y’ + p(t)y = 0, y(to) = Xp. Subtracting the second equation from the 
first, we obtain x’ — y’ + p(t)(x — y) = 0. Let z(t) = x(t) — y(t). Then z(t) satisfies the 
equation z' + p(t)z = 0 and z(tg) = 0. It follows from Lemma 2.1 that z(t) = 0 and hence 
x(t) — y(t) = 0, or x(t) = y(t). 


Remark 2.3. Let Xo be another initial value and let x(t) denote the corresponding solu- 
tion of the ivp (2.5). Evaluating |x(t) — x(t)| we find 
fi pdt > iF p(t) i oF fe p(t) dt | _ 


|x(t) — X(t)] = |xpe Xo = Xo — Xol- 


t 
For any bounded interval T ¢ I, setting max;<r[e J, Peo ae 


on T, we infer 


] = C, a constant depending 


max|x(t) — X(t)| < C+ |xg — Xo. 
teT 


We will refer to this result by saying that the solutions of (2.5) depend continuously on 
the initial values. 


The homogeneous equation x’ + p(t)x = 0 has some important properties that do 
not hold in the nonhomogeneous case. We list them in a corollary. 


Corollary 2.1. 

(a) Ifx(tg) = 0 for some number ty in I, then x(t) = 0 for allt in I. 

(b) Every nontrivial solution is either always positive or always negative. 

(c) If x,(t) and x,(t) are any solutions of the homogeneous differential equation x' + 
p(t)x = 0, then x(t) = c,Xx;(t) + CyX,(t) is also a solution, where c, and c, are any 
constants. 


Proof. (a) This immediately follows from Lemma 2.1; in fact, it is a contrapositive of the 
statement there. 
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(b) Suppose that x(t) is a nontrivial solution such that it is neither always positive 
nor always negative. Then there exist two numbers t,, t, such that x(t,) > Oand x(t,) < 0. 
This, however, would imply the existence of a number f, between t, and t,, such that 
x(t) = 0, by the intermediate value theorem, contradicting Lemma 2.1. 

(c) This can be verified just by substitution and regrouping (see problem 22). 


None of the three properties listed above are valid for nonhomogeneous equations 
(see exercises at the end of the chapter). 


2.3 Linear nonhomogeneous equations 


There are some significant differences between the homogeneous and nonhomogeneous 
equations. For example, simple substitution shows that contrary to the case for homo- 
geneous equations, the zero function is not a solution of the nonhomogeneous equation 
(2.1). However, the method for solving the nonhomogeneous equation (2.1) is similar to 
that for solving the homogeneous equation (2.2), although the integration can be more 
complicated. First, some examples are in order. 


Example 2.2. (a) Solve 
X+kx=h hkeR 


In order to find the general solution, we multiply both sides of the equation by the inte- 
grating factor p(t) = e! * = ek, obtaining 

x'eX + kxek = he", 
which makes the left side the exact derivative of the product xe“. So we have (xe)! = 


he“. Integrating both sides, we obtain xe = h { e“ dt = fe“ +c. Therefore, the general 
solution is given by 


-ke AA 
x(t) =ce “+ K 
If we let c = 0 in the general solution, we obtain the constant solution x(t) = he In the 
tx-plane, this solution traces out a straight horizontal line such that all other solution 
curves either lie above it or below it. This is because of the uniqueness of the solution to 
initial value problem, no two curves representing different solutions can intersect. This 
will follow from the general property that we will see more precisely later on: solution 
to initial value problem (2.6) is unique and thus no two curves representing different 
solutions can intersect. In this case, another, more direct way to prove the claim is to 
notice that e" > 0 and hence x(t) > t if c > 0 whereas x(t) < if c < 0, see Fig. 2.1. 
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h/k 


kt 


Figure 2.1: Plot of the general solution x(t) = ce" + ue In red the integrals for c > 0, in blue the integrals 


for c < 0, in black the line x = ue 


(b) Solve 
x! —2tx =t. 
An integrating factor is now u(t) = e! 4 = e~, Repeating the preceding calculation 


we find x'e —2te* x = te whereby (e* x)’ = te’. Integrating both sides, we obtain 
2 2 
e x(t) =—3e" +c. Therefore, the general solution is given by 


1 2 
x(t)=-=+ ce. 
(t) 5 


Once again, the constant solution x(t) = 5 (corresponding to c = 0) divides the tx-plane 
into two disjoint regions that contain all the non-constant solutions; see Fig. 2.2. 


s 


(\\ 


2 
Figure 2.2: Plot of the general solution x(t) = -5 +ce' .Inred are the integrals for c > 0, in blue are the 


integrals for c < 0, in black is the line x = 3. 


(c) In order to solve 


x’ +sint-x =sint, 


2.3 Linear nonhomogeneous equations —— 15 


— cost 


we multiply both sides of the equation by the integrating factor y(t) = el int dy = @ ; 
obtaining 


1 ,— cost — cost cost 


xe +e sint-x=e ~*'sint 
which is equivalent to 
(xe °S*)! = eS! sin t, 
Integrating both sides yields 
xe SSF — @ Sl iG 
and hence 
x(t) =1+ ce 


is the general solution. 

If we let c = 0 in the general solution, we obtain the constant solution x(t) = 1, 
which again divides all the solutions into two groups: those lying above the horizontal 
line x = 1 and those lying below it. We note that, in this case, all solutions are bounded, 
since -1 < cost <1. 


Similar to the case for homogeneous equations, we now consider the ivp for non- 
homogeneous equations, that is, 


x' +p(t)x=q(t), x(to) = Xp- (2.6) 


The initial condition x(t,) = Xj corresponds to a unique constant c. 


Examples 2.2 revisited. (a) Solve 


x'+kx=h, x(0) =0. 


kt, h 


We know that the general solution is x(t) = ce ke 
Then x(0) = 0 yields 0 =c + he Solving for c, we get c = - and thus the solution of the 
ivp is given by 


h For t = 0 we obtain x(0) = ce? + 


x(t) = -=e Per e 
(b) Solve the ivp 


x’ -2tx=t, x(0)=1. 
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If we put t = 0 and x(0) = 1in the general solution x(t) = — ; +ce’ we obtain the algebraic 
equation 1 = -} +c, which we can ee for ie constant c, obtaining c = 3. Therefore, 


the desired icon is given by x(t) = -5 5+3 3ef 
(c) Solve the ivp 


! : . IU 
xX +sint-x =sint, x() =-2. 
Multiplying both sides of the equation by e °°*‘ and integrating, we find the general 
solution x(t) = 1 + ce’. Then we find the required solution by substituting t = 7 and 
x = —2 in the general solution and solving for c, which yields x(t) = 1- 3e°°*'. 


Theorem 2.2 (Existence-uniqueness, nonhomogeneous). If p(t) and q(t) are continuous 
onan interval I, then there exists a unique solution x(t) satisfying the initial value problem 
(2.6). Furthermore, this solution is defined for all t in I. 


Proof. Existence. Multiplying both sides of the equation by the integrating factor u(t) = 


t 
t) dt 
eltg a , we have 


(x(t)u(t))’ = n@)q(0). 


Integrating both sides from ty to t, we have 


t 


X(O)U(E) = x(to)uty) = | waKe) a 


to 


Recall that y(t) = el poe implies that p(t)) = e° = 1 and hence 


x(t) = as | moanares) = ~{, 20 *([. fi? ‘coat 


to 
is the desired solution, which can be verified by substituting it in the equation. 


Uniqueness. One can argue that the uniqueness of the solution can be derived from the 
above discussion or by finding the general solution and then showing that there is only 
one value of the constant that will satisfy the prescribed initial condition. But the simple 
proof below shows that it is essentially a corollary of its own special case (the homoge- 
neous equation), which is an interesting phenomenon in its own right. 


Suppose that x(t) and y(t) are any solutions of (2.6). We will show that x(t) = y(t). 
We have x’ + p(t)x = q(t), X(to) = Xo, and y’ + p(t)y = q(t), y(t) = Xo. Subtracting the 
second equation from the first, we obtain x’ — y' + p(t)(x — y) = 0. Let z(t) = x(t) - y(t). 
Then z(t) satisfies the homogeneous equation z' + p(t)z = 0 and z(t,) = 0, which implies 
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that z(t) = 0 by the uniqueness part of Theorem 2.1 (or from Lemma 2.1), and hence 
x(t) — y(t) = 0, or x(t) = y(t). 


Remark 2.4. Similar to homogeneous equations, solutions of (2.6) also depend continu- 
ously on the initial values. To see this, we can simply repeat the calculation carried out 
in Remark 2.3. Another way is to set z = x — X and notice that, as before, z’ + pz = 0. 
Moreover, Z(ty) = X(ty) — X(tg) = Xo — Xp. Thus, according to (2.3), 


t t 
Jj, POO at Jj, PO at 


Z(t) = Z(ty)-e- = (Xp - Xo) 


Then, for any bounded interval T ¢ I, one has 


t 
max |x(t) — X(t)| = max |z(t)| = max[e- 0?) . 1x, — Xp), 
teT teT teT 


and the conclusion follows as in Remark 2.3. 


In solving problems, it is important to first express them in convenient and familiar 
forms that we know how to handle. For example, t + x = x’ —1can be easily written in 
the form x’ — x = t +1, which is a particular case of x’ + p(t)x = q(t) for which we have 
discussed a method of solving it. 


Example 2.3. 


x"-x'=1, x(0)=1. 


At first sight this seems to be a second order equation and outside the scope of this chap- 
ter. But on closer look, we notice that it can be easily written as a first order linear equa- 
tion which we can handle. To this end, let x’ = z. Then the problem can be expressed as 
z'—z = 1. Multiplying both sides by the integrating factor e/ ©‘ dt we obtain the equation 


(ez) =e%. 


Integrating both sides, we have e'z = -e' +c yielding z = -1 + ce‘. Recalling that 
z = x', we have x’ = -1+ ce‘. Integrating once again, we obtain the general solution 
x = -t+ce' + k. Substituting the initial values t = 0 and x = 1, we have k = 1-c. 
Therefore we have 


x(t) =-t+ce'+1-c =-t+c(e'-1) +1. 


We note that since c is an arbitrary constant, in this example there are infinitely 
many solutions to the given initial value problem and thus the uniqueness property 
does not hold. The reason for this is that the given equation is actually a second order 
equation which required two integrations, each producing an arbitrary constant. 
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2.4 Applications to RC electric circuits 


An RC circuit, is an electric circuit composed of a Resistor and a Capacitor. 

As a first application we consider an RC circuit with capacitor voltage V(t) depend- 
ing on time ¢ > 0, constant resistance R and constant capacity C and with no external 
current or voltage source; see Fig. 2.3. 


— I(t) denote the current circulating in the circuit; 
- Vy, =V(0) denote the voltage at the initial rime t = 0. 


The Kirchhoff law and the constitutive law of capacitor yield, respectively, 


dV(t) 


R-It)+VQ)=0, (=C- at 


Putting together these two relationships, we obtain the first order differential equation 
RC-V'(t)+ Vit) = 0. 
Taking into account the initial condition V(0) = V, we are led to the initial value problem 


(ivp) 


t+ +-vit) = 
V(t) + 4 Vt) =0, on 


V(0) = Vo. 
Notice that the differential equation in (2.7) is of the form x’ + kx = 0, with x = V and 
k =1/RC. 
According to the previous results, the solution of the ivp (2.7) is given by 
V(t) = Vy-e RC, 


Introducing the so called RC time constant tT = RC, we can write the solution in the form 


V(t) =Vy-e"*. 
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We infer that, based on experience, the capacitor voltage V(t) is a decreasing func- 
tion and tends exponentially to 0 as t — +00, with a decay rate that depends on 7: the 
bigger is t the slower is the decay. Notice also that for t = t one has V(r) = Voe *: hence 
T is the time after which the voltage V(t) decays to Vg/e, see Fig. 2.4. 


Vo 


Figure 2.4: Plot of the solutions of (2.7) with different values of t = RC: the red curve corresponds to a 
bigger t, the blue curve to a smaller t. 


: Vv 
Since I = —} we get 


Vo -t/T 
I(t)=-—e™’, 
(t) R 


which implies that the current intensity I(t) 7 0 as t — +00; see Fig. 2.5. 


> 


-Vo/R 


Figure 2.5: Plot of the current intensity /(¢). 


Our next application deals with an RC circuit in which a generator of constant volt- 
age V is inserted; see Fig. 2.6. 
Repeating the preceding arguments we can see that V(t) satisfies the ivp 


| V'(t)+ ge V= eV ie) 


V(0) = Vo 
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Figure 2.6: RC circuit with a generator of voltage. 


The equation above is of the type x’ + kx = h, with x = V,k = 1/RC andh = az: We know, 
see (2.2)-(a), that the general solution of x'+kx = his given by 


h 
kt 


x(t) =ce- Ke 
With the current notation, we get 
V(t) = ce V, 
Setting t = 0 in the preceding equation, we get 
VO)=c+V = c=V-V. 
Hence the unique solution of (2.8) is 


V(t) = (Vo -V)er +V. (2.9) 


This equation shows that the presence of the constant voltage V changes the behavior of 
V(t). First of all, V(t) does not decay to 0 but tends, as t > +oo, to the constant voltage V: 
lim V(t) =V. 

t++00 
Furthermore, V(t) is increasing or decreasing according to the sign of V, — V. Precisely: 
= = —s =f — 
- ifV)-V <0,ie Vy < V,then(V)—V)e= is negative and increasing. Thus, V(t) < V 
for all t > 0 and, in particular, V(t) — V from below, as t > +00, see Fig. 2.7; 


fv 


wv 


(e) 


Figure 2.7: Plot of solutions: Vp < tV in blue, Vo > tV in red. 
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if V) - V > 0, i.e. Vy > V, then (V, — V)e~“/" is positive and decreasing. Thus, V(t)V 
for all t > 0 and, in particular, V(t) — V from above, as t > +c0, see Fig. 2.7; 
if V) — V = 0, i.e. Vy = V, then V(t) = V for allt > 0. 


Other equations arising in the electric circuit theory will be discussed later. 


2.5 Exercises 


SOP QO: SU OP COP a 209! SO: ES 


BRR 
NFO 


1. 
14. 


Lb. 
16. 


17. 
18. 
19. 
20. 


21. 
22. 


Solve x’ — 4x = 8. 

Solve x’ + (In2)x = 2. 

Solve x’ + 2tx = 6t. 

Solve x’ — 4t = 2x, x(0) = 2. 

Solve x’ + 2x = 4t,x(0) = 2. 

Solve x'-t=x+1,x(0) =1 

Solve the initial value problem x’ + 2tx = 4t, x(0) = 1. 

Solve x’ + x = sint + cost. 

Show that for any positive number c, all solutions of x’ + cx = 0 tend to 0 as t tends 
to infinity. 


. Solve tx” +x’ =t+2. 
. x! +(sint)x = 0,x(F) =1. 
. Show that if k < 0 then there is no solution of x’ + kx = h such that lim,_,,,, x(t) is 


finite, but the constant one. 

Solve tx! +x = 4t+e. 

Show that for any X) € R the solution of x’ — x = h, x(0) = Xp is such that 
lim;_,--o9 X(t) = —A. 

Find xX, such that the solution of x’ = a X,X(0) = Xp satisfies lim,_,,, x(t) = 0. 

* Explain why the boundary value problem x’ +kx = 0, x(1) = 2, x(3) = —1has no so- 
lution. This shows that, unlike the initial value problems, boundary value problems 
for first order homogeneous equations don’t always have solutions. 

Solve x’ = t? -1-—x,x(0) =-1. 

Solve x’ + (cot t)x = cost, t # nz. 

Solve (sin t)x’ + (cos t)x = cos 2t, x(Z) = 5. 
Show that the boundary value problem x’ + p(t)x = q(t), X(t,) = X, X(tp) = Xp, p(t) 
and q(t) continuous, cannot have more than one solution. 

Solve cost - x’ + sint-x = sin2t. 

Find the largest interval in which the solution to the following Cauchy Problems 
exist. 

1 x! + a x(t) =0,x(-1) = 10. 

2. x! + atix(t) = 0,x(3) = 1 


3. x! + a x(t) =0,x(-10) =1. 
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30. 
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Show that if x, and x, are solutions of the nonhomogeneous equation x’ + p(t)x = 

q(t) # 0, then x(t) = x, + x, is not a solution. 

(a) Show that if x,(t) is a solution of x’ + p(t)x = f(t) and x,(t) is a solution of 
x' + p(t)x = g(t), then x, + x, is a solution of x’ + p(t)x = f(t) + g(t). 

(b) Use the method in part (a) to solve x’ + x = 2e' — 3e'. 

Show that the ivp tx’ + x = 0, x(0) = a # 0has no solution. Explain why this does 

not contradict the existence and uniqueness Theorem 2.1. 

* Find a number k such that x’ + kx = 0, x(1) = 2, x(2) = 1has a solution. 

(a) Show that if f(¢) is a differentiable function, then all solutions of x’ + x = f(t) + 
f' (0 are asymptotic to f(t), that is, they approach f(t) as t > oo. 

(b) Find a differential equation such that all of its solutions are asymptotic to t? — 1. 

fi pide 5 


* Let x,(t) be any solution of (2.1) x' + p(t)x = q(t). Recall that x(t) = ce 


the general solution of (2.2) x’ + p(t)x = 0. Show that x(t) = x,(t) + ce i poe is the 
general solution of the nonhomogeneous equation (2.1). 

Find the general solution of x' — x = cost — sint. 

Explain why the function x(t) = e' — 1 cannot be a solution of any homogeneous 
equation x’ + p(t)x = 0, where p(t) is some continuous function. 

Solve x’ +x =¢ + sint, by using the method of problem 24. 

Explain why x(t) = t?-1 cannot bea solution of ahomogeneous equation x’ +p(t)x = 
0, p(t) continuous. 


3 Analytical study of first order differential 
equations 


3.1 General first order differential equations 


Before discussing methods of solving differential equations in general, in this chapter 
we study and analyze the theoretical aspects of such equations. In contrast to Chapter 2, 
where we mainly learned methods of solving differential equations, here we stress a 
more rigorous treatment of the rationale for drawing conclusions concerning the qual- 
itative behavior of solutions. This is particularly important since there are no known 
methods to solve such equations in general. Of course, these general equations include 
the linear equations covered in Chapter 2. 
Let Ac R*bea set, and let f = f(t, x) be a real valued function defined on A. 


Definition 3.1. A first order ordinary differential equation is an equation of the form 
x' =f(t,x), wherex' = . (3.1) 


We note that the linear equation x’ + p(t)x = q(t), discussed in the previous chapter, 
is included in (3.1), with f(t, x) = —p(t)x + q(t) and A = I x R, I being the interval where 
p and q are defined. 


Definition 3.2. A solution (or integral) of (3.1) is a differentiable real valued function 
x(t) defined on an interval J ¢ R such that 

@) (t,x(t)) ¢ A for allt € J; 

(ii) x’(t) = f(t,x(0) for all t € I. 


More precisely, to see that a differentiable function x(t) solves x' = f(t,x) one eval- 
uates x’ (t) and checks to see if x’ = f(t, x) holds true for all t in I. 

Let x(t),t € I, be a solution to (3.1). Let us recall that the tangent line to x(t) at a 
point t* ¢ I has equation x = x’(t*)(t — t*) +.x(t*). Since x’(t*) = f (t*, x(t*)) we find 


x=f(t",x(t"))(t-t*)+x(t*). 


So, from a geometrical point of view, a solution to (3.1) is a differentiable curve x = x(t) 
such that the slope of the tangent line at each point t* € I equals f(t*, x(t*)). 

For example, in Fig. 3.1 red arrows are plotted to indicate the slope of each tangent 
line to the family of solutions x = ce’. 


Remark 3.1. An important difference between differential equations and algebraic 
equations is that the former ones have functions as solutions, whereas the solutions of 
the latter ones are real or complex numbers. 


https://doi.org/10.1515/9783111185675-003 


24 —— 3 Analytical study of first order differential equations 


Paar 


eee go sc 7 
Son 


Figure 3.1: Slope of tangents at a grid of points in the (t,x) plane; the dotted curves are the graphs of 
x = cel, the solutions to x’ =x. 


Furthermore, it is worth pointing out that in (3.1) there are two unknowns: the func- 
tion x(t) satisfying x' = f(t, x) and the interval J where the solution is defined. It may 
happen that J not only depends upon the given function f but also on other data. This is 
the case in Example 3.1 below, where x(t) is defined on an open half-line (—oo, tg), where 
ty depends on the value x(0). 

We also notice that in (3.1) we used the notation t and x to indicate, respectively, the 
independent and dependent variable. But the reader should be aware that we might 
have chosen different notations: for example, y might be the dependent variable and x 
the independent variable. In such a case, (3.1) would be written as 


dy _ 
ae =f (%y). 


In particular, this notation will be used in Chapters 5 and 16. 


More generally, let F(t, x, €) is a real valued function of three variables, defined for 
(t,x, ) € Sc R®. Then a first order ordinary differential equation can be written as 


F(t,x,x') = 0, 


where Equation (3.1) corresponds to the case in which S = A x Rand F(t,x,x') = x’ - 
f(x). 
We will be mainly dealing with equation (3.1), which will be referred to as an equa- 
tion in normal form. 
Moreover, we use the following terminology: 
1. we say that (3.1) is linear if f(t, x) = a(t)x + b(t), otherwise it is nonlinear; 
2. we Say that (3.1) is autonomous if f = f(x) does not depend upon t, otherwise it is 
non-autonomous. 


For example: 
1. x’ =x is linear autonomous, x’ = x(1— x) is nonlinear autonomous; 
2. x’ =x+tis linear non-autonomous, x’ = sin x + t is nonlinear non-autonomous; 


3.2 Existence and uniqueness results —— 25 


3.1.1 Initial value problem 


Similar to the case for linear equations, we can add to a general first order equation 
an initial condition. Focusing on the equation in normal form, x' = f (t,x), the resulting 
initial value problem (ivp for short) or Cauchy problem is given by 


| x' = f(t,x), 


X(tg) = Xo- 


In the next section, we will see that, under appropriate assumptions on f, the initial 
condition allows us to single out one integral among a family of solutions of the equation. 


3.2 Existence and uniqueness results 


The main purpose of this section is to discuss some fundamental results yielding the 
existence and uniqueness of the Cauchy problem 


| x" = ft», (3.2) 


X(tg) _ Xo- 


We suggest that the reader examines these theoretical results in depth and becomes 
familiar with them, since they provide the groundwork for the theory of ordinary dif- 
ferential equations as well as a basic tool used throughout the book. 

We start with the following lemma which shows the equivalence of (3.2) in the form 
of a convenient integral equation. 


Lemma 3.1. 
(1) Let x = x(t) bea solution of (3.2) in an interval I, with ty € I. Then x(t) satisfies the 
integral equation 


t 


X(t) = Xo + [f(x ds, tel. (3.3) 


fy 


(2) Conversely, if (3.3) holds, then x(t) solves the ivp (3.2). 
Proof. (1) Let x(t) satisfy 
x'(O=f(x()), Vtel, x(tp) =X. 


Integrating from ty to t and denoting the variable of integration by s, we find 


t t 
[xo ds = [f.x@) ds, tel. 
io ip 
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Since f, x'(s) ds = x(t) — x(t), it follows that 
0 


t 
x(t) — xX(tg) = [f(x ds. 
to 


Recalling that x(tg) = Xp we get 


t t 


x(t) — Xo = [f(x ds => x(t)=Xj+ [f(x ds, Vtel. 


ty ty 


(2) Conversely, let x(t) satisfy (3.3). Then x(t) is differentiable on J. Moreover, by 
taking the derivatives of both sides and using the fundamental theorem of calculus, one 
finds 


t 
x'(t) = 4 | [tox | =f(tx(0), vtel, 


fo 


as well as x(ty) =X + [ofts. x(s)) ds = Xp. 
0 


Theorem 3.1 (Local existence and uniqueness). Suppose that f is continuous in A ¢ R? 
and has continuous partial derivative f, with respect to x. Let (ty, X9) be a given point in 
the interior of A. Then there exists a closed interval I containing ty in its interior such that 
the Cauchy problem (3.2) has one and only solution, defined in I. 


The complete proof as well as a more general result will be given in the appendix 
at the end of this chapter. 

Here we are going to outline the argument of the existence part in the specific case 
where f(t, x) = x and ty = 0. The method was introduced by Picard and is based on an 
approximation scheme, interesting in itself. 

According to Lemma 3.1, the ivp x’ = x, x(0) = Xp, is equivalent to the integral 
equation 


t 
X(t) =X + |x) ds. 
0 


We now indicate a method for finding a solution of this integral equation. Define a se- 
quence of approximate solutions for this equation by setting 


Xo(t) = XQ> 


t t 
X,(t) = Xo + | x0(s) ds = Xj + | x ds 
0 0 
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=Xy+Xo-t=X9- [1+ ¢], 
t t 

X(t) =o + | x4(3) ds = x9 + | x9 +9) ds 
0 0 


t 
= rot [aesrds| = [1+ Save? 3 
0 
=x: [terse], 
2 
1 3 
X3(t) =X9-|1+t+—-t+—], 
19 1 " 
xX,(t) =X,-|1+t+ —-t jeep ag | 
x(t) o [teers sna 


The approximated solutions x;, X, Xz are plotted in Fig. 3.2. 


Figure 3.2: Plot of x;(t), x2(t), x3(t), the first three approximated solutions of x’ = x,x(0) = 1. The dotted 
curve is the actual solution x(t) = e'. 


The reader should recognize that the polynomials in brackets are nothing but the 
Taylor polynomials of the exponential function e‘. Thus the sequence x;,(t) converges 
uniformly on any bounded interval to 


+00 ,k 


t 
x(0) = Xo Di = Xo 
0 : 


which is the solution of x’ = x, x(0) = Xo. 
For a general function f the approximating sequence is given by 


t 
Xo(t) =Xq. Xxag(t) = Xo + [fs(9) ds, k=0,1,... 


to 
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One can show that, under the given assumptions, there exists 5 > 0 such that f(s, x;,(s)) 
makes sense and x,(t) converges to some function x(t), uniformly in [tp — 6, tp + 5]. This 
allows us to find 


t t t 


lim [re x;(S)) ds = { [im son] ds = [f(x ds, 


k-+00 
to to ty 


for all t € [ty — 6, ty + 5]. Therefore, passing to the limit, it turns out that x satisfies 


t 
X(t) = Xo + [fsx ds, Vt é[ty-6,t) +6]. 


to 


According to Lemma 3.1, x(t) solves the ivp (3.2) in the interval [ty — 6, tp + 6]. 

It is worth noticing that Theorem 3.1 provides a (unique) solution defined on an 
interval [t, — 6,t) + 5], for some 6 > 0. Completing Remark 3.1, we will show in the 
following example that 6 depends not only on f but also on the initial condition x(ty) = 
Xo. This will make it clear that we could not find a solution of (3.2) defined on a given 
interval J. 


Example 3.1. Consider the ivp 
x! = x’, 
| x(0) =1. G4) 


We will solve (3.4) by using some intuition. 

First of all, let us try to find some functions x(t) such that x’ = x. It is obvious that 
X(t) = Ois one such function, but it does not satisfy the initial condition x(0) = 1. Recall- 
ing that the derivative of x(t) = i is x’ = -4, we can verify that x(t) = -; is another 
such function; in fact, for any constant c, x(t) = 4 satisfies the equation x’ = x? It is 
now clear that if we choose c = 1, then the function x(t) = a solves the given initial 
value problem. The solution is not defined at t = 1. Moreover, we have to take into ac- 
count that the solution ofa differential equation is differentiable and hence continuous. 
Thus we cannot take both branches of the hyperbola o but only the upper branch. In 
other words, the domain of definition of the solution of the ivp (3.4) is the open half-line 
(—co, 1). See Fig. 3.3. In general, we may see that the domain of definition of the solution 


depends upon the value of x(to), see exercise n. 6 later. 


This simple example shows that a differential equation x’ = f (t,x), where f(t, x)isa 
perfectly well behaved function, with continuous derivatives everywhere, can have so- 
lutions that are not defined for some unpredictable values of t. Although it is important 
to learn methods for solving differential equations, we also need to learn the theory for 
a complete comprehension of the concepts. 
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Figure 3.3: Solution of x’ = x’, x(0) =1. 


Remark 3.2. If the equation is given as F(t,x,x’) = 0, we first try to put it in normal 
form, x’ = f(t, x), and then apply the existence and uniqueness results stated above. 


3.2.1 On uniqueness 


Dealing with linear equations in the previous chapter, we noticed that two solutions 
cannot have points in common. Theorem 3.1 allows us to show that nonlinear equations 
(3.1) possesses the same feature. Roughly, if two distinct solutions of (3.1) cross at a point, 
then they are both solutions of the same Cauchy problem, contrary to the uniqueness 
stated in Theorem 3.1. 

In the sequel it is understood that the assumptions of Theorem 3.1 are satisfied. 


Lemma 3.2. Given a pair of solutions of (3.1), x;(t), X»(t) defined on an interval I as in 
Theorem 3.1, let us suppose At € I such that x;(T) = X,(T). Then x,(t) = x(t), Vt € 0. 


Proof: Consider the set S = {s € I : x,(t) = x(t), Wt € [t,s]} which is not empty since 
t € S. Letting o = sup S we notice that, by continuity, one has x,(0) = x,(a). Ifo = 6, we 
have done. Otherwise, we set € = x;(d) = xX,(a) and consider the Cauchy problem 


| x! =f(t,x), 
x(0) = €. 


Applying Theorem 3.1 we infer that 46’ > 0 such that this ivp has a unique solution 
defined on an interval [0,0 + 6’]. Thus x,(t) = x,(t) on [t,o + 6'], a contradiction for 
o = supS. This proves that x,(t) = x,(t), for any t € J, t > t. Asimilar argument yields 
that x,(t) = x,(t), foranyt ¢J,t <t. 


Let us set € = x,(T) = x,(T). Applying Theorem 3.1 to the Cauchy problem 


| x' = f (t,x), 
x(0) = &, 
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we infer that 36 > 0 such that this ivp has a unique solution defined on an interval 
[¢ — 6,€ + 6]. In particular, this implies that x,(¢ + 5) = x,(€ + 5). Repeating the same 
argument for the ivps 


| x' =f (t,x), 
x(0) = +6, 


we easily conclude that x, and x, coincide on all the intervals J where x;, x, are defined. 


Example 3.2. Show that the solutions x(t) of x’ = sin(tx) are even. 

Let z(t) = x(—t). Then z’(t) = —x'(-t) = -—sin(—tx(-t)) = sin(tx(-t)) = sin(tz). 
Furthermore, z(0) = x(-—0) = x(0). By uniqueness, z(t) = x(t). In other words, x(t) = 
x(—t) which means that x(t) is even. 


In Theorem 3.1 we assumed f is differentiable w. r. t. x. In the sequel we will improve 
this result, requiring a weaker hypothesis which, roughly, includes functions f(x) such 
that f, has jump discontinuities. On the other hand, we are going to see an example that 
shows that when this milder assumption does not hold, the solution may not be unique. 


Example 3.3. Let us show that the Cauchy problem 


r_ 
| ReSeNe (3.5) 


x(0) = 0, 


has, in addition to the trivial solution x(t) = 0, also infinitely many nontrivial solutions. 
By direct inspection, we see that one of these solutions is given by 


x(t)=t, t>0, 


because Ze) 2t = 2V¢2 = 2\t| = 2t for t > 0. Note that the decreasing branch of the 

parabola x = t? is not a solution since for t < 0 one has 2Vé2 = 2|t| = —2t. This may also 

be deduced from the fact that the solutions cannot be decreasing, for x’ = 2-/x > 0. 
Finally, Va > 0 the functions 


x= 40 for0<t<a, 

aN te, ‘fort =a, 

are solutions; see Fig. 3.4. First of all, they satisfy the initial condition x,(0) = 0. More- 
over, 


0, forO<t<a 
2(x-a), fort>a 


Fall) = | S 2yfxa(t). 
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Figure 3.4: Plot of some solutions to x' = yx, x(0) = 0; in red the solution x,(t). 


This drastic lack of uniqueness is due to the fact that the function f(x) = 2/[x] is not 
differentiable at x = 0 (f, has a jump discontinuity); hence the uniqueness theorem 
does not apply. 

On the other hand, since f(x) = 2-yx is differentiable in the half open plane x > 0, the 
uniqueness proved in Theorem 3.1 applies therein and the ivp x’ = 2X, x(0) = Xp > 0, 
has a unique solution. See Exercise n. 8. 


3.2.2 Local vs. global existence 


As mentioned before, Theorem 3.1 is local. The following global result holds, provided 
the set A where f is defined is a strip, namely a set as J x R where J ¢ Ris an interval, 
and f, is bounded w.r.t. x. 


Theorem 3.2 (Global existence and uniqueness). Let f satisfy the assumptions of Theo- 
rem 3.1. In addition, we assume: 

(i) Aisastrip:A =IxR,I ¢ Ran interval, and 

(ii) for every bounded closed interval [a, b] c I, there exists C > 0 such that 


lA(tx)|<C, W(t,x) € [a,b] xR. (3.6) 
Then the Cauchy problem 


| x =s(E®), 


X(tg) = Xo» 


has one and only one solution defined on all of I. 


The proof will be given later in the appendix. 
Compared with the local existence and uniqueness Theorem 3.1, the new feature of 
Theorem 3.2 is that now the solution x(t) to x’ = f(t, x) is defined on the whole interval J. 
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Remark 3.3. In Example 3.1 one has A = Rx Randf = x’. Then f, = 2x and assumption 
(3.6) is not satisfied no matter what [a,b] c R is. This shows that the condition (3.6) 
cannot be removed. 


Example 3.4. If f(t, x) = —p(t)x + q(t), with p,q continuous on an interval I ¢ R, the 
equation x’ = f(t,x) becomes the linear equation 


x' = ~p(t)x + q(O), 
discussed in the previous chapter. Taking any bounded closed interval [a, b] c I, one has 


max t,x)| = max\|p(t)]. 
Ce nll y te[a,b] [pC J 
Since pis continuous, MaX;¢;q,p) |P(t)| is finite, showing that (3.6) holds. Then Theorem 3.2 
applies and yields a solution x(t) defined on all of I. In particular, this argument provides 
another proof of Theorem 2.2 of Chapter 2. 


3.3 Qualitative properties of solutions 


In this section we will use Theorem 3.1 and Theorem 3.2 to study the behavior of the so- 
lutions, without solving the equation x’ = f(t,x) explicitly. The reader should be aware 
that quite often it might be rather complicated, and in some cases impossible, to express 
the solutions of a nonlinear differential equation by means of known functions like those 
usually studied in Calculus. With the exception of some specific equations discussed in 
the next chapter, studying the qualitative properties of solutions can be the only way to 
understand certain qualitative properties of solutions, such as monotonicity, convexity, 
periodicity, oscillation etc. 

To avoid technicalities, we will understand that the assumptions of Theorems 3.1 
or 3.2 are fulfilled and that f is defined on A = R x R, unless specified otherwise. 

Rather than carrying out a general theoretical discussion we prefer to discuss some 
specific cases from which one can infer the general idea that lies behind. 

Consider the equation 


x' = h(t)g(x). (3.7) 
Lemma 3.3. If h(t) is not identically zero, then x(t) = k is a constant solution (or equilib- 
rium solution) if and only if g(k) = 0. 


Proof. If g(k) = 0, then x(t) = k is a constant solution of (3.7). Conversely, if x(t) = k is 
an equilibrium solution, then we have h(t)g(k) = 0, Vt € R. Since h(t) # 0, there exists 
ty such that h(ty) # 0. Then A(ty)g(k) = 0 yields g(k) = 0. 


By uniqueness, we infer the following. 
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Corollary 3.1. The non-constant solutions of (3.7) cannot cross the equilibrium solutions. 


For example, if (3.7) has precisely two constant solutions x = k,, x = k), with k; < kg, 
the non-constant solutions of (3.7) are trapped within the three horizontal open strips 


S={x<k} S'=ik<x<k}, S$’ ={x>k}. 


We note that Lemma 3.3 and Corollary 3.1 are extensions of results proved for linear 
equations in Chapter 2 to nonlinear equations. 
Next, let h(t) = 1, (tp, Xp) € IR’, and let x(t) denote the solution of the ivp 


x’ = g(x), 
(3.8) 
| X(to) _ Xo- 
Lemma 3.4. Solutions of (3.8) do not have maxima or minima. 
(i) if g(Xp) = 0 then x(t) = Xp is an equilibrium, 
(ii) if g(Xp) > 0 then x(t) is increasing, 
(iii) if g(Xp) < 0 then x(t) is decreasing. 


Proof. (i) follows directly from Lemma 3.3. 
(ii) If g(xg) > 0 then x'(to) = g(x(to)) = g(X%p) > 0. Moreover, x’ does not change 

sign. To prove this claim, we argue by contradiction: if t; is such that x’(t,) = 0 then 

&(x(t,)) = 0. Setting x, = x(t,) one has g(x,) = 0, namely x, is a constant solution. Thus 

x(t) crosses an equilibrium, contradicting Corollary 3.1. 
(iii) The argument is quite similar to (ii). 


If, as in Lemma 3.4, x(t) is increasing or decreasing, we know from Calculus that 
x(t) has limits L, (finite or infinite) as t — +00. 


Lemma 3.5. The finite limits are zeros of g. 
Proof. If L, < +oo then it is easy to see that x’(t) — 0 as t > +oo. Passing to the limit in 


the identity x’(t) = g(x(t)) we find 


0 jim, g(a() = in gC) = gL) 


A similar argument shows that g(L_) = 0 provided L_ > -oo. 


Example 3.5. Let us study the behavior of the solutions to x’ = 1- x?. 

The only constant solution is x = 1, the unique zero of g(x) = 1 — x°. All the other 
solutions do not cross this line. Since g(x) = 1- x° > Oifand only if x < 1, it follows that 
the solutions such that x(t) < 1 are increasing, whereas the solutions such that x(t) > 1 
are decreasing. Moreover, noticing that lim,_,,., x(t) is finite, we can use Lemma 3.5 to 
infer that lim,_,,,, x(t) =1. 
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We can also study the convexity of solutions. Indeed, if g is differentiable, then x(t) 
is twice differentiable and, taking into account that x’ = g(x), one infers 


eS x0 = © 3(x(0)) = g'(x(t))x'(0) = g" (x(t))g(x(0). 


Hence the convexity of x depends on the sign of g’(x)g(x). For example, in the case of 
the previous equation x’ = 1 - x* we have g’(x)g(x) = —3x” - (1 - x?) which implies 
g'(x)g(x) > Oif x > 1and g’(x)g(x) < 0 if x < 1. Thus the solutions greater than 1 are 
convex, whereas the solutions smaller than 1 are concave, as shown in Fig. 3.5. 


Figure 3.5: Behavior of solutions tox’ = 1— x°. 


Example 3.6. Let g : R — Rbe the smooth function plotted in Fig. 3.6 and let x(t) denote 
the solution of the ivp 


| x’ = g(x), 


X(tg) = Xo> 


where g(a) = g(b) = 0 and a < Xp < b. Notice that x = a, x = b are constant solutions. 
According to the preceding discussion a < x(t) < b, x(t) is increasing, and 


lim x(t) =a, jim x(t) = b. 
—+00 


t—-oo 


Figure 3.6: Plot ofy = g(x),a<x <b. 
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Furthermore, from x” = g'(x)x’ = g’(x)g(x) and the fact that g(x) > Ofora<x <b, 
we infer that x” > 0 if and only if g’ > 0. Thus, letting t* be such that x(t*) = x* (notice 
that t* is unique because x is increasing), we find that x’’(t) > 0 (hence x is convex) for 
t < t* and x"(t) < 0 (hence x is concave) for t > t*. Notice that the slope of x at t = t* 
depends on g(x*) because x’ (t*) = g(x(t")) = g(x*). The approximated graph of x(t) is 
plotted in Fig. 3.7. 


Figure 3.7: Solution of x’ = g(x), x(0) = Xo. 


In the case of autonomous equations we have seen that non-constant solutions are 
monotonic and thus cannot have maxima or minima. On the contrary, solutions of equa- 
tions such as 


x’ = f(t,x) (3.9) 


where f depends explicitly on t, might oscillate. 

For brevity, let us focus only on possible extrema of a solution x(t). 

If ty is a minimum or maximum of x(t), then x'(t)) = 0 and hence f (to, x(tg)) = 0. 
Thus the maxima or minima belong to the curve defined implicitly by f(t, x) = 0. More- 
over, 


x(t) = “f(t (x(t) = felt, (X(O) + f(t (x(D) - x/(). 
In particular, at tp one has 
X'"(to) = felto, (X(to)) + f(t (X(to)) + x" (to) = frlto» (x(t), 


because x’ (t)) = 0. Therefore from the sign of f;(to, (x(to)) we may deduce whether x(t) 
has a minimum or a maximum at t = fp. 


Example 3.7. Let x(t) be any solution of the equation x’ = x” — t”. The locus of max- 
ima/minima is x? — t? = 0, namely x = +t. Since f,(t,x) = —2t we infer that the points 
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Figure 3.8: Plot of solutions to x’ = x? — t? near the points of maxima and minima. 


(t,x) such that x = +t, are points where x(t) has minima if t < 0, while they are points 
where x(t) has maxima if t > 0; see Fig. 3.8. 

Moreover, to see where solutions are increasing or decreasing we observe that x’ = 
x*-t? > 0ifand only if x(t) € {x > |t|} U {x < |t]|}. It follows that the solutions have a 
behavior similar to that indicated in Fig. 3.9. An exception is the solution through (0, 0) 
which is always decreasing and has horizontal tangent at t = 0. 


Figure 3.9: Plot of solutions to x’ = x? — t?. 


3.4 Appendix 


This appendix contains the proofs of the main existence and uniqueness theorems, 
stated earlier, and some additional topics related to the general first order equations. 


A1: Proof of Theorem 3.1. Let us restate it as follows: suppose that f is continuous in 
A ¢ R’ and has continuous partial derivative f, with respect to x. Given (ty, X9) in the 
interior of A, there exists 6 > 0 such that the Cauchy problem 


| x" = f(t, (3.2) 


X(to) = Xo- 


has one and only one solution defined in [ty - 5, tp + 6]. 
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Existence. In order to use Lemma 3.1, we will show that the sequence 


t 


Xaq(t) = Xq + | flsx(9) ds 


fy 


converges uniformly in a suitable neighborhood of to. 
Chooser > 0 such that the fixed closed square K = K, = [ty -1, ty +r] x [Xo -1, Xp +1] 

is contained in A. We let: 

— M denote the maximum of |f(t, x)| for (t,x) € K; 

-  Cdenote the maximum of |f,(t, x)| for (t,x) € K. Notice that C < co because f, is con- 
tinuous by assumption. Moreover, for any (t, x), (t,y) € K the mean value theorem 
implies that f(t.x) -f(t_y) =f,(t, x)(x — y), for some x € (x,y), yielding 


f(x) - fGy)| < maxfi(tx)-Ix-yl < C- bey. (A1) 
We choose 6 to be a number such that 
0<é< min] 1, ae “| 
CM 
which implies the inequalities 
6<1, Cé6<1, Méd<r. 


Set T = Ts = [Xo = 6,X + 6]. 


Step 1. We wish to show that max; |x;(t) — X9| < r for all integers k > 1. This will imply 
that (¢,x;,(t)) ¢ K c A for each k > 1, so that f(t, x;,(t)) is well defined. 
One has 


|x,(t) -— Xo| < 


t 

J iFes.x0) ds| < Mé > max|%(t) -Xo| < M6 <r, (A2) 
t 

since M6 < r. Similarly, 


t 


[irs xis) as 


to 


|x,(t) — X9| < 


Since (s, x;(s)) € K by (A2), we have |f(s, x;(s))| < M and we deduce 
\x,(t) —X9| < M6 <r=> max|x9() —Xo| < M6 <r. 


It is now clear that the general statement follows from mathematical induction. 
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Step 2. Next, we show that 
max|x;(¢) — Xx_1(b)| < a . (cs)*, Vk >1. 


We note that 


t 


[ie x,(s)) — f(s, Xq)] ds 


ty 


t 


Jlrs) ~ F060) as 


ty 


\X2(t) —x,(0)| _ < 


Using (A1) and (A2) we infer 


t 


[bai — Xo| ds 


fy 


|xq(t) — x,(t)| < C < C5 -Mé = MCS". 


Since the right hand side is independent of t, we deduce 
22M 2 
max|x9(t) — X,(t)| < MCS" < rat (C5)°. 


Similarly, 


t 
zo —X;(s)| ds 


fy 


|x3(t)-x,(t)| < C < C5-MCS’ > max|x3(t)—X,(0)| < MC’S* = = (C5). 


In general, one can show (for example, by induction) that 
max|x;() — Xx_1(t)| < = . (cs), Vk >1. 


Since C6 < 1, we have (c6)* — 0as k — +oo. It follows that max; |x;(t) — x,_4(t)] - 0 
as k — +oo, and this proves that x,(t) converges uniformly on T to some continuous 
function x(t). Taking the limit in 


t 
Xqy(0) = Xo + [f(ois)) ds 
t 


we obtain x(t) = Xq + J : f(s, x(s)) ds. According to Lemma 3.1, this is equivalent to say- 
0 

ing that x(t) solves the ivp x’ = f(t,x), x(t)) = Xp on T, completing the proof of exis- 

tence. 


Uniqueness. Let y(t), z(t), t ¢ T, be two solutions satisfying x’ = f (t,x), x(to) = Xp. One 
has 
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t 


[irGs.v19)) -F(6.218))|as 


ty 


y(t) - 2(0)| = 


Taking 6 > 0 sufficiently small, we can assume that (t, y(t)) € K and (t,z(t)) €¢ K. Then 
once again we can use (A1) to infer 


<C <C6 max|y(¢) - z(t], 


ir(s.x9) - f(s, z(s))| ds 


t 
fo - z(s)| ds 
t 


yielding 
ly(t) -— z(t)| < Cd max|y(t) - z(t)|. 


Since the right hand side in independent of t, we can take the maximum of the left hand 
side yielding 


max|y(t) -z(t)| < Cd max|y(t) - z(t)]. 


Since Cd < 1 we deduce that max; [y(t) — z(t)| = 0, namely y(t) = z(t) for all t € T. 


Remark A1. The preceding proof makes it clear that both the existence and the unique- 
ness assertions would follow if, instead of requiring f(t, x) to have a continuous partial 
derivative, we assume that f is continuous on A and satisfies following condition: there 
exist a neighborhood U of (t),x9) and C > 0 such that 


If (t,x) -f(ty)| < C- |x -y\, V(t,x), (t,y) €U. 


Such functions are called (locally) Lipschitzian. Notice that the mean value theorem 
guarantees that every function with continuous partial derivative f, is locally Lips- 
chitzian. 

On the other hand, there are Lipschitzian functions that are not differentiable: for 
example, f(x) = |x| is obviously Lipschitzian, since |f(x) — f(y)| = |Ix| - |yll < lx —y|, but 
it is not differentiable at x = 0. 


A2: Gluing solutions. According to Theorem 3.1 a solution of the ivp 
x! =f (t,x), X(t) = Xp 


is defined in a neighborhood [t)—6, t)+6] of tp, for some 6 > 0. Ifthe point (t) +6, x(tg+6d)) 
belongs to A (the set where f is defined), we can apply Theorem 3.1 again and find a 
solution x,(t), defined on [ty + 6, ty + 6,], for some 5, > 5. The two solutions x and x, glue 
together and give rise to the function defined on [to, ty + 6,] by setting 
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X(t) = | x(t) te [to, to + 5], 

X(t) t € [ty + 6, ty + &]. 
Since x(t + 5) = X4(ty + 6), X is continuous. Moreover, x is differentiable. This is obvious 
for t # t) + 6. Att = ty + 6, the left derivative of x is given by 


x’ = lim x'(t)= jim f@) =f (x(t) +8) 


tTtp+6 


and the right derivative is given by 
alt . l _ . _ 
ee a!) a im F0a(0) =f (X4(to + 9)). 


Since x(t) + 6) = X4(to + 4) it follows that x’~ = x'*. 

Iterating the procedure, after k steps we find 6, > 0 such that the solution x; is 
defined on [to, ty + 5;]. If 5, — +00 we will find a solution defined on [ty, +o0). On the 
other hand, the numerical sequence 6, might converge to a finite 6*, either because 
X;(tg + 5,) approaches the boundary OA, or because x;(ty + 6,) — +00: the latter is 
indeed the case arising in Example 3.1. In a quite similar way we can possibly extend 
the solution x(t) fort < to. 

The largest interval J (containing ty) where the solution x(t) of an ivp can be defined 
is called the maximal interval of definition of x(t). 

We claim that the maximal interval cannot be closed. For, let a, resp. 8, be the lower 
bound, resp. the upper bound, of the maximal interval of definition J. We claim that if 
a > -00, resp. B < +00, thena ¢ I, resp. B ¢ I. Otherwise, let, e.g., 8 < +00 belong to I 
and consider the ivp 


y' =f(ty), y(B) = x(B); 


which has a solution y(t) defined on [8,6 + e], for some e > 0. Gluing x and y we find 
a solution to the preceding ivp which is defined on [ty, 6 + €], a contradiction, for I is 
maximal, proving the claim. 


Lemma A1. Let f(t,x) be continuous and have a continuous partial derivative f, on 
A = R’. If the solution x(t) to the ivp 


x' =fit.y), X(to) =X 


is bounded and monotone, then its maximal interval of definition I is all of R. 


Proof. Otherwise, let I have a finite upper bound f (the case of finite lower bound is 
quite similar). Since x is bounded and monotone it has finite limit x(B) = limprg x(t). 
Then I = [ty, 6]; hence J is closed, contradicting the preceding claim. 
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A3: Proof of Theorem 3.2. Let us recall that f is defined on a strip A=I x R,I ¢ Ran 
interval, and satisfies the assumptions of Theorem 3.1. Furthermore, 


4C>0:|fR (tx <C, V(tx) € [ab] x R, 


for any interval [a, b] c I. Then we wish to show that the ivp (3.2) has one and only one 
solution, defined on all of I. 

We can repeat the arguments carried out in the proof of Theorem 3.1 yielding a 
solution x(t) defined on the interval T = [ty — 6, ty + 6] ¢ [a, b]. Notice that here Step 1 is 
unnecessary since f is defined on the strip A = J x R and therefore 6 > 0 can be chosen 
by requiring merely that 6 < land Cé < 1. So, if T is a proper subset of [a, b], we repeat 
the above arguments for the ivp 


y' =f(ty), y(t + 5) = X(ty + 6). 


We can iterate the procedure, gluing the solutions as in Az. After a finite number of steps 
we get a solution defined on all of [a, b]. In the case when J is an unbounded interval, 
we repeat the procedure on any [a,b] c I. Since any point in I can be contained in 
an interval [a,b] c I, and we have shown the existence on arbitrary intervals [a, b], it 
follows that our existence result holds on all of I. 


A4: A general existence theorem. In order to complete the theoretical study, we state, 
without proof, a general result which provides the existence (but not the uniqueness) to 
a Cauchy problem assuming merely the continuity of f. 


Theorem A1 (Peano-Cauchy). Suppose that f is continuous in A ¢ IR’. Given (tg, Xq) in 
the interior of A, there exists 6 > 0 such that the Cauchy problem (3.2) has at least one 
solution defined in [ty — 5, ty + 5]. 


A5: A comparison theorem. In some cases it might be useful to compare the solutions 
of two different equations. Let x,y be the solutions of the Cauchy problems 


| x' = f(t,x), 
X(tg) = Xo 
| y'=g(t,y), 

(to) = Yo- 


For the sake of simplicity we will assume that f, g ¢ C'(IR’) and that x(t), y(t) are defined 
on R. 


Theorem A2. Iff (t,x) < g(t,x) and Xp < yo, then x(t) < y(t) for allt > to. 


Proof: We shall show that the set T = {t > ty : x(t) = y(t)} is the empty set. Otherwise, 
let £ be its greatest lower bound. Since x(t)) = X9 < Yo = Y(t), the sign permanence 
theorem implies that € > tp; see Fig. 3.10. 
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Figure 3.10: Plot of x(t) (in red), y(t) (in blue) and the set T. 
Moreover, it is easy to see that x(€) = y(é). This and the assumption f(t, x) < g(t,x) 
yield 

x'(€) =f(€,x(e)) < g(@x(e)) = g(2y(0)) = y'(e). 


Let z(t) = x(t) — y(t). Then z(€) = 0 and z'(é) < 0. It follows that for h > 0 small enough 
one has z(€ — h) > 0, namely x(€ — h) > y(€— h). Thus €-h ¢€ T for someh > 0, 
a contradiction, for @ is the greatest lower bound of T. 


Theorem A2 can be employed to establish the behavior of solutions of a differential 
equation. For example, let y(t) be given such that: (i) y’ = f(t,y), Gi) it is defined on 
[0, +00), (iii) y(t) > 0 for all t > 0 and (iv) lim,_,,., y(t) = 0. Consider the solution x(t) to 
the ivp 


x' =g(t,.x), x(0)=x)>0 


and suppose that it is also positive and defined on [0, +00). If g(t,x) < f(t,x) and0 < 
Xq < y(0), then Theorem A2 implies that 0 < x(t) < y(t) for all t > 0. Then, using the 
squeeze theorem, we infer that x(t) decays to 0 as t > +00; see Fig. 3.11. 


Figure 3.11: Plot of x(t) (red) and y(t) (blue). 
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3.5 Exercises 


1. 


a 


OS 


Verify that the local existence and uniqueness theorem applies to the ivp x’ = vf+te*, 
x(0) = 0. 

Verify that for any (to, Xq) € IR’ the local existence and uniqueness theorem applies 
to the ivp x’ = In(1 + x’), x(tg) = Xp. 

Find the first 3 terms of the Picard approximation scheme for x’ = tx, x(0) = 1. 
Find the domain of definition of the solution to the ivp x’ = Fae x(0) =a. 

Verify that x(t) = (t + Va)? for t > —Va and x(t) = 0 for t < —V@is the unique 
solution to the ivp x’ = 2/x,x(0) =a>0. 

Show that the Cauchy problem x’ = a oD X(0) = 0, does not have a unique solution. 
Show that the solutions of x’ = cos? x are defined for allt € R. 

Show that the solutions of x’ = ¥1+ x are defined onallt € R. 

Show that the solution x(t) of the Cauchy problem x’ = 1 + x’, x(0) = 0, cannot 
vanish for t > 0. 


. Show that the solution of the Cauchy problem x’ = sinx, x(0) = 1, is such that 


0 < x(t) < m and is increasing. 


. Prove that iff (x) is odd and x(t) is a solution of x’ = f(x), then—x(t) is also a solution. 
. Let f(x) be an even cl(R) function and let x,(t) be a solution of x’ = f(x) such that 


X(0) = 0. Prove that x9(t) is an odd function. 

If f is an odd function, show that the solutions of x’ = f(tx) are even. 

Solve x’ = |x| —1, x(0) = 0. 

Show that for any Xp € IR the solutions to x’ = x -1, x(0) = Xo, tend to Las t > -co. 


. Find the lim,_,,,, x(t), where x(t) is the solution of the Cauchy problem x’ = 1- e*, 


x(0) =1. 

Find lim,_,,.. X(t), where x(t) is the solution of the Cauchy problem x’ = 1—arctan x, 
x(0) = 0. 

Let x(t) be the solution of the Cauchy problem x’ = In(1 + x), x(0) = 0. Show that 
limy.400 X(t) = +00 and lim;_,_,, X(t) = -oo. 

Study the qualitative behavior of the solution to x’ = 3x — x*, x(0) = 1. 


. Study the convexity of the solutions to x’ = x° - 1. 
. Study the convexity of the solutions to x’ = x(2 — x). 
. Study the convexity of the solutions to x’ = x(1+x). 


Show that the solution to x’ = x? — a x(1) = 1, has a strict maximum at t = 1. 


. Find the locus of maxima of x’ = x? - t. 
. Show that the solutions to x’ = e* — t — ¢° cannot have minima. 
. Show that the solution of x’ = x4, x(0) = Xp # 0, is strictly convex if x) > 0 and 


strictly concave if x» < 0. Extend the result to x’ = x”, x(0) = x) #0,p2>1. 
Show that for any x, the solution of the ivp x’ = 1+ 2t+ sin? X, X(0) = Xp, is such that 
limy_.400 X(t) = +00. 


. Let x(t) be the solution to x’ = f(t, x), x(0) = X > 0, where f is smooth for (tf, x) € R’. 


If x(t) is defined on [0, +00) and f(t, x) > x, show that lim,_,,, x(t) = +00. 
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29. 


30. 


Let x(t) be the solution of x’ = -1- t + h(x), x(0) = a, with O < a < 2, wherehisa 
smooth function such that h(x) < —x. If x(t) is defined for all t > 0, show that the 
equation x(t) = 0 has at least one solution in (0, 1). 

Find a function f(x) such that 


ef ift > 0, 


t)= 
x) | t+1 ift<0, 


is the solution of the Cauchy problem x’ = f(x), x(0) = 1. 


4 Solving and analyzing some nonlinear first order 
equations 


In this chapter we discuss methods of solving several classes of some of the basic first 
order nonlinear differential equations. 


4.1 Separable equations 


In theory, these are among the simplest nonlinear equations to solve. Separable equa- 
tions are equations that can be put in the form 


x! = h(t)g(x) (4.1) 


where, for the sake of simplicity of notations, we assume that h € C(IR) (the case h € 
C({a, b]) requires obvious modifications), and that g ¢€ cl(R). We also suppose that h(t) 
is not identically zero, otherwise the equation becomes trivial. 

Given any (t ,Xq) € IR’, the Cauchy problem associated with (4.1) is given by 


| x’ = Ago, (4.2) 


X(ty) = Xo. 


Under the previous assumptions on h and g, the local existence and uniqueness Theo- 
rem 3.1 in Chapter 3 applies and yields, locally, a unique solution to (4.2). 

Essentially, to solve (4.1) one simply separates the variables and then integrates. Of 
course, the integration may be quite challenging. Also, solving for x(t) explicitly may 
be difficult, or even impossible; in such cases, we may let it be defined implicitly by an 
algebraic equation. 

Recall that if g(xj) = 0 then x(t) = Xp is a constant solution of (4.2). For example, in 
the equation x'(t) = e' sin x, x(t) = 7 is a constant solution. Similarly, since sin 27 = 0, 
x(t) = 27 is also a solution. Thus it has infinitely many constant solutions. 

Consider a non-constant solution x(t). According to Corollary 3.1 of Chapter 3, such 
solutions never cross the constant ones and this implies that g(x(t)) never vanishes. So 
we can divide the identity x’ (t) = h(t)g(x(t) by g(x(t)) # 0 to obtain 


x'(t) 
= h(t). 
zo) 


Integrating both sides with respect to t, one has 


ts ee 
| aay t= [nw dt+e. 


Changing variable on the left hand side and noting that dx = x'dt, we get 
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| a z [nce dt +c. (4.3) 


Thus, if G, H denote antiderivatives of 1/g and h, respectively, (4.3) implies 
G(x) = H(t) +¢, 


which provides the solutions of (4.1) in an implicit form. 


Example 4.1. Solve 


; 0x BP = 2641 


dt) 6x41 
There are no constant solutions here. Separating the variables and integrating, we have 
fex? +1) dx = fose? —2t+1)dt +c and hence 


PO LP SP af 4 Fhe 


which defines the solutions implicitly. If we wish to verify the answer, we take the deriva- 
tive on both sides, obtaining (6x? + 1)x’ = 8¢? — 2t +1, and then solve for x’. Alterna- 
tively, we can take the differentials on both sides of 2x* + x = 2t* - t? +t + c, obtaining 
(6x* + 1) dx = (8t? — 2t + 1) dt and 


dx _ 8t?-2t+1 
dt = 6x*41 © 


As a final remark, we can observe that the function G(x) = 2x? + x is globally in- 
vertible, for G'(x) = 6x2 +1 > 0, and this implies that the domain of definition of the 
solution x(t) is all of IR. The same conclusion could have been deduced by the general 
Theorem 3.2 of Chapter 3. 


To find the solution to (4.2) we simply substitute the initial value x(ty) = Xp into (4.3) 
and solve for c. 

We could also use the definite integral and integrate the identity as = h(t) from 
ty to t, which would yield 


t 


t 0 a tie : t 
| dt = J neo ac ox | eon 


&(x(t)) g(x) 


fo 0 Xo 
Example 4.2. Solve the ivp x’ = tx?, x(0) =1. There are no constant solutions other 
than x = 0 and the remaining solutions do not change sign. Thus the solution we are 


looking for is positive because x(0) = 1. Separating the variables and integrating, we 
have 
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which yields 
7 : + ==’, 
2x22 2 
Solving for x we get x” = a. Since x > 0 we finally find x = —. Notice that in the 


vie 
present case the maximal interval of definition is given by (-1, 1). 


Consider the separable differential equation 


1_ M(t) 
See MN, 0. 
OS Ge) (x) # 
It is sometimes convenient to write separable equations using differentials and replac- 
ing t and x by x and y, respectively. This can be accomplished by first replacing t and x 
by x and y, respectively, and rewriting the equation as y’ = — Then recalling that the 
differential of a function y(x) is given by y’ (x) dx, we have 


’ M(x) 
dy = dx = —— dx 
ly = y (Xx) No) 


whereby 
N(y) dy = M(x) dx. 


An advantage of dealing with Ndy = Mdx is that we do not need to take care of the case 
when M or N vanishes. 

The equation N(y) dy = M(x) dx is easily solved by simply integrating both sides to 
obtain | N(y) dy = | M(x) dx + c,c a constant. 

For example, integrating the equation y dy + xdx = 0 we find [ ydy + [xdx =c 
yielding iy + 5x” = c, which for c > 0 is a family of circles centered at (0, 0) with radius 


vac. 
Example 4.3. Consider the ivp 


3 
1 
x’ = (* _ ), x(0) =1. 
x 
xe41 
2 


First we note that x = —1 is a constant solution since g(x) = sr = 0 at x = -1. For 
xX #1, we write it in the form 


2 
~*~) dx = tat. 
x41 
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Integrating, we obtain 
1 1 
= Inix? +4] = <2 +C. 
3 2 


Substituting the initial values t = 0, x = 1 and solving for C, we obtain C = ; In 2, which 
yields the desired solution 


Tinh? +1| = 12 + ting 
3 2 3 
in implicit form, which can be further simplified as 


x41 32 
=e? , 
2 


4.2 An application: the logistic equation in population dynamics 


As aremarkable example of a separable equation we consider a problem arising in pop- 
ulation dynamics. 


The malthusian model: the exponential growth 

Let us consider a species, whose size is denoted by x, living in a bounded environment. 
If the species breeds at a rate 8 > 0 and dies off at a rate 6 > 0, then the growth rate of 
the species over time t is given by 


AX _ ax, wherea=B-6, 
ht 


leading to the differential equation 
x’ =Ax. (4.4) 


This model goes back to the Belgian scientist T. R. Malthus. 
As is well known, the general solution of (4.4) is given by x = ce“ and the solution 
such that x(0) = x9 > Ois 


x(t) = xe". 


So we find (see Fig. 4.1): 

1. iff =6,i.e., ifthe birth rate equals the death rate, then A = 0 and x(t) = Xo; 

2. iff > 6,i.e., ifthe birth rate is greater than the death rate, then A > 0 and x(t) grows 
exponentially and approaches +00 as t > +00; 

3. if B < 6,ie., if the birth rate is smaller than the death rate, then A < 0 and x(t) 
decays exponentially to 0 as t — +00. 
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> 


t 


Figure 4.1: Plot of x(t) = xe with A > 0 in red andA < 0 in blue; the dotted line corresponds to A = 0. 


The Verhulst model: the logistic equation 

In a more realistic model, proposed by Verhulst, one assumes that the growth rate A is 
not constant but equals the function a — bx, a,b > 0. In other words, the growth rate A 
changes sign depending on x, which is more reasonable than having a constant growth 
rate. Actually, when the population size x is small the birth rate 6 will be greater that 
the death rate 6 and hence A > 0. On the contrary, if x becomes large, the resources to 
survive do not suffice any more and this will lead to a negative growth rate A < 0. The 
function A = a — bx is the simplest function with this feature. 

The corresponding equation, 


x’ = x(a— bx), (4.5) 


is called the logistic equation. Equation (4.5) is separable, because it is in the form (4.1) 
with h(t) = Land g(x) = x(a — bx). 

The equilibrium solutions are given by x(t) = 0 and x(t) = a/b > 0. The other 
solutions cannot cross these two lines, namely are such that x(t) # 0 and x(t) # a/b 
for all t. As a consequence, x = 0 and x = ; divide the trajectories into two regions: 
those that lie above the line x = 5 and those that lie between the lines x = 0 and x = §. 
More precisely, the solutions above x = ¢ are decreasing, because x(a — bx) < 0 for 


b 
x > £;on the other hand, the solutions between x = 0 and x = 5 are increasing, because 


b 
x(a — bx) > Ofor0<x< ¢. 
Let us find the general integral of (4.5). Separating the variables and integrating we 


obtain 


[pc farere (4.6) 


To evaluate the integral in the left hand side, we use the partial fractions method: we 
search for constants A, B such that 


1A, iB 
x(a—bx) x a-—bx’ 
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We find 
Hit, Bese 
a a 
and hence 
dx 1p dx b dx 1 1 1 xX 
= =-] 1 bx| = —1 . 
Gear fe aloe ae ra Al a \a—bx 
Substituting into (4.6) we find 
Py |=teesin = |= ar ac |_| = etter = ot 
a |a-—bx a— bx a— bx 


Relabeling C = +e” ¢€ IR we obtain 


which is the general integral in implicit form. 
To find the integral as x = x(t), we solve for x, yielding x = Ce“ - (a — bx) = aCe“ - 
bCxe™. With straightforward algebraic calculations we get x + bCxe“ = aCe“ and finally 


ace“ 


X= 1+ bce’ (4.7) 


Next, we impose the initial condition x(0) = xq > 0. Of course, we can take xX # f 
otherwise x = = Inserting t = 0 and x = Xo in (4.7) we find 


ys ie ac 
Oe LEDC. 


which yields x9 + XpbC = aC = (a- Xpb)C = Xp > C == Cy = = sai In conclusion, the 
solution of the ivp 


| x' = x(a— bx), 
x(0) = XQ> 
is given by 

ace" 


x= —+_., 
1+ bCyew 


The graph for t = 0 of positive solutions is reported in Fig. 4.2. 
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= 


Figure 4.2: Solutions of the logistic equation for x > i (blue curve) and x9 < i (red curve). 


The previous graph shows that in the Verhulst model there is neither a population 
explosion nor a population extinction, as in the malthusian model. On the contrary, here 
one has 
. a 
ie a b 
Precisely, the population size asymptotically decreases, resp. increases, to the positive 
equilibrium x = §, provided xp > $, resp. 0 < Xo < §. 


Example 4.4. (i) Find the solution of the logistic equation x’ = x(3—2x) such that x(0) = 1. 
We first separate the variables and write the equation as 


dx 
——— = dt. 
X(3 — 2x) 
Then using partial fractions, we write 
1 2 
ees 
xX 3-2x 


Integrating and simplifying, we find the general solution implicitly given by 


= ate". 
3 -2x 


To find the particular solution, we substitute t = 0, x = 1 and obtain C = 1. Thus 


whereby x = (3 — 2x)e*". Rearranging, we get x + 2xe* = 3e* and finally 


3e3t 
x =—_z. 
14+ 2e% 


Notice that, for t > 0, x(t) is increasing with 1 < x(t) < 3 and lim,_,...5 X(t) = 3. 
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(ii) Solve the i.v. p. 2x’ = x(2 — x), x(0) = 3. 
Separating the variable, we have 


2dx 
xa-n 


which, using partial fractions, can be written as 


|; 1 
— + —— 
xX 2-xX 


dx = dt. 


Integrating and utilizing the initial value, we obtain the solution 


—6e! 
x =——_.. 
1-3et 


Notice that, for t > 0, x(t) is decreasing with 2 < x(t) < 3and lim,_,,,, x(t) = 2. 


4.3 Exercises on separable variables 


1. Solve x’ = 4t?x°, x(0) =1. 
2. Solve x’ =e et. 
3. Solve x! = 4 x(Q) = 2, 
4. Solve x’ = (+). 
t+1 
5. Solve (x +1) dt+(t-1)dx =0. 
6. Solve x’ = x(x +1). 
7. Solve the logistic equation x’ = x(1 — x) 
(a) by using the general solution developed in the text, 
(b) by using the separation of variables method directly. 
8. Solve x’ = a Pp, q positive numbers. 


9. Solve xx’ = Vx2—1. 

10. Solve ef*?*x! = et, 

11. Solve 2sint sin x + (1+ cott)x’ = 0. 
12. Solve V1 - tx! =x. 

13. Solve x! = (1+ 2t - 2). 2 


1+2x* 
Po x+d 
14. Solve x’ = a: 


15. Solve x! = £2. <4. 

16. Solve x’ = 4t Vx, x > 0,x(0) =1. 

17. Solve x! = X44, x(0) = -2. 

18. Solve x’ = 4t? yx, x > 0, x(0) =1. 

19. Find the limits as t > +oo of the solution of x’ = tx’, x(1) = -1. 
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20. Solve x’ = x(2 — x), first with the initial value x(0) = —1 and then with the initial 
value x(0) = 1. 

21. Show that if x,(t) is a solution of the homogeneous equation x’ + p(t)x = 0 and x,(t) 
is a solution of the nonhomogeneous equation x’ + p(t)x = A(t) then x, + x, is a 
solution of the nonhomogeneous equation x’ + p(t)x = h(t). 

22. Solve e** dx = 2e**" dt. 


4.4 Homogeneous equations 
The equation 
x' = f(t,x) 


is called homogeneous if there exists a function g of the variable *, t # 0, such that 
x 
fiex)=8(7), t#0. 


For example, 


, +e 
xX = 
tx 


, ¢t#0, 


is homogeneous because dividing numerator and denominator by t? we obtain 


(X44 
x = , t#0, 


x 
t 


and the right hand side is a function of *. 
On the other hand 


x =xe 


is not homogeneous because it is impossible to express it as a function of 2 
So homogeneous equations can be written in the form 


gis (=). (4.8) 


Equation (4.8) can be transformed into a separable equation by introducing a new de- 
pendent variable z such that x(t) = tz(t). Then x’(t) = z(t) + tz’(t) and hence (4.8) be- 
comes 


z+tz! (2) g(z) = tz' = g(z)-z, 


which is separable. 
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Example 4.5. Solve the homogeneous equation 


, P+ixe x? 
xX ——— 


= 2 


Since 


the given equation can be written as 
x (x 

x 21424 (*) ‘ 
t t 


2 ' 2 dz dt 


Setting x = tz we find 


tz) +Z=14+Z+4+2Z 


Integrating 


Since 


dz 
rh arctan Z 
Z 


we find arctan z = In|t| + c. Solving for z we get z = tan(In |t| + c) and thus 


x=tz=t-tan(In|t|+c), t#0. 


Let us now consider the more general equation 


Be M(t,x) 


~ N(t,x)’ Gm) 


where M,N are homogeneous functions of the same order k. Let us recall that M = 
M(t,x) is k-homogeneous function if 


M(at, Ax) = AKM(t,x), (4.10) 


for all A such that M(At, Ax) and AK make sense. 
If both M and N are k-homogeneous, then (4.10) yields 


M(t,x) _ M(t-1,t-x/t) _ t“M(1,x/t) _ M(1,x/t) 
N(t,x) N(t-1,t-x/t)  t*N(,x/t) N(,x/t)’ 
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If we define 


(i) = ax 


we infer that 


»_ M(t,x) _ x 
** Nb» (;) 


which shows that (4.9) is homogeneous. 

It follows from the above discussion that if M(t, x) and N(t, x) are polynomials of 
the variables t and x, then a quick way to check for homogeneity is to determine if 
all the terms of the two polynomials have the same total degree (the sum of the ex- 
ponents of x and f) or not. If they have the same total degree, say k, then M and N are 
both k-homogeneous and substituting x = tz, one has M(t, x) = tk (1,z) and N(t, x) = 
t*n (1, z). For example, to check whether 


pee Se 
tx® + t3x4 


is homogeneous or not, we note that the total degree of each term is 7 and it is therefore 
homogeneous. Dividing by t’ one obtains 


X\2 X 3 
GyP-@) 
X\6 X)\4 
Cae) 
which is a function of = 
On the other hand, 
eS a ee 
tx + t3x4 


is not homogeneous because the term tx? has a total degree of 6 while the other terms 
have total degree of 7. 


Example 4.6. (i) Solve the homogeneous equation 


Setting x = tz we obtain 


which yields 
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' Z TAD 


tz = ; 
Z+1 Z+1 Z+1 


Separating the variables and integrating we find 


[Bea =-[ Fs int-3=-mni +e inizi-2=c, 
y t y ; 


Recalling that tz = x we obtain the solution in an implicit form 
t 
In |x| - — =c. 
xX 
(ii) Consider the equation 


ee ae 
tx2 


tx #0. 


Both the numerator and the denominator are 3-homogeneous and thus the equation is 
homogeneous. Setting x = tz we obtain 


' Oe ae ae ae 
t3z2 we 


namely 


ee ee te ae 1 


2 2 ze 


Separating the variables and integrating we get 
[2a- | a > “2 =In|t|+c =z = 3(In |t| +c), 
whereby 
1 1 
z(t) = 33 -(n|t|+c)3. 
Since x = tz we find the solution 


x(t) = 33t- (In|t| +0)3, 


which is defined for t + 0. 


4.5 Exercises on homogeneous equations 


1. Identify the homogeneous equations and explain why they are homogeneous. 
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t+2x 
2t-x”* 


(a) x’ = cos( 
ext 


(b) x! nar Yat’ 

(c) x’ =Inx-Int-x. 
(d) x’ = 

(e) x’ = 
Solve x’ = * — 
Solve x’ = * +2(2)°. 
Solve x’ = * +tan(%). 
Solve x’ = ~+% 


Solve x’ = 


Solve x’ 


Solve x’ = ~#0 


$0300) Sa AR OY oR G08! US 


Solve tx.x’ — t?- x? =0. 


10. Solve x’ =et + *. 


4.6 Bernoulli’s equation 


An equation of the form 
x’ = a(t)x + b(t)x" (4.11) 


where a(t) and b(t) are continuous and n is any number, n # 0, is called a Bernoulli 
equation. Notice that n is not necessarily an integer. Furthermore, for n = 1, the equation 
is linear. So we restrict our study to the case n # 0,1. 
Before learning how to solve Bernoulli’s equation, let us note the following: 
() Ifn=0, x(t) = 0is a trivial solution of the equation. 
(2) Ifn => 1 we can apply the general existence and uniqueness Theorems discussed in 
Chapter 3. As a consequence, by uniqueness, all the nontrivial solutions are either 
always positive or always negative. 


Notice that if 0 < n < 1 uniqueness might fail (see e. g. Example 4.7-(ii) below). 
Equation (4.11) can be transformed into a linear equation by making the substitution 
y = x" (of course, if n > 1 we understand that x > 0) as follows: since y’ = (1—n)x""x’, 
we have x! = pox’y’ . Also, y = x” implies that x = x"y. Substituting these values of x 
and x’ into the equation, we obtain the linear equation mx’y’ = a(t)x"y + b(t)x" or 


y’ = (1-n)a(t)y + (1 —n)D(t). (4.12) 
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Students are advised to go through all the steps in solving such equations and not 
just use the above formula. 


Example 4.7. (i) Solve x’ = x +x’. 


Setting y = x’* = x‘ and substituting, as suggested above, we obtain the linear 
equation y’ = -y —1, ory’ + y = -1. Solving this linear equation, we find y = ce‘ - 1. 
Finally, since y = x, we find that 


(ii) Solve x’ +x = tx, x(2) =0. 
1 

One solution is x = 0. To find the nontrivial solutions we set y = x2, obtaining the 

equation 2y’ + y = t. Solving this linear equation for y, we have 
ale 
y=t-2+ce 2 

andx = y’ = (t-2+ce zt )*, which is the general solution. To find the particular required 
solution, we substituting t = 2 and x = 0, which implies c = 0 and x(t) = (t- a, Let us 
remark explicitly that uniqueness fails. 


Next, let us consider an equation in the form 
x! = h(t) + a(t)x + b(t)x’, (4.13) 


referred to as the Riccati equation, and let us suppose that we know one solution z(t) of 
(4.13). If x is another solution, we set u = x — z and evaluate 


ul =x'—z' =h+ax + bx’ —(h+az+ bz’) = ax + bx’ —az— bz’. 
Rearranging, we get 
ul =a(x-z)+ D(x? 7) = au+b(x —-z)(xX+Z) = aut bu(x +2). 
Since x =u+zthenx +z =u+2z and we find 
u’ = au+ bu(u+ 2z) = (a+ 2bz)u + bu’, 


which is a Bernoulli equation. Thus, the general solution of (4.13) is given by x = z+ U,, 
where u, is the general solution of the corresponding Bernoulli equation and z is a par- 
ticular solution of the Riccati equation. 


Example 4.8. Solve x’ = x” — 2x +1, x(1) =2. 
Note that z = 1 satisfies the equation but not the initial conditions. However, we can 
use it to find the general solution and then the particular one. 
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As shown above, u’ = (a+ 2bz)u+ bu? = uw’. Thenu’ = uw = u=—=x-1.S0 


-1 t+c-1 
x= +1= 
t+c t+c 


is the general solution. In order to find the particular solution, we substitute the initial 
data and find c = -2. Hence 


4.7 Exercises on Bernoulli equations 


1 
Solve x’ — x = tx?2. 


1. 

2. Solve the Bernoulli equation x’ = * + 3x°. 

3. Solve the Bernoulli equation x’ = 4x — 2t - Vx, x > 0. 
4. Solve x’ +x =x’. 

5. Solve the Bernoulli equation x’ = x + 2tx+, x(0) =1. 
6. Solve the Bernoulli equation x’ = -* + x"’, x(1) =1. 
7. Solve x! +x =x?. 

8. Solve x! — tx? =x. 

9, Solve the Riccati equation x’ = —3x + x? +2. 

10. Solve x!—x =x3. 


4.8 Clairaut’s equation 


In this section we consider a typical equation which is not in normal form, namely 
x = tx' +h(x’), (4.14) 


where hi is a smooth function, defined on a set S ¢ R. This equation is called Clairaut’s 
equation. 

A direct inspection shows that the family of lines x = ct + h(c), c € S, are solutions 
of (4.14). Conversely, if x(t) is a smooth solution of (4.14), differentiating x = tx’ + h(x’), 
we find 


x =x) +t + hl O')x" > tx" +h (x))x" = 05x" (thx) =05-x"=0 or 
t = -h'(x'). 


The former yields x" = 0, namely x’ = c, constant, which gives rise to x = ct + A(c). 
Taking x’ = p as parameter, the latter gives rise to the system 
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[ee ee ae (4.15) 


t = t(p) = -h'(p). 


If h'(p) is not constant this system defines a parametric curve in the plane (t, x), other- 
wise it reduces to a point; see Remark 4.1(2). This planar curve solves (4.14), in the sense 
that 


ax ax 
x(p) = tp) +n), we S, 


since = p. 

We will call (4.15) the singular solution! to the Clairaut equation (4.14). 

We have shown that, apart from the singular solution, the family x = ct + h(c) 
includes all the solutions of (4.14). For this reason we can say that x = ct + h(c) is the 
general solution (or integral) of the Clairaut equation. 

Summing up, the Clairaut equation has two different types of solutions: the general 
solution x = ct + h(c) and the singular solution which is the parametric curve defined 
by (4.15). 

Notice that the singular solution cannot be obtained from the general solution for 
any particular value of the real constant c. 

Concerning the singular solution, some further remark is in order. 


Remark 4.1. (1) The singular solution turns out to be the envelope of the general solution 
xX = ct + h(c). To see this, let us recall that an envelope to a family of planar curves G is 
a curve which is tangent to any curve of G. If the family G is given by x = g(t,c), c € R, 
with g depending smoothly on (t, c), itis known that, if G has an envelope, then it solves 
the system 


eee (4.16) 


2g(t,c) =0, 


and, conversely, if (4.16) has a solution, then this is an envelope of G. 
In the case of Clairaut equations, one has g(t, c) = ct+h(c) and thus the system (4.16) 
becomes 


| x =ct+h(c), | x=ct+h(c), 
t+h'(c) =0, t =—h'(c). 


1 The reader should be aware that the term “singular solution” might have different meanings: some 
authors define a singular solution to a first order equation as a solution that cannot be obtained from 
the general integral for any values of c, other authors define a singular solution as a solution for which 
the initial value problem does not have a unique solution, and the list could continue. 
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This is exactly the system (4.15) (with c = p) which defines the singular solution. This 
proves that, as claimed, the singular solution to the Clairaut equation is the envelope of 
its general solution. 

(2) We have found the singular solution in the case when h’ is not constant. If h’ = k 
(constant), then h(p) = kp + k, and we obtain 


| xX =—-pk + h(p) =-pk+kp+k, =k, 
t=-k, 


which reduces to the single point (-k, k,). Notice that, in such a case, equation (4.14) 
becomes x = tx’ + kx’ +k, = (t+k)x' + k,. Solving this equation we find x = c(t+k) +k, 
a bundle of straight lines centered at (-k, k,), which has no envelope. 


Example 4.9. (i) Solve x = tx! - ax y 


The general solution is x = ct — 5c’. The system (4.15) becomes 


ae ee 
ee ae 
t=C, 


whereby x = t? - 5t? = 5t’, which is the singular solution; see Fig. 4.3. 


Figure 4.3: Solutions of x = tx’ — 5(x')? and the singular solution x = st (in red). 


(ii) Solve x = tx! — 2Vx". 
In this case h(x’) = Vx" is defined for x' > 0. Thus the general solution is x = tc-2v¢, 
c > 0. As for the singular solution we find 


Solving for c the last equation we get c = 4, t > 0, whereby x = 
Fig. 4.4. 
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Figure 4.4: Solutions of x = tx’ — 2x! and the singular solution x = -i,t > 0(in red). 


Remark 4.2. In the preceding examples we have seen two features of equations which 
are not in normal form, such as the Clairaut equation: dealing with the Cauchy problem 


x=tx' +h(x'), x(a) =b, (4.17) 


(1) there are points (a,b) € R? where there is a lack of uniqueness since (4.17) has 
two solutions—in particular, through any point of the singular solution passes the sin- 
gular solution itself and the lines x = ct + h(c) tangent to the singular solution at that 
point; 

(2) there are points (a, b) € R? such that (4.17) has no solution. 

For example, let us solve the ivp x = tx’ - 5 (x! )?, x(0) = b (see Example 4.9(i)). 
Inserting the initial condition into the general solution yields b = —5c” namely c” = —2b. 
Thus for b < 0 there are two solutions x = /(—2b)-t +b and x = —y(—2b)-t +b; for b = 0 
we find x = 0, to which we have to add the singular solution x = 5t’. Finally, for b > 0 
there are neither solutions given by the general integral, nor the singular solution. 


4.9 Exercises on Clairaut equations 


Solve the Clairaut equation x = (t — 1)x’ - (x’)* and find the singular solution. 
Solve the Clairaut equation x = tx’ — e* and find the singular solution. 


Solve the Clairaut equation x = tx’ — F(x! )* and find the singular solution. 
1 
3(x')8 
Solve the Cauchy problem x = tx’ + (x')’, x(0) = b. 


Solve the Clairaut equation x = tx’ + and find the singular solution. 


au RF WNP 


Solve the Cauchy problem x = tx’ + 5, x(1) =b. 


5 Exact differential equations 


In this chapter we study another important class of first order differential equations 
that can be solved. 


5.1 Exact equations 


Let M(x, y), N(x, y) be continuous functions, with continuous partial derivatives, defined 
on aset S ¢ R’ and consider the equation of the form 


M(x, y) dx + N(x, y) dy = 0. (5.1) 


We note that this equation can be written as a first order differential equation in either 
of the two forms below: 


N(x, y) * + M(x, y) = 0, (5.2) 
Moye + N(x,y) = 0. (5.3) 


Equation (5.1) is said to be exact if there exists a function F(x, y) such that 
dF = M(x,y) dx + N(x,y) dy, (x%y)eéS 
where dF denotes the differential of the function F(x, y). Recall that 
dF = F, dx + Fy dy. 


Hence, one can equivalently say that (5.1) is exact if there exists a function F(x, y) such 
that 


F,(x,y) = M(x, y), Fy(x,y) = N(x, y). 


We note that dF = 0 implies that F(x, y) = c, where c is a constant, and may implicitly 
define either y as a function of x or x as a function of y. 

On the other hand, taking the differential of F(x, y) = c, c real constant, we find 
F, dx + Fy dy = 0 and hence 


M(x, y) dx + N(x, y) dy = 0. 


In other words, F(x, y) = c may define y = y(x) as a solution of the differential equation 
(5.2) or x = x(y) as a solution of the differential equation (5.3). F(x,y) = c is called the 
general solution of (5.1). 


https://doi.org/10.1515/9783111185675-005 
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Remark 5.1. An alternative way of looking at solutions is to say that the general solution 
of an exact equation is given by the level curves {(x,y) € S : F(x,y) = c} of the func- 
tion F. Precisely, if F(x, y) = c defines a c' curve (x(s), y(s)), differentiating the identity 
F(x(s), y(s)) = c we infer that 


F,(x(s), y(s))x’ (s) + Fy(x(s),y(s))y'(s) = 0. 
Since F, = M and F, = N the preceding equation yields 
M(x(s), y(s))x'(s) + N(x(s), y(s))y'(s) = 0. 


In this sense we can say that the curve (x(s), y(s)) solves the exact equation Mdx + 
Nady = 0. 

In particular, it might happen that, for certain values of c, the curve defined by 
F(x(s), y(s)) = c reduces to an isolated point Py) = (X(So),y(Sq)). This point plays the 
role of the constant solutions for the equations discussed in chapters 2-4 and it is rather 
natural to consider such a degenerate curve as a solution of Mdx + Ndy = 0, at least 
in a generalized sense. Notice that it can be shown that at such a point Pp, one has 
M(Po) = N(Pp) = 0. 


5.2 Solving exact equations 


Example 5.1. By way of motivation, let us start with looking at one of the simplest types 
of exact equations, namely separable equations. 
Consider, for example, the differential equation 


= 1 
Ydx+—dy=0, 
e Tey 


which is of the form (5.1). It is separable and can be written as x dx +e’ dy = 0. Its general 
solution then is given by 


=x° +2 =. 
It is now clear that the given differential equation is also exact because if we let 
12 
F(x,y) = 5x + & 


then dF(x,y) = x dx + e& dy. 
In general, solving a separable equation M(x) dx + N(y) dy = 0 leads to 


F(x%,y) = [moo + fo) =C. 
a b 
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It is then clear that F, = M(x) and Fy = N(y); which shows that the equation M(x) dx + 
N(y) dy = 0 is exact. 


Remark 5.2. As shown in the example above, separable equations are also exact equa- 
tions. But one can imagine how challenging it might be to determine whether or not an 
equation is exact, in general. Even with a simple equation like dx + (x + y)dy = 0, it 
is difficult to determine whether or not it is exact by using the definition of exactness, 
which requires the existence of a function F(x, y) such that dF = dx + (x + y) dy. Fortu- 
nately, Theorem 5.1 in Section 5.3 below gives a simple condition that is both necessary 
and sufficient for exactness, and also methods for solving exact equations. 


As we will see later, sometimes the difficulty in solving exact equations can be in- 
tegration. In some cases one may leave the answer in integral form or use numerical 
methods, if needed. 


Example 5.2. In order to solve a’x dx + b’y dy = 0, a,b # 0, we find the general solution 
a’x’ + b*y” = c > 0. For c > 0 this is a family of ellipses (or circles if a = b), if c = 0 the 
ellipse reduces to the point (0,0), which can be considered as the constant solution of 
a’x dx + b’y dy = 0, see Remark 5.1. 


5.2.1 The initial value problem for exact equations 


Given a point Py = (X9,¥q) € S, we may seek a solution of (5.3) that passes through Po. 
This will be called the initial value problem for (5.3) at Po. 

Clearly, if a solution y(x), resp. x(y), of (5.3) is such that y(x9) = yo, resp. X(Vp) = Xo, 
then it solves the ivp at Po. In particular, from F(x, y) = c it follows that F(x9, yg) = c. In 
other words, the initial condition allows us to single out c = F(X, Yo). 

For example, since the general solution of x dx + y dy = 0 is given by x + y* = c’, 
then in order to find the solution passing through (1, 2), we solve the equation 17 +2” = c” 
for c, obtaining the solution passing through (1, 2) to be implicitly given by x” + y? = 5. 

Let us assume that N (Xp, Yq) # 0. Since N is assumed to be continuous on S ¢ R’, by 
continuity, there exists a neighborhood U c S of Py = (Xo, yo) such that N(x, y) # 0 for 
all (x,y) € U. Dividing by N, equation (5.2) becomes 


dy __M(xy) 
dx — N(x,y)’ 


(x,y) € U. 


Therefore, the initial value problem for (5.3) at Pp is 


dy __ _ M(xy) 
| ax = ~ Ny)’ (x, y) € U, (5.4) 


y(Xq) = Yo- 
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Similarly, if M(X9,.o) # 0, there exists a neighborhood U’ ¢ S of Py = (Xp, Yo) such that 
M(x, y) # 0 for all (x,y) € U’ and the initial value problem for (5.3) at P) becomes 


dy” M(xyy’ (5.5) 


| & Mey) my)e Ul’, 
X(Vo) = Xo- 


If we can apply the local existence and uniqueness theorem, stated in Chapter 3, to (5.4) 
or to (5.5), we can be sure that there is a unique solution y = y(x) defined in a neighbor- 
hood of Xo, or a unique solution x = x(y) defined in a neighborhood of yp. 

Summing up, if either N(X9, yo) # 0 or M(Xp, yo) # 0 the local existence and unique- 
ness theorem yields a unique solution to the initial value problem for (5.3) at Po. 


Remark 5.3. Let us briefly elaborate on the preceding uniqueness result. The curve 
F(x,y) = F(Xq,Yo) might consist of several branches. But if M and N do not vanish si- 
multaneously at the point Py = (Xp,Yo), there is only one of these possible branches 
that passes through the point Pp, giving rise to the unique solution of the initial value 
problem for (5.3) at Pp. On the other hand, uniqueness might fail when M and N vanish 
simultaneously. 


Example 5.3. (i) Find the solutions of x dx + 2y dy = 0 passing through P = (1,2). 

As in Example 5.2, the general solution is x” + 2y” = c. The initial conditions x = 1, 
y = 2yieldc = 1? +2x 2” = 9. Thus we find x” + 2y’ = 9, which is the ellipse plotted in 
Fig. 5.1. 

(ii) Find the solutions of x dx — y dy = 0 passing through (a, b). 

The general solution is 


x y 
[xax-[ydy=c5 xe ay = 0x2 -y? = 2 
0 0 


Figure 5.1: Plot of x + 2y? = 9. 
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Figure 5.2: Plot of x? — y* = 2c; forsomec > Oinred, forsomec < Oinblue, forc = 0 in black. The 
continuous curves are the solutions through (a, b); the dotted curves are the branches of the hyperbola 
which do not pass through (a, b). 


If x = a,y = b we find 2c = a’ - b” and hence x” - y’ = a’ — b’, which is a hyperbole if 

a + b, otherwise we get x” — y* = 0, namely y = +x. We have to distinguish between two 

cases: 

(1) if (a,b) # (0,0) we find a unique solution: the branch of the hyperbola passing 
through (a,b) if a” # b’, otherwise the line y = x or y = —x. See Fig. 5.2. 

(2) ifa = b = 0, then both of the lines y = +x satisfy the equation and the initial 
condition and hence uniqueness fails. Notice that both M = x and N = -y vanish at 
(0,0) so that the existence and uniqueness results stated before do not apply. 


Remark 5.4. Continuing Remark 5.1, let F(x, y) be such that dF = Mdx+Ndy and consider 
the equation (*) F(x, y) = F(X9, yo). Using the generalized notion of a solution given in 
Remark 5.1, we can say that the exact equation Mdx + Ndy = 0 has at least one solution 
(possibly in generalized sense) passing through Py ¢€ S provided (*) defines a planar 
curve or if this curve reduces to the isolated point (Xo, yg). 


Further theoretical results on the existence and uniqueness for exact equations will 
be discussed in some more detail in the appendix at the end of the chapter. 


5.3 General solutions of exact equations 


Now we address two important issues concerning exact equations. First of all, how do 
we identify an exact equation? Secondly, once we have identified it, how do we solve it? 
The theorem below answers both of these questions. 
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R (x,y) 


(x0,Yo) (x, Yo) 


Figure 5.3: The path I. 


Theorem 5.1. Suppose that M(x,y) and N(x,y) are continuous and have continuous 
partial derivatives with respect to x and y, on R = (4, @,) x (b,, b,). Then M(x, y) dx + 
N(x, y) dy = 0 is exact if and only if My(x, y) = N(x). 


Proof of Theorem 5.1. First, in order to prove the sufficiency, we assume that (5.3) is ex- 
act and show that this implies M)(x,y) = N,Q y). Since (5.3) is exact, by definition 
there exists a function F(x, y) such that dF = M(x, y) dx + N(x, y) dy, which means that 
F,(,y) = M(x,y) and Fy (x,y) = N(x,y). Consequently, we have Py y) = My(x, y) 
and Fy (x, y) = N,(x, y). Recalling from calculus that the mixed derivatives of F(x, y) are 
equal, i.e., Fy, = F,,, we reach the conclusion that M,(x,y) = N,Q. y). 

In order to prove the converse, we assume that M, = N, and show that there exists 
a function F(x, y) such that F, = M and Fy = N,1.e., (5.3) is exact. We give two proofs of 
this part, which will not only prove the existence of the functions F(x, y) but also indicate 


methods for finding such functions, i.e. solving exact equations. 


First method. Let (X9, yo), (x,y) be two arbitrary points in the rectangle R shown below. 
Consider the polygonal path T = ([X, xX] x {yo}) U({x} x [vo y]) < R, see Fig. 5.3, and define 
F(x, y) by 


x y 
F(x,y) = | M(x,yp) dx + ce y) ay. (5.6) 
Xo Yo 


Then by the Fundamental Theorem of Calculus it follows that 


J 


a | Nowy) dy. 


F(X y) = M(x, yo) + ay 
Yo 
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Since 
y y 
= {ne ) dy = | cae ya 
Ox WEY = | aE NVOY) Ys 
Yo Jo 
and by assumption 2 N= < M, we have 
0 
Foy) = MCaya) + | Moxy) @. 
Yo 
It follows that 
y y 
[ yMan d= = 2 | Moxy) dy = M(xy) - MOx.yo) 
Yo Jo 
whereby 


FyQGY) = M(x yo) +My) - M(% yo) = MQ y). 


Moreover, one has 


x 
0 
ay | Mcsyo) dx = 0, 
Xo 


because the integral is independent of y, so it is the same as taking the derivative of a 
constant. Therefore we have 


Fy= > [ nooynay = N(x,y). 


Yo 


In conclusion, we have shown that F, = M; Fy = N, as claimed. 
: the above discussion, we could have also taken the path T, = ({X9} x [¥p,.y]) U 
([Xo.X] x {y}) yielding 


x y 
F(x,y) = [ Mccy) dx + [ Neo) dy. (6.7) 
Xo Yo 


Second method. Integrating F,(x, y) = M(x,y) with respect to x we obtain 


F(x,y) = | mccy) dx + H(y), 
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where the constant of integration is expressed as H(y), a function of y. Obviously, F, = 
M. We now want to choose H(y) in such a way that Fy = N. This yields (notice that 
H\y) = F(x,y) — [ M(x, y) dx is differentiable) 


re) ae = 
FyMGy) = ay | Mocy)dx +H (y) = N(x y) 
whereby 
H'(y) = N(x y) - a ato y) dx (5.8) 
> oy ) . . 


Ifthe right hand side depended on both variables, x and y, that would make it impossible 
to find H as a function of y only. However, as we will see below, in spite of its appearance, 
it is a function of y only. In order to verify this, we will show that its partial derivative 
with respect to x is zero. This follows since 


re) re) re) 
2 [wey - ay [ mecy) ax] =N,- ay | Myooy) dx = W.-M, = 0. 


Since the right hand side of (5.8) is independent of x, an integration yields H(y), giving 
rise to the general solution F(x, y) = J M(x, y) dx + H(y). 


In the above proof, we could just as easily have chosen 


F(x,y) = | Nowy) dy + K(x), 


and determine K(x) as we obtained H(y) above. 
Summing up, there are essentially four methods that we can use to solve exact equa- 
tions: 
i x 'y 
1. letting F(x, y) = [ee M(x yo) dx + I N(x,y) dy; 


2. letting F(x, y) = Ir M(x, y) dx + le N(Xo,y) dy; 
3. letting F(x,y) = [ M(x,y) dx + H(y) and solving for H(y); 
4. letting F(x,y) = { N(x.) dy + K(x) and solving for K(x). 


Remark 5.5. In Theorem 5.1 we can replace the rectangle R by any, possibly unbounded, 
simply connected domain, namely a path-connected domain in which any simple closed 
curve can be continuously shrunk to a point, while remaining inside the domain. 
Roughly, a simply connected domain has no hole in it. For example, any convex do- 
main is simply connected, whereas R? \ {0} is not. 

Moreover, instead of defining F as in (5.6) we can just as well integrate Mdx + Ndy 
on any smooth curve contained in R, joining the points Py = (Xp, yo) and P = (x,y). For 
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example, if Py = (0,0) €¢ Rand the segment [0, P] c R, we would simply find (notice that 
dx = x ds and dy = yds) 


1 


1 
F(x,y) = fu (sx, sy)x ds + fy (sx, sy)y ds. (5.9) 
0 0 


Example 5.4. Solve (x* + 2y) dx + (2x - 3y°) dy = 0. 
Since M, = 2 = Nj, it is exact. We illustrate four ways to obtain the general solution. 


1. Choosing xX = 0, yo = 0 for lower limits of integration and using Method 1, we obtain 
[ i f i 1 1 
F(x,y) = | cx 0) dx + | Nowy) dy = fx dx + (x ~ 3y) dy = =e + 2yx - aE 
0 0 0 0 


Hence the general solution is given implicitly by 


=x + 2yx - oo =k, 


2. Choosing again xy = 0, yy = 0 and using Method 2, we obtain 


x y x y 
F(x%,y) = | Mocy) de | Noy) ay = [Ot +29) ax [-»” dy = a + 2yx - 7. 
0 0 0 0 


The general solution is again defined by 
=e + 2yx - oo =k. 


3. Using Method 3, we integrate M(x, y) with respect to x and hold y as a constant; we 
let H(y) represent the constant of integration. Then 


Fy) = fo + 2y) dx + H(y) = ax + 2xy + H(y). 
Now, clearly F, = x* + 2y = M. It remains to find H(y) so that F, = N.To this end, we set 
2x + H'(y) = 2x - 3y’, 


which yields H'(y) = —3y° and hence H(y) = —3y®. So once again we find that the 
general solution is given by 


F(x,y) = ae + 2yx — ” =k. 
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4. This time we integrate N(x, y) with respect to y and hold x as a constant; we let K(x) 
represent the constant of integration. Then 


FOGY) = [x — 3y°) dy + K(x) = 2xy - ” + K(x) 


so that Fy = N. Now we choose K so that F, = M 18 this end, we it y +K' (x) = x* +2y, 
namely K'(x) = x*. Integrating, we find K(x) = 4x° and F(x,y) = ix° + 2yx — sy° =k, 
We can also use (5.9) yielding 


1 1 
F(x, y) = ens + bsy)x ds + | (osx +cs°y°)y ds 
0 


1 
as'x° + bskay + Zes'y§| = 50x + bry + 20 


1 
= [(astx’ + 2bsxy + cs°y®) ds 
0 

-| 


as before. 


Below we discuss some examples in detail. For convenience, we mostly prefer us- 
ing the first two methods. Students may use any of the above methods that they find 
convenient, when solving exact equations. As we will see later, sometimes one method 
may be more convenient — either due to the nature of the problem or due to difficulty 
with integration. In the first two methods, the choice of (xp, yo) in the rectangle R, i.e. 
the lower limits of x and _y, is important. 


Example 5.5. Find the general solution of 


2 
vt dx + 4yInx dy = 0. 


First we see that My = 2 = N,,so the equation is exact. Next, we see that we cannot 
take the lower limits to be 0, as we did in the example above, because In x is not defined 
at x = 0. So, let us try a couple different choices for xy and y) and compare the answers. 


Xo = 1= yp. Then, if we use Method 2, since In1 = 0, we will have only one integral to 
handle, that is we will have 


x 
Hiei PEL So Hy 3 aes 
Gy) = 7 & = (2 +1)Inx - (2y" +1) In1 = (2y" +1) nx 
1 


and hence the general solution is given by 


(2y? +1) nx =k. 
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Xq = 3, Yo = 0. This time, let us use the first method. Then we have 


x 
F(x,y) = | cae 4y In x dy = (Inx - 1n3) + 2y"Inx =C. 
3 


Che 


Notice that the answer is different from the previous case only by a constant. More 
precisely, we have F(x,y) = (Inx — In3) + 2y"Inx = k, or (2y? +1) nx = k + In3. Since 
k is an arbitrary constant then so is k + 1n3; thus we can let k + In3 = c, where c is an 
arbitrary constant. So, our answer is equivalent to the answer in the first case. 


Example 5.6. Find the solution of (xy” + x’) dx + (y” +.x’y) dy = 0 passing through (a, 0). 
Since 


O72. .% o. O79. 09 
ayo. PRA a Pt) 


the equation is exact. Using option 1, we find 


3 
Substituting x = a and y = 0, we obtain c = ao Therefore the solution to the initial value 
problem can be written as 


2x3 + 2y° + 3x°y" = 2°. 


Remark 5.6. Similar to what we did in Chapter 3 for equations of the form x’ = f (t,x), 
here also it is possible to deduce some qualitative information about the general solu- 
tion of (5.3) without solving it explicitly. Precisely, if (xp, yo) is such that N(Xp, Yo) # 0 
and M(x 9, Yo) = 0 then (5.2) implies that the solution has horizontal tangent at (Xp, Yo), 
whereas 


M(X, Yo) 
N(X; Yo) 


M(Xp, Yo) 
N(X; Yo) 


>0, (resp.<0) => © yx) 7 < 0, (resp. > 0). 


Similarly, if N(X9, Yo) = 0 and M(Xo, yo) # 0 then (5.1) implies that the solution has verti- 
cal tangent at (x), y,) and 


N(Xo, Yo) 
M(Xp; Yo) 


N(X; Yo) 
M(X%.Yo) 


>0, (resp.<0) => X00 = < 0 (resp. > 0). 
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5.4 Integrating factor 


Now we discuss how one might convert a non-exact equation into an exact equation by 
multiplying it by a suitable nonzero function called an integrating factor. 
In other words, we consider the equation 


M(x, y) dx + N(x, y) dy = 0 (5.1) 
in the case when My # Ny. If, for any u(x, y) # 0, the equation 
LOGY) - M(x, y) dx + Ux. y) - NO y) dy = 0 (5.10) 


is exact, then p(x, y) is said to be an integrating factor of (5.3). 
For example, the equation y dx — x dy = 0 is not exact. But after multiplying it by the 
function y~’, y # 0, the corresponding equation : dx - z dy = 0, y # 0, becomes exact 


since 
Gy) ax) 
ayy) ox\ yr / 

Let us point out that, as in the previous example, it might happen that an integrating 
factor exists only on a proper subset S’ of the set S where M,N are defined. Obviously, 
in such a case, the equations (5.3) and (5.12) are equivalent on S’; see also Exercise 5.7 (2) 
in the sequel. This will always be understood in the examples below. 


Moreover, the integrating factor need not be unique. For example, all of the func- 
tions 


1 1 1 1 
xy x2? ye? ey? 


are integrating factors of y dx — x dy = 0. 

It is important to know that the procedure of solving equations by finding integrat- 
ing factors is convenient when it can be applied, but it has very limited use and cannot 
be applied to all equations of the form M(x, y) dx + N(x, y) dy = 0, even if they appear to 
be very simple equations. It is convenient for certain types of equations; for example, 
when an equation happens to have either an integrating factor u(x), which is a function 
of x alone, or an integrating function u(y) which is a function of y alone. 

As we have already seen, occasionally an equation can become exact if we simply 
multiply both sides by a common factor. Also, multiplying both sides of an equation by 
a function may change an exact equation into a nonexact equation. For example, the 
equation y dx +x dy = 0 is exact but if we multiply it by x, the new equation xy dx+x" dy = 
0 is not exact. 


Case 1. Let us assume that (5.3) has an integrating factor which is a function of x, call it 
u(x). Then multiplying the equation by u(x), we have 
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L(X)M (x, y) dx + WOON (x,y) dy = 0. 
In order for this equation to be exact, we must have 

0 0 

ay (UCOM (Oy) = 5 (HOON (OY), 
namely 

MyM y) + HOOMy (Gy) = HOON OGY) + HOON, OGY). 
Since u(x) is a function of x, then by (x) = Ou(x)/dy = 0, and we get 
HOM, (xy) = ECON (GY) + HOON (XY) 
or 
L'(X)N (x,y) = [My (x,y) - N06 y)]U00. (5.11) 

To solve this equation for yu, we assume that 


def M(x y) NY) N¢# 0, 
N(x, y) 


depends on x only. If this is the case, then from (5.11) we get 


u(x) _ Myy) TNxOGy) 7 
Ux) N(x y) 


p(x) (5.12) 


which can be integrated, yielding 


ji(x) = ef PO a 


which is a (positive) integrating factor of (5.3). 


Case 2. If we look for an integrating factor u(y) which is a function of y only, we follow 
a similar procedure: assuming M + 0 and 


def Ny (x,y) - My y) 
. M(y) 


is a function of y only, we find 


u(y) = ey) - HO), 
which can be integrated, yielding a (positive) integrating factor 


u(y) = al oy) dy 


76 —— 5 Exact differential equations 


Example 5.7. (1) Find an integrating factor and solve (y” — 3ye*) dx + (y — e*) dy = 0. 
Since 


My - Ny _ 2y — 3e* — (-e*) 


=2: 
N y-e 


an integrating factor u(x) exists and f = 2. Therefore, (x) = e is an integrating factor. 
The given equation is changed to the exact equation (e”“y”-—3ye**) dx +(ye* —e**) dy = 0. 
Solving by Method 1, we have 


y 
|e -e*) ay = ve ~ye* =¢. 
0 


(2) Find an integrating factor and solve y° dx + (yx + 1) dy = 0. 
Since 


Ny-My_ y’-3y" 2 


M y y 


an integrating factor y = u(y) exists and p(y) = - ‘ - u(y). Thus p(y) = ra y #0, and the 
given equation is changed to the exact equation 


ae ; 1 1 
yo Fax+ x41) 5 dy=yars (x+ 5) dy=0 y#0. 
Solving it, we find 


x y 
[ides [(x4 5 )dy=xtay-x- 5 =F =6 y#0. 
0 1 


y y 


5.5 Appendix 


In this short appendix we discuss some further theoretical results on the existence and 
uniqueness for exact equations. 

In section 5.2 we have used the abstract results of Chapter 3 to deduce the local 
existence and uniqueness of solutions to the ivp for exact equations. Below we state a 
theorem which requires merely the continuity of M and N and is independent of those 
abstract results. It requires the use of the implicit function theorem, see Chapter 1, The- 
orem 1.2: 


Implicit function theorem. Let F(x, y) be a continuously differentiable function on S ¢ 
R’ and let (Xo, Yo) € S be given such that F(X», Yo) = Co. If Fy (Xo, Yo) # 0, resp. Fy (Xo, Yo) # 
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0, there exists a neighborhood I of Xo, resp. neighborhood J of yo, and a unique differen- 
tiable function y = g(x) (x € TD, resp. aunique differentiable function x = h(y) (y € J), such 
that g(Xo) = Yo and F(x, g(X)) = Cy for all x € I, resp. h(yo) = Xo and F(h(y), y) = Cg for all 
yel. 

Theorem 5.2 (Local existence and uniqueness for exact equations). Let M,N be continu- 
ous on S ¢ R’ and suppose that the equation M(x, y) dx + N(x,y) dy = 0 is exact. Let 
Po = (Xo.Yo) € S be such that N(Xo,¥o) # 0, or M(Xo,Yo) # 0. Then the exact equation 
M(x, y) dx + N(x, y) dy = 0 has one and only one solution passing through Pp. 


Proof. Since Mdx+Ndy = 0 is exact, there exists a c' function F(x, y), such that F, (x,y) = 
M(x,y) and Fy, y) = N(x, y). If N(x, Yo) # 0, then Fy (Xo, Yo) = N(X, Yo) # 0 and we can 
apply the implicit function theorem to F(x, y) = Cy = F(Xq, Yo) at Po = (Xp, Yo), yielding a 
unique differentiable function y = g(x), defined in a neighborhood J of xy such that 


F(x, g(x)) =Cp, Wx eI, (Xo) =Yo- 


Differentiating the preceding identity we find F,(x, g(x)) + Fy(~ g(x)) ag) = 0, namely 
M(x, g(Xx)) + N(x g(x) S2 = 0,x € J. This shows that y = g(x) is a solution of (5.2). 
Since, in addition, g(Xq) = yo, it follows that y = g(x) is the unique solution of the ivp for 
(5.3) at Py we were looking for. 

Similarly, if M(x, Yo) # 0 then F,(X9,¥9) = M(Xo, Yo) # 0 and the implicit function 
theorem yields a unique x = h(y) such that F(h(y),y) = Co, hyo) = Xo. Repeating the 
previous arguments it follows that x = h(y) solves the ivp for (5.3) at Po. 

Notice that the result is local, in the sense that g(x), resp. h(y), is defined (in general) 
near Xo, FeSp. Yo. 


5.6 Exercises 


Solve (x? + 2y + eX) dx + (2x — y°) dy = 0. 

Solve x” + yeX + (y+ e*)y’ = 0. 

Solve (x? + 2y + 1) dx + (2x —y’) dy = 0. 

Solve the initial value problem (3x“y + 2xy*) dx + (x? + 2x’y — 6) dy = 0, y(1) = -1. 
Solve 2y — e* + (2x + siny) 2 =0. 

Solve (12x° — 2y) dx + (6y® — 2x) dy = 0. 

Solve (y + +) dx + (x - 5) dy = 0. 

Find the number a such that (x? + 3axy”) dx + (x*y + y*) dy = 0 is exact and solve it. 
Find numbers a and b such that (xy + ay’) dx + (bx? + xy”) dy = 0 is exact and solve 
it. 

10. Solve 2xy? +1+ (3xy*)y’ = 0, y(1) =1. 

11. Solve (y + 8x*) dx + (x + 3y’) dy = 0, y(1) = -1. 


807 00" fess OO ee Be 


18. 


19. 
20. 


21. 
22. 
23. 
24. 
25. 
26. 


27. 


28. 


29. 
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Find the solution of (x?-1) dx+y dy = 0 passing through (-1, b) with b > 0 and show 
that it can be given in the form y = y(x). 
Solve x?(y°> +1) dx + y°(x? - 1) dy = 0. 


. Solve y dx — 3x dy = 0. 


Solve (y? + 1) dx + 3y” dy = 0. 


. Solve oe dx + 4yInx dy = 0. 


Show that there exists an integrating factor u = u(y) for the equation (1+ f(y)) dx + 

(xg(y) + y”) dy = 0, where f and g are some differentiable functions f # —1. 

(A) Solve (y + x) dx + dy = 0 by finding an integrating factor u(x). 

(B) Explain whether or not it also has an integrating factor that is a function of y 
only. 

Solve (2y + 1) dx + (x+ vy) dy =0,y>0. 

Solve y(cos x + sin” x) dx + sin x dy = 0 in two ways, first as a separable equation and 

then as an exact equation. 

Solve 2y dx + (x + +/y) dy = 0, (y = 0). 

Solve (y + xy" + xy) dx + (x +y) dy = 0. 

Solve [(1+ x)y + x] dx + x dy = 0. 

Solve (3y + x) dx + x dy = 0. 

Solve (y + xy + y”) dx + (x + 2y) dy = 0. 

Does the equation (x — 2y) dx + (xy + 1) dy = 0 have an integrating factor that is a 

function of y only? Explain. 

Prove that if you multiply an exact equation M(x, y) dx + N(x, y) dy = 0 by a differ- 

entiable function f(x), then the new equation is still exact if and only if f(x) = k is 

a constant. 

Consider the exact equation (xy*—1) dx +(x*y +1) dy = 0. Solve it by taking the lower 

limits as (2, 1), i.e. X) = 2 and yg = 1. Then find the particular solution satisfying the 

initial condition y(1) = -1. 

Find the value of c that will make (x + ye”) dx+(cxe’) dy = 0 exact and then solve it. 


6 Second order linear differential equations 


6.1 Preliminaries 


A general second order linear differential equation has the form 


2. 


a,(t)@* as 


dx 
dt + a(t)a E Ag (t)x = k(t) 


where a;(t), i = 0,...,2, and k(t) are continuous functions on an interval J ¢ R. Assum- 


ing that a,(t) # 0, we can divide by a, and, letting p,(t) = aa h(t) = aa we have 


dx dx 
We + Pa + Po(t)x = A(t). 


It is convenient to introduce the differential operator L acting on functions x € C(I) by 
setting 


ax dx 
L[x] = de +A + Po(t)x. 


With this notation, a second order linear differential equation can be written in a com- 
pact form as 


L[x] =h. (6.1) 
If h = 0 the equation 
L[x] =0 (6.2) 


is called the homogeneous linear second order equation associated to nonhomogeneous 
equation (6.1). 
It is easy to check that 


Lemma 6.1. The differential operator L is linear, namely L[c,X;,+C)X_] = CL [xy] + CL [x], 
C0, € RK. 


Proof. By differentiating and regrouping, we have 
" Ul 
L [1X4 + CyXq] = (C4Xy + CoXq)” + Py (CyXy + CyXq) + Po (CyXq + CoXy) 
" N" Ul U 
= CyXy + CoXq + CyPyXq + CoPyXq + PoliXy + PoC2X2 


= C4(Xq! + DyX] + DoXy) + Co(X) + PyXy + PoXn) = C LLG] + QL [xy]. 


From the previous lemma we infer the following. 


https://doi.org/10.1515/9783111185675-006 
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Lemma 6.2. 

(a) If x1, xX are solutions of the homogeneous equation L[x] = 0, then any linear combi- 
nation CX, + C)Xz is also a solution of (6.2). 

(b) Ify is a solution of the non-homogeneous equation L[y] = h and x is any solution of 
the associated homogeneous equation L[x] = 0, then x + y is a solution of the non- 
homogeneous equation (6.1). 


Proof. (a) Using the linearity of L we find 
[eX - CoXy] = CL [x4] + CoL[X9] i 0, 


since L[x,] = L[xX,] = 0. This proves that c,x, + CX» is a solution of (6.2). 
(b) One has L[x + y] = L[x] + L[y] = L[y] = h, since L[x] = 0. 


The initial value problem, or Cauchy problem associated to L[x] = h consists of find- 
ing a function x(t) such that 


L[x] =h, 
X(to) =o» (6.3) 
X"(to) =Yp 


where (yo, y;) is any point in IR? and ty € I. 
For example, the Cauchy problem associated to x” + p,x' + pox = hinvolves seeking 
a solution x(t) of the equation satisfying the two initial conditions x(t) = yo, x'(to) = 4. 
The following theorem is an extension of the existence and uniqueness results 
proved for first order equations in Chapter 2. 


Theorem 6.1. Let po, p; be continuous on the interval I ¢ R. Then for any ty € I and 
(Vo.¥1) € IR? the Cauchy problem (6.3) has one and only one solution, which is defined 
onl. 


From the preceding theorem we can deduce the counterpart of a result proved in 
Chapter 2 for first order linear equations; see Corollary 2.1(a) therein. 


Corollary 6.1. Let x(t) be a solution of L[x] = 0. If there exists ty € I such that x(ty) = 
x'(ty) = 0, then x(t) is identically zero. 


Proof: The function x(t) = 0 solves the initial value problem L(x) = 0 and the ivp 
X(t) = x'(to) = 0. Therefore it follows from Theorem 6.1 above that x(t) = x(t) = 0, 
that is, x(t) is the trivial solution. 


Remark 6.1. Contrary to the statement of Corollaries 2.1(b) and (c), Chapter 2, a solution 
of L[x] = 0 can vanish without being identically zero. For example, x(t) = sint solves 
x" +x =O and vanishes at t = km,k € Z. 
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6.2 General solution of L[x] = h 


In the sequel we will assume, for the sake of simplicity, that po, p; are continuous in R. 

The case in which they are continuous on an interval I c Rrequires minor adjustments. 
The general solution (or integral) of L[x] = h is a family of smooth functions 

@(t; C1, Cy) such that: 

() for any c;,c, € R, the function @(t; c,, cy) is a solution of (6.1); 

(2) for any solution x(t) of (6.1) there exist c,,c. € Rsuch that x(t) = (t; cy, C2). 


In order to find the general solution of L[x] = 0, it is convenient to introduce the notion 
of linear dependence and independence of functions. 


6.2.1 Linear dependence and independence 


Definition 6.1. 
(a) Two functions wW,, WU, are said to be linearly independent provided 


CyU,(t)+Cu,(t)=0, VteR = c=), =0. 


(b) wu, U, are said to be linearly dependent provided there exist nonzero constants Cc), Cy 
such that 


CU, (t) + CoUy(t) =0, VteR 


Example 6.1. In order to prove that 
u=(+2) and w= (t?+1) 


are linearly independent, we will show that there do not exist nonzero constants c, and 
C such that c,u,(t) + CyU,(t) = 0, or equivalently, that c,u,(t) + c,U,(t) = 0 implies c, = 
C2 = 0. So, suppose that 


a(t + oy HOE + 1)" =0. 


If we let t = 0, we get 8c, +c, = 0. Similarly, if we let t = 1, we get 27c, + 16c, = 0. Solving 
the algebraic system 
| 8c, + Cy = 0, 
27C, se 16c, = 0. 


we obtain c,; = c, = 0. Or, alternatively, we simply notice that the determinant of the 
coefficients is 8 x 16 — 27 # 0 and hence c, = c, = 0. 


Remark 6.2. Two functions WW, u, are linearly dependent if and only if there is a constant 
A such that u,(t) = Au,(t) for all t. 
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Ifu,(t) = Au,(t) thenit suffices to take c, = 1,c) = —Ato see that c,u,(t)+c,U,(t) = 0. If, 
on the other hand, there exist nonzero constants c,, c, € IR such that c,u,(t) +c,Up(t) = 0, 
C 


then we divide by c, and obtain u,(t) = Au,(t) with A = -=2. 


Cc. 
In particular, it follows that linearly dependent functions have common zeros. 


To check linear dependence/independence it is convenient to introduce the Wron- 
skian W of two differentiable functions u,, u,, defined as 


U,(t) u,(t) 


W= W(u, Uy; t) = 
u(t) us(t) 


= U,(t)u;(t) — u,(t)u;(). 


We may alternatively use the notation W(u,, u,)(t), or simply W when there is no 
risk of confusion. 

The connection between the Wronskian and linear dependence/independence is 
shown in the following lemmas. 


Lemma 6.3. If two differentiable functions u,,u, are linearly dependent, then 
W(u,, Uy; t) = 0 forallt € R. 


Proof. Suppose that u,,uU, are linearly dependent and there exists a number ¢* such 
that W (uy, u,)(t*) # 0. Then since u, and u, are linearly dependent, there exist nonzero 
constants ¢;,C, such that cyU;(t) + CyU,(t) = 0 => cyuj(t) + c2u;(t) = 0. Now consider 
the algebraic system 


CU, (t*) + CoUy(t*) = 0, 


c,u;(t*) + Cou; (t*) = 0. 


The above system has nonzero solution cj, Cy only if the coefficient determinant is zero, 
Le if W(u,,u,)(t*) = 0, contradiction. Therefore, W(u,, u,)(t) = 0. 


For example, u, = t?, u, = t are linearly independent since W(u;, u,;t) = t? - 2t? = 
-t’ is not identically zero. 

Arguing by contradiction, the following lemma follows immediately from the pre- 
ceding lemma. 


Lemma 6.4. If W(uj, Uy; to) # 0 for some ty € R then uy, uy are linearly independent. 


Let us point out that, in general, the converse of Lemma 6.3 is not true: it could 
happen that W(u,, u,;t) = 0 for allt € R even if u,, uw, are not linearly dependent. For 
example, let u, = t? and 


t?, fort>0, 


u,(t) = |t*| = | 


-t?, fort<0. 


Then 
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O° .3?-3-P=0 for t>0 
. _ Ul = / = aM, 
Willy ost) = au Ey ee) | t? . (-3t?) —3¢-(-?)=0 fort <0. 
So, W = 0 for all t, but u,, u, are obviously linear independent on R. On the other hand 
the following lemma holds. 


Lemma 6.5. Let Ww, U, be solutions of L[x] = 0. If W(t)) = 0 for some to, then u,, Uy are 
linearly dependent on R. 


Proof. Let us consider the system 


| CyUy (ty) + Collg(ty) = 0, 
CU (to) + CoU} (to) = 0, 


whose determinant is W(t). If W(t)) = 0, this system has nonzero solution c,, cy. The 
function x(t) = c,U,(t) + CyUp(t) solves L[x] = 0; see Lemma 6.2(a). Moreover, from the 
system we infer that x(t) = x’(t) = 0. From Corollary 6.1 it follows that x(t) = 0, namely 
CyUu(t) + CoU(t) = 0 for allt ¢ R. Thus wu, uy are linearly dependent on R. 


From Lemmas 6.4 and 6.5 we infer 


Lemma 6.6. Two solutions U,, U, of L[x] = 0 are linearly independent on R if and only if 
their wronskian is different from zero for allt € R. 


The following theorem shows an important property of the wronskian of solutions 
of L[x] = 0. 


Theorem 6.2 (Abel’s theorem). If u,, U, are solutions of L[x] = x" + px’ + pox = 0, then 
their wronskian W satisfies the equation 


W'+p,W =0 
and is hence given by what is known as the Abel formula, 
W(t)=ce JRO ceR 


. + 4s = ! ! . Pooh ” no ”" = 
Proof. Differentiating W = u,U, — U,U, we obtain W° = u,U, + UU, — UU, — Uy Uy = 
U, Uy, — Uj/Uy. Recalling that u,, u, are solution of x’ + p,x’ + pox = 0, we infer 


Wr / Wr ! 
Uy = —PyUy — Polly, Uy = —PyUy — Polly 


This in turn implies 


/ " Wr / / 
W" = UyUy — Uy Uy = Uy(—PyUy — Polly) — Up(—P1Uy — Pols) 


/ ! / / 
= —PUyUy — PolyU, + PyUgll + PollyUy, = —Py(UyUy — Uy) = —PyW. 


Solving the first order linear equation W’ = —p,W, the result follows. 
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Corollary 6.2. The wronskian W (uy, uy; t) of two solutions u,, u, of L[x] = 0 is either iden- 
tically zero or it never vanishes. 


Example 6.2. Consider the functions u, = t, u. = t?. Their wronskian W = 2t? - t? = ¢? 
is such that W(0) = 0, W(t) # 0 fort # 0. Thus they cannot be solutions of the same 


second order linear homogeneous equation on R. 


6.2.2 Exercises on linear dependence and independence 


Cas eS Cb 


16. 


17. 


Show that x, = e”, x, = e' are linearly independent. 

Show that x, = 2sint and x, = sin 2t are linearly independent. 

Show that x, = (t? —1)° and x, = (2 - 2t”)° are linearly dependent. 

Show that x, = sin? t and x, = cos” ¢ are linearly independent. 

Show that x, = 2t, x. = 3]t| are linearly independent on (—oo, 0) but linearly depen- 

dent on R. 

Let y(t) be any function, y(t) # 0 for t € R. Show that if x,(¢) and x,(t) are linearly 

independent, then so are y(t)x,(t) and y(t)x,(t). 

Let f, g be linearly independent. Show that for any a,b € R,a #0, x, = af + bg and 

X, = g are linearly independent. 

Show that if p + q then u, = t? and u, = t? cannot be solutions of the same second 

order equation L[x] = 0. 

(a) Show that f(t) = t? and g(t) = e' are linearly independent. 

(b) Evaluate W(f, g)(t), and then explain why f, g cannot be solutions of an equa- 
tion of the form L(x) = 0, a, b constants. 


. Solve W(t +1,x(t)) = t+1,x(0) =1. 


Solve W(t, x’) = 1, x(1) = x'(1) =2. 

Let U,, Uy be solutions of L[x] = 0 on J such that u,(ty) = Uy(tp) = 0 for some fy € I. 
Show that they are linearly dependent and hence all their zeros are in common. 
Consider the equation (t? + 1)x” — tx’ + e'x = 0. If W(x;,x,)(1) = 2 for a pair of 
linearly independent solutions x, x,, find W(x, x,)(2). 

Solve W(t, x) =1, x(1) =2. 

Prove or disprove the statement that if x,(t) and x(t) are linearly independent on 
(—4, 3) then they are linearly independent on (—2, 2). 

Let x,, X_ be solutions of x" — x’ + q(t)x = 0, p, q continuous. If W(x,, X,)(2) = 5, find 
W(X, Xy)(3). 

Show that if x,, x, are linearly independent then so are y, = 2x, + 3x, and y, = 
5X1 — 4X. 


6.2.3 General solution of homogeneous equation 


Definition 6.2. We say that two solutions wW,, U, of L[x] = 0 are fundamental solutions if 
they are linearly independent. 
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According to Lemma 6.6, u,, U, are two fundamental solutions of L[x] = 0 when- 
ever their wronskian W # 0. Of course, by Abel’s theorem, to check that u,,u, are two 
fundamental solutions, it suffices to show that W(t) # 0 for some to. 


Theorem 6.3. Let u,, U, be a fundamental set of solutions of L[x] = 0. Then the general 
solution of L[x] = 0 is given by x = c,Uy + Cyl, Cy, Cy € R. 

Proof: First, it follows that if x = c,U, + Cyl, c; € R, then L[x] = c,L[u,] + c,L[u,] = 0 
since u, and u, are solutions. Let x(t) be any solution of L[x] = 0. We want to show that 


there exist constants c,, c, such that x(t) = c,U, + Cyl. Let ty € IR be any fixed number 
and consider the system 


CyUy (tg) + Coy (to) = X(to), 
CyUj (to) + Colla (to) = x’ (to). 


The determinant of this system is simply the wronskian W(u,, Uy; tp), which is different 
from zero since Uy, U, are linearly independent. Thus by the Cramer rule, this algebraic 
system has a unique solution C,, C) (depending on ty). The function 


Y(t) = Cyly (Ct) + Coy (t) 


is a solution of the equation such that y(t)) = x(t) and y’(t)) = x’ (to). By uniqueness 
y(t) = x(t). Thus we have found constants c,,C such that x = C,U, + Cyl, proving the 
theorem. 


Remark 6.3. As pointed out above, C;,C, depend on the choice of tp. This is consistent 
with the fact that, given a solution x = c,U, + CyU», the constants c,, c, are determined by 
the initial conditions x(ty) = Xp, x’ (to) = xX. 


Example 6.3. (a) Find the general solution of 
x" +k’x=0, k#0. 
Two solutions are given by u, = sinkt, uy = cos kt. Their wronskian is 
W = u,us, - ugul = —k sin? kt — k cos” kt = —k(sin’ kt + cos” kt) = -k #0. 


Thus they are a pair of fundamental solutions and hence the general solution is x = 
c, sin kt + c, cos kt. 
(b) Find the general solution of x” — k*x = 0, k # 0. Two solutions are given by 


u, = e, uy = e™. Their wronskian is 


W = wu), — unui, =e. (-ke™) — e™ - (ke) = -2k + 0. 


Thus they are a pair of fundamental solutions and hence the general solution is x = 


86 —— 6 Second order linear differential equations 


6.2.4 General solution of nonhomogeneous equation 


Theorem 6.4. Let u,, u, be two fundamental solutions of L[x] = 0 and let y be a particular 
solution of L[y] = h. Then the general solution of L[x] = h is given by x = c,U, + CyUy + y. 


Proof: From Lemma 6.2 (b) it follows that c,u, + c,U, + y is a solution of L[x] = h. 

Conversely, let z be any solution of L[z] = h. Then z—y satisfies L[z—y] = L[z]-L[y] = 
h—-h = 0. Since z — yis a solution of the homogeneous equation L[x] = 0, Theorem 6.3 
yields cy, c. € Rsuch that z— y = c,U, + Coy, namely Z = CU, + Coy + y. 


According to the previous theorem, the general solution of L[x] = h is obtained by 
combining the general solution of the corresponding homogeneous equation L[x] = 0 
and any particular solution of the non-homogeneous equation. 

In order to find a particular solution of L[y] = h we may use the method of variation 
of parameters described below. 


Variation of parameters. Given two linearly independent solutions u,, u, of L[x] = 0, 

we seek two functions v,(t), v(t) such that y = v,U, + VoU is a solution of the non- 

homogeneous equation L[y] = h. We will now show that this can be accomplished if we 
can find two functions v, and vz such that 

| VjUy + V>Uy = 0, 

(6.4) 


no oe oo 
VyUy + Volly = hh. 


To this end, we first differentiate y(t) = ujv,+V U2, obtaining y’ = vu} + V2, +V,Uy + 
V5Uy. Our goal is to find two equations involving v; and v; so that we can solve for them 
and then integrate each to get v, and v,. We get the first equation by an arbitrary choice 
of setting viu, + v,U, = 0. This reduces y’ to y’ = v,uj + vu}. In order to establish the 
second equation in (6.4), we differentiate y’, obtaining y” = vjuj + vyuj’ + VyUy + Vols). 
Hence setting L[y] = h, we have 


V1Uy! + Valls + VU + V>Uy +P, (VyU] + V2l,) +P (Vyly + VoUy) = A. 
y y! y 


a 


Gathering all the terms with v, and all those with v, together and factoring v, and v,, we 
obtain 


Wr ! Wr / Too Tor 
Vy(Uy + PyUy + Polly) + Vo(Uz + PyUly + Dolla) + V{Uy + Voy = hr. 


Since u, and uw, are solutions of the homogeneous equation L[x] = x" + p,x' + pox = 0, 
the above equation reduces to 


v4! heat 
V,U;, + Voy = h, 
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which is the second equation in (6.4). 
Since the determinant of the system (6.4) is the wronskian of u,, u,, which is different 
from zero by assumption, it follows that (6.4) has a unique solution vj(t), v,(t) given 


by 


Integrating, we find 


Vv, (t) SS | mone dt, v»(t) = | monn dt. 


Choosing v,, v2 in this manner, a particular solution of L[x] = h is given by y(t) = 
V4 (t)uy(t) + vo(t)uy(t). 


Example 6.4. Find the general solution of 
x" +x =tant. 


It can be easily verified that u, = sint and u, = cost are two linearly independent 
solutions. Hence the general solution of x’ + x = 0 is given by 


x(t) = c,sint + Cc, cost. 


In order to find the general solution of the given nonhomogeneous equation, we need 
a particular solution of the nonhomogeneous equation (see Theorem 6.4). Let us use 
the method of Variation of Parameters directly. We seek functions v,, v, such that x, = 
VU + Voy = V1 Sint + v, cost is a solution of L(x) = tant. This will be accomplished if 
we can solve the following equations. 


v; sint + vy cost = 0, 
(6.5) 


! Tos _ 
v, cost — v, sint, = tant. 


Solving the above equations for vj, v, and then integrating, we find v, = — cos t and 
v, = —In|sect + tan¢| + sint. Thus, the particular solution x, is given by 


x 


p = WV, + Uv, = —sint cost + cos t[—In| sect + tant| + sint] = —costIn|sect + tant. 


Finally, the general solution of the given nonhomogeneous equation is 


X +X, = C,sint +c, cost —costIn| sect + tan]. 
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We will solve the next example by using the formulas 


v,(t) = -{ worn’) ds, v,(t) = | moma) ds 


developed above. 
Example 6.5. Find a particular solution of 


2t—1 


a? t #0. 


x’ _-x=el. 


It is easy to check that wu, = e', u. = e are two linearly independent solutions of the 


associated homogeneous equation x” — x = 0, with wronskian W = | : ue | = -2. Hence 
DE os 
ae he 1 2t-1 1 
v4(t) = e dt = | dt =In|t|+ —, 
1(t) Ww 5) @ ltl+ 5, 
fp 1, ot 
par ee 1 2t-1 1e* 
v,(t) = | 7 dt = \2 . dt = : 
WwW 2 t2 2¢t 


It follows that 


1\;, @& 4 ¢ ee , 
=(In|t — —~—-e =eln|t)+—-—=el|t t#0 
y= (Iniel + = et - 5 nii+o-£ = ented (+0) 


is a particular solution of our equation. 


6.2.5 Appendix: reduction of order method 
Suppose that we know one solution u(t) # 0 of L[x] = 0. Substituting v = zu, we find 


L{v] = L[zu] = (zu)" + p,(zu)' + pozu 
=(2"u+z'ul +z2u" +2'u') + p,(z'u+u'z) + pozu 
= 2" y+ 2z'ul +p,z'u+z(u" + pu’ + pout) =z" u+ 2z'u! + pyz'w 4 zhu). 
Since L[u] = 0 it follows that L[v] = zu + 2z’u’ + p,z'u. Thus L[v] = 0 provided zu + 


2z'u' + p,z'u = 0. Setting w = z' we find uw’ + (2u’ + p,u)w = 0, which is a first order 
linear equation. Dividing by u + 0 we get 


u’ 
w! + (0, +2 w =0. 
u 
Solving this first order linear equation by the integrating factor method we see that 


w= co S12) =ce IP. e2l =ce JP g me _ ey 2g JM, 
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Since we need only one such a function w, let us take c = 1. Moreover, from w = z’ we 
infer that 


t 


2 me d (6.6) 
Z — —_ ds ° 
| u2(s) 
0 
is such that v = zu is a solution of L[x] = 0. 
Next, let us show that u and v are linearly independent. We can evaluate the wron- 


skian of u and v at t = 0, yielding 
W (0) = u(0)v' (0) — u’(0)v(0) = u(0) - [z’(0)u(0) + 2(0)u’ (0)] — u’ (0)z(0)u(0). 


eb 1 find W(0) = u2(0)z'(0) = 1, proving that 
= ——, we fin = u“(0)z'(0) = 1, proving that u 
u2(0) ~—-u2(0) P 6 
and v are linearly independent. 
The preceding discussion is summarized in the following proposition. 


Since z(0) = 0 and z'(0) = 


Proposition 6.1 (Reduction of order). Let ube a solution of the second order equation x" + 
P1X' + Pox = 0, with u(t) # 0. Then 


eo J Pu at 


=O dt 


v(t) = ue) | 
is another solution. Moreover, u and v are linearly independent. 
Example 6.6. Consider the equation 


1 1 
x” —=x'+=x=0, t>0. 
t t2 


We can see that u(t) = t is a solution. Using Proposition 6.1, we find another linearly 
independent solution 


r fia 
v(t) = | ee atthe 
t*(t) 

Let us apply the method of reduction of order directly in order to find a second 
linearly independent solution, without using the formula. Let v(t) = tz(t). Then we have 
v’ =z't+zandv" =z''t + 2z'. Substituting in the equation and simplifying, we get 

1 
z" 4-7) =0. 
t 


If we let z’ = w we obtain the first order equation 


w! + w= 0. 
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Solving for w, we find w = ‘. Since we are only interested in finding one solution, we 
takec = landw = i This means that z’ = i and therefore we can take z(t) = Int; 
resulting in a second linearly independent solution v(t) = tnt. 


The preceding method is called reduction of order since, if we know one solution 
u(t) # 0 of a second order linear equation L[x] = 0, the search for a second solution 
leads to solving a linear first order equation. 


6.3 Equations with constant coefficients 


6.3.1 The homogeneous case 
Here we deal with homogeneous second order equations with constant coefficients, 
L[x]) =x" +ax'+bx=0, abeR. (6.7) 
Letting x = e*“ and substituting in (6.7), we find #e“ + ade” + be“ = 0 and hence, 
dividing by e“, 
V+ ah+b=0. (6.8) 
This shows that the function x = e““ is a solution of (6.7) whenever A is a root of the sec- 
ond order algebraic equation (6.8). Equation (6.8) is called the characteristic or auxiliary 


equation corresponding to the second order linear differential equation (6.7). Solving 
(6.8) we find 


-a+ Va? —4b 


2 


A= 


It is convenient to distinguish among three cases, which will be discussed sepa- 
rately: 
1. a’ —4b > 0: (6.8) has two real roots Ay, Ay, with A, + A,; 
2. a’—Ab =0:(6.8) hasa repeated real root A, = A, = 33 
3. a’?—4b <0: (6.8) has two complex conjugate roots An = 3 + _ with B = 


V4b — a2 > 0. 


Case 1. The functions u;(t) = et, i = 1,2, are solutions of (6.7). Let us show that they are 
linearly independent on R. To verify this, we evaluate the wronskian 


W(u, Up)(0) = = Ay = Ay #0, 


u,(0) uA (0) -| 1 1 
uj(0) uy(0) | | Ay Ag 


and hence, by Lemma 6.6, u,, u, are linearly independent and therefore u,, u, is a pair 
of fundamental solutions. As a consequence, the general solution of (6.7) is given by 


x= ce"! + coe. 
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Case 2. We have only one solution u = e-2" To find a second linearly independent so- 
lution, we can use the reduction of order method; see Proposition 6.1. Let us repeat the 
calculations for this specific case. Setting v = zu we find 


v" + av! + bv =2(u" + au’ + bu) +z"u+z'(2u' + au) =2"u4+z'(2u' + au). 


4 =e _@ em 
Sinceu = e 2° andu’ = $e af = — uit follows that 2u’+au = 0and hence v"+av' +bv = 


z"u. Therefore, v = zu is a solution provided z" = 0. Since we need one function, it 
suffices to take z = t. As a consequence, v = tuis another linearly independent solution, 
and the general solution of (6.7) is given by 


X = CUu(t) + Cytu(t) = (c, + Cyt)Uu(t) = (Cc, + Gt) e 2 


Case 3. Consider the complex valued exponential functions e*'”, Recalling the Euler 
formula e' = cos Bt + isin Bt, we see that 


eCAriB)t _ eat. oiBt _ eM (eos Bt + isin Bt) =e“ -cos Bt +ie% - sin Bt = u(t) + iv(t). 
:=u(t) =V(t) 


We know that if a = —}a and B = 5 V4b - a? thenz = u + ivis a complex valued solution 
of (6.7), in the sense that z” + az' + bz = 0. Substituting z = u + iv we find 


(ut iv)” +a(u+iv)' + b(ut iv) = 0. 
Grouping the terms involving u and those involving v, we obtain 
(u"’ + au’ + bu) + i(v" + av’ + bv) = 0. 


It follows that both the real part u”’ + au’ + bu and the complex part v” + av’ + bv vanish. 
In other words u” + au' + bu = 0 and v" + av’ + bv = 0, which means that both u = 
e-2'. cos Bt and v = e2° - sin Bt are solutions of (6.7). Next, we claim that u and v are 
linearly independent. Actually, 


a _« ss oes a 
ul =—3e 2". cos Bt — Be 2 sin Bt = -5u- By, 


ai . _a a 
Use ce 2". sin Bt + Be 2" cos Bt = —>v + Bu. 


Therefore 


w= w! —ul'v= uf sv + But) o( su pv) = pv? + pu. 


Since B # 0 we have W # 0 and we conclude that u and v are linearly independent and 
hence they are a pair of fundamental solutions of (6.7). As a consequence, the general 
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solution of (6.7) is given by 


X = cu(t) + cpv(t) = cye 2 -cos Bt +c,e 2°- sin Bt = e 2° - (c, cos ft + c, sin ft). 


6.3.2 Applications 


Linear second order equations with constant coefficients arise in many applications. We 
discuss below two of them. 


1. The harmonic oscillator. Consider a body of unit mass on the x axis at the free end of 
an elastic spring which is attached at the origin O. According to Hooke’s law, the force F 
acting on the body is given by F(x) = —w’x, where x is the distance of the body from O 
and the minus sign is due to the fact that the force brings back the body to the initial po- 
sition, acting oppositely to the motion of the body. In absence of friction, then Newton’s 
second law (mass x acceleration = force) yields x!’ = —w’x or 


2 


x" +0°x = 0. (6.9) 


This is referred to as the equation of the free harmonic oscillator. 


The associated characteristic equation is A? + w* = 0, whose solutions are A = 


+V-w? = +iw. Thus the general solution of (6.9) is given by 
X(t) = c,sin wt + c, cos wt, 


the superposition of sin wt and cos wt, which models the motion of the elastic spring. 
Setting 


c 
i) A= ye? +2, ii) @=arctan—!, (c, #0), 
(i) Cy + C5 (ii) - (co # 0) 


2 


we can also write 
x(t) = Asin(wt + 6). 


Actually 


c . Cc 
X=A- (Ss sina + 1 cos wt). 
Zine Dene 
CG Crake, 
Let us assume, e.g., that c; > 0 and c, > 0 (the other cases require minor changes). If 0 


is such that 
Cy 


sin 6 = 
2 2 
\c + C5 
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then 


a 
c C C 
cos@ = V1-sin?@ = 4/1 fa: lata- = 
+0 ce +c [c2 + 2 


On the other hand, in the presence of friction, equation (6.9) has to be modified as 


x" + kx! +0x = 0, (6.10) 


referred as the equation of the damped harmonic oscillator. The solution of (6.10) de- 
pends on the relationship between k > 0 and w > 0. Precisely, 


1.1. k > 2w. The characteristic equation A? + kA + w* = 0 has two real distinct roots Aj, A». 
Then the general solution of the damped oscillator is 


x = ce" + ce", 
Noticing that A, and A, are both negative, for k > 0, it follows that the solutions decay 
to zero as t — +oo: the friction force is sufficiently larger than the elastic force in such 
a way that the body does not oscillate but is attracted at O (overdamped response); see 
Fig. 6.1. 


Figure 6.1: Overdamped response. 


1.2. k = 2w. In this case, the characteristic equation has a double root A = -*. As is well 
known, the general solution is given by 


Kt Ke kt 
X=cye 2° +Cyte 2 =e 2 -(c,+ Cf). 


Again, this solution decays to zero as t — +oo without oscillations (critically damped 
response); see Fig. 6.2. 


1.3. k < 2w. In this case, the characteristic equation has complex conjugate roots. As we 
know, the general solution is given by 


x =e 2%(c,sinBt +c, cos ft), B= V4w?—k2. 
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Figure 6.3: Underdamped response. 


Now the solutions decay to zero at infinity but with an oscillating behavior (under- 


damped response); see Fig. 6.3. 


2. RLC electric circuits. In an electric circuit with resistance R, inductance L, capacitance 
C and a source with constant voltage V, see Fig.6.4, the intensity x(t) of the current 


satisfies the equation 
a es Leno. 
L IC 


1 


This equation is of the type (6.10) with k = g and w* = -L. 


LC 


Figure 6.4: RLC circuit. 


(6.11) 
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Repeating the previous eee we find 


a: 


2.1. ifk > 2w, namely if z > we or if R > , we have an overdamped response. 


2.2. ifk = 2w, namely if R = —=, we have a critically damped response. 


2.3. ifk < 2w, namely if R < mu 


, we have an underdamped response. 

Notice that, in any case, if there is a resistance R > 0, there is a decay of the current 
intensity in the circuit. If R = 0,1.e., ifk = 0, the equation becomes the equation of the 
harmonic oscillations 


x’ fp tea 0, 
LC 


whose general solution is given by the oscillating periodic functions 


X=c,sinwt+c,coswt =Asin(wt+ 6), w= 


1 
VLC 
6.3.3 The non-homogeneous case 


We know that in order to solve a non-homogeneous second order linear equation it suf- 
fices to add to the general solution of the associated homogeneous equation any particu- 
lar solution of the non-homogeneous equation. If the equation has constant coefficients, 
this amounts to finding a particular solution of 


x" + ax' + bx = H(t). (6.12) 


One way to find a particular solution of (6.12) is to use the method of variations of pa- 
rameters; see section 6.2.3. 

In the case of an equation with constant coefficients, and when h has a specific form, 
it is simpler to use a method called the method of undetermined coefficients, which we 
now discuss. If h(t) = A(te”“, where A(t) is a polynomial of degree m, or if h(t) isa 
trigonometric polynomial, or else if it is a combination of the two, it is possible to find 
such a particular solution y which has the same form. Below we will deal with two spe- 
cific examples. The arguments will indicate how to work in more general cases. 


1. Let A(t) = A(t)e”“, where A(t) = ae a,t” is a polynomial of degree m. 
We look fora poyami Q(t) such that y = Q(t)e“ is a solution of (6.12). Substituting 
= AQe* + Q'e** and y” = A’Qe* + 2Q'e* + Q"e*" into the equation we find 

[A?Qe"" + 22Q'e" + Q"e"'] + afAQe” + Q'e”] + E(t) = Ae”. 


Canceling e*' we get 
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[2°Q + 20Q' + Q"] + a[AQ+ Q'] +bQ() =A 
or 
Q" +(2A+a)Q' + (4° +aA+b)Q=A, 


which can be solved using the identity principle of polynomials. Notice that the degree 

of the unknown polynomial Q depends on A. 

11. If A is not a root of the characteristic equation, namely if A? + ad + b + 0 then the 
degree of Q is m, the same as the degree of A. 

1.2. IfA is a root of the characteristic equation (resonant case), namely if M+aA+b= 0, 
we find Q” +[2A+a]Q’ = A. This shows that, if2A+a # 0, Q’ has degree m and hence 
the degree of Qism+1. 

1.3. If Ais a root of the characteristic equation and 2A + a = 0, then we find Q” = A and 
hence Q has degree m + 2. 


Example 6.7. (a) Find a particular solution of x” + x = e’. We are not in the resonant 
case since A = Lis nota root of A7 +1 = 0. Looking for y = ke‘ we find y" = ke’ and hence 
ke‘ + ke‘ = e which yields k = 5. Thus y = 5e’. 

(b) Find a particular solution of x" + x’ — 2x = t-1. Here A = 0. The roots of 
the characteristic equation are —2 and 1 and hence we can seek a solution in the form 
y = Q(t) with Q a polynomial of degree 1. Setting Q == k, + k,t we find 

-0=ASk=2(k, +t) =t-1 
Using the identity principle of polynomials it follows that 
ky — 2k, = -1, 1 ky +1 1 
k S55 k = —— = -,. 
Ohi 1, PRE gh sa 
Thus y = -3t + . 
(c) Find a particular solution of x” +x’ — 2x = (t — 2)e'. Here we are in the resonant 


case since A = 1is a root of the characteristic equation. Thus we seek for Q = k,+kyt+kt”, 
yielding 


Q" +3Q! = P = 2kg + 3(ky + 2kgt) =t-2= | 2k3 + 3k, = —2, 
6k, = 1. 
Solving the second equation we get k, = . Substituting into the first equation we find 


5 + 3k, = -2 and hence k, = —Z. The value of k, is arbitrary, and we can take k, = 0. 


Thus Q = ¢t” - Zt anda particular solution is given by y = Qe‘ = [2t’ - Zt]e’. 


2. The second case we deal with is when h(t) = A(t) cos Bt + B(t) sin Bt, where A(t) 
and B(t) are polynomials and f # 0 (if B = 0 we are in the preceding case). 
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We look for polynomials P(t), Q(t) such that y = Pcos ft + Qsin Pt is a particular 
solution of x" + ax’ + bx = h. Repeating the previous calculations we find 


y’ = P’ cos Bt — BP sin Bt + Q’ sin Bt + BQ cos Bt 
y" = P" cos Bt — 2BP’ sin Bt — B’P cos Bt + Q” sin Bt + 280" cos Bt — BQ sin Bt. 


Hence 


y" + ay’ + by = P" cos Bt — 2BP’ sin Bt — BP cos Bt + Q" sin Bt + 2BQ' cos Bt 
— B’Qsin Bt + a(P’ cos Bt — BP sin Bt + Q' sin Bt + BQ cos Bt) 
+ b(P cos Bt + Qsin Bt). 


Grouping the terms involving cos Bt and those involving sin ft, we find 


y" + ay' + by = (P" — B’P + 28Q' + aP' + aBQ + bP) cos Bt 
+ (-2BP' + Q" - B°Q - aBP + aQ' + bQ) sin Bt. 


Rearranging the terms inside the parentheses, 


y" + ay! + by = (P" + aP' + (b - B’)P + 28Q' + aBQ) cos Bt 
+ (Q" + aQ' + (b-B°)Q - 26P’ — aBP) sin Bt. 


Then the equation y” + ay + by = Acos ft + Bsin Bt yields 


| P" + aP! + (b— B’)P + 2BQ' + aBQ = A, 


Q" + aQ' + (b— B’)Q — 2BP' — aBP = B. oy 


Inspection of the preceding system shows that: 

2.1. If b ¢ B’, then the deg(P) = deg(A) and deg(Q) = deg(B); the same holds if b = p” 
but a # 0 (recall that 6 # 0). 

2.2. If b = Bp’ and a = 0, then deg(P) > deg(A) and deg(Q) > deg(B). 


Remark 6.4. (a) The case in which b = B’ and a = Ois referred as the resonant case. 
Actually it arises whenever A = if is a root of the characteristic equation, for one has 
(iB)? + aiB + b = b — B’ + iaB = 0 if and only if b - 6” = 0 and af = 0. More precisely, we 
see that if a = 0 and b = f” system (6.13) becomes simply 


| Pl" + 2p0' =A, 
Q" = 2pP' = B. 


Setting P = po + pit, Q = do + Git, we find 2Bq, = A and —28p, = B, whereby p, = =a 
1 = ae Thus 
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B A 
=-— cost+ — sint. 6.14 
D5 B i B (6.14) 
(b) It is worth pointing out that, in general, both P and Q can be different from zero 
even if A or B is zero. 


Example 6.8. Find a particular solution of x” + x’ = 2sint. Here a = 1,b = 0,A = 0 
and B = 2. Since B = 1 # 0 we have the non-resonant case and thus we can look for 
P,Q with degree 0, namely for y = pcost + qsint, p,q € R. Rather than substituting 
into the system (6.13), we prefer to repeat the calculations in this specific case, finding 
y’ = -psint + qcost and y” = —pcost — qsint. Thus y” + y' = 2sint yields —pcost — 
qsint —psint + qcost = 2sint, hence (q — p) cost —- (p+ q) sint = 2sint and the system 


| q-p=9, 
pt+q=-2. 


Solving for p, q we find p = q = -1. Thus y = - cost - sint. 


Example 6.9 (The elastic spring subjected to an external sinusoidal force). We know, see 
subsection 6.3.1(1), that the free oscillations of a body of unit mass attached to an elastic 
spring satisfy the homogeneous equation x" + wx = 0. If the body is subjected to an 
external sinusoidal force h = sin kt, Newton’s law yields x" = —w*x +h, namely 


x" + wx = sin kt. (6.15) 


According to the preceding discussion, we have to distinguish between k = w or k # w. 

() k # w. Weare in the non-resonant case. Repeating the calculations above we find 
that the solution of (6.15) is given by 

X= c,sinwt + Cc) cos wt + : sin kt 

as! 2 Ww = k2 

When w ~ k, namely when w* — k’ is very small, we see the so-called beating phe- 

nomenon in which the solution is an oscillation with a periodic variation of intensity; 


see Fig. 6.5. 
(2) k = w. We are in the resonant case. As in Remark 6.4(a) we can guess that 
a particular solution has the form y = ptcoskt + qtsinkt. Since y’ = —2kpsinkt + 


2kq cos kt — k*pt cos kt — k*qt sin kt = —2kp sin kt + 2kq cos kt — k?(pt cos kt + qt sin kt) = 
—2kp sin kt + 2kq cos kt — k’pt cos kt - k*y, y" + k’y = sin kt yields 


—2kp sin kt + 2kq cos kt = sinkt > p = > q=0. 


Therefore y = — x tcos kt and the solution of (6.15) (with w = k) is 


: 1 
X =c,sinkt + c, cos kt - apf £08 Kt. 
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Figure 6.5: Beats. 


Figure 6.6: Plot of c, sin kt + c, cos kt — xt cos kt. 


In this case we see that the solution is oscillating with increasing intensity, as shown in 
Fig. 6.6. This phenomenon is due to the presence of xt cos kt, which has an increasing 
amplitude. 


Remark 6.5. Ifh = h, + ---+h,,, a particular solution of y” + ay’ + by = h can be found 
as y = y1 +--+ +Ym, where y; solves y/’ + ay} + by; = h;. For example, a particular solution 
ofy" +y =e' + cos tis given by y = y, +y, where y}’ + y, =e’ andy! + y, = cost. Using 
the results found in Examples 6.7(a) and 6.8(b) we infer that y = ze + : sin t. 


6.3.4 Exercises on equations with constant coefficients 


Find the general solution of x’’ — 2x’ — 4x = 0. 
Find the general solution of x" + 2x’ + 10x = 0. 
Find the general solution of x" — x' + 2x = 0. 

Solve x” + 3x’ = 0, x(0) = 1,x'(0) = -1. 

Solve x” — 2x’ +x = 0, x(0) = 1, x'(0) = 2. 

Find the general solution of 9x” + 6x’ +.x = 0. 
Solve the ivp x” + 4x’ — 5x = 0, x(0) =1,x'(0) = -1. 


SS Sa he 
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8. Show that the nonconstant solutions of x" — kx' = 0, x(0) = 0, x’(0) = k are increas- 
ing or decreasing. 

9. Let x,(t) be the solution of the ivp x” — x’ — 2x = 0, x(0) = 0, x'(0) = a. Find the 
limy 54.60 Xq(t). 

10. Find k € R such that all solutions of x” + 2kx’ + 2k’x = 0 tend to 0 as t > +oo. 

11. Find the general solution of x" — x = e'. 

12. Find x(t) such that x” — 2x’ = 0, lim,_,_,, x(t) = 1and x’(2) =1. 

13. Solve x" + 2x’ +2x = 0. 

14. Show that all the solutions x of x" + 2x’ + x = 0 are such that lim,_,,,, x(t) = 0. 

15. Solve x" — 14x’ + 49x = 0. 

16. Solve the bvp x” — 6x’ + 9x = 0, x(-1) = 1, x(1) = 0. 

17. Solve x" — x = 2e' -3e. 

18. Let a # 0. Show that the bvp x” + 3x’ — 4x = 0, x(-a) = x(a) = 0 has only the trivial 
solution. 

19. Solve x” —x = te’. 

20. Solve x" —x =t. 

21. Solvex"”+x=t +1. 

22. Solve x” — 4x’ + 3x = sint. 

23. Solve x” —2x'+x =k. 

24. Solve x" + 4x = sin wt. 

25. Solve x” + 4x = sint + sin 2t. 

26. Find the general solution of x” — x = t? + 2t. 


6.4 Euler’s equation 


An equation of the form 


2.0 


atx" + btx'+cx =0, ab,ceR, t>0 (6.16) 


is called Euler’s equation. 
Euler’s equations can be transformed into equations with constant coefficients sim- 
ern Ass . 2 _ + sao ds _ 1 
ply by substituting t = e° or, equivalently, s = Int. We note that s = Int implies = = ;. 
Thus 


. def dx dx at dx 
ts Ss =f 


_ yy 
cee eo 


This implies that 


x’ = _x. (6.17) 


ex! PEN, obs ee OB dE io Sy ig 
( )-£@)- ai ae OC tO) ta tx + tx’. 
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Solving x = t?x" + tx’ for x” and using equation (6.17), we have 
5 i ee (6.18) 
Thus the equation atx” + btx’ + cx = 0 is transformed into 


2 R=% 
at’ - ZZ 


1, a ; 
+ bt - kt as ax + (b—a)x+cex =0 
which is a linear second order equation with constant coefficients. If x(s) is a solution 
of this last equation, then x(1n £), t > 0, is a solution of (6.16). 
Example 6.10. Solving Euler’s equation t?x" + tx’ + w’x = 0 reduces to solving 


2 


X+W°x = 0. 


The general solution is x(s) = c,sin(ws) + c, cos(ws), the solution of the given Euler 
equation is x(In t) = c, sin(w In t) + c, cos(w Int), t > 0. 


In order to solve a non-homogeneous Euler equation 


at?x" + btx' + cx = A(t) 


we let t = e*(s = Inf), which yields 
ax + (b—a)x + cx = h(e’) 


a non-homogeneous second order equation with constant coefficients. 


For example, the equation t?x”” + tx’ + wx = t becomes 


a’x % 
702 +Wx=e. 
ds 

Searching for a particular solution y of this equation as ae® we find ae’ + w* - ae’ = eS 


which yields a = ~ . Then y = = e°, and hence the general solution is 


s 
e. 
W2 


X(s) = csin(ws + 8) + i 
1+ 


Coming back to the variable t = e* we obtain 


x(t) =csin(wint + 6) + t 
1+W 


In Chapter 11 we will discuss another method to solve Euler’s equation, by using 
solutions as power series. 
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6.4.1 Exercises on Euler equations 


1. Solve the Euler equation 2t2x” — tx’ +x =0,t > 0. 
2. Solve t?x” — tx’ +x =0. 
3. Solve t?x” — 4tx’ + 6x = 0. 
4. Solve t?x” —5tx’ +5x = 0. 
5. Solve 
t?x" —2tx'+2x=0, x(I)=1, x'() =0. 
6. Solve 


Ox" +tx'+x=0, xQ)=1, x/Q=-1 


7. Consider the Euler equation 


at?x" +btx'+cx=0, t>0. 


Show that ifa > 0 and c < 0, then the general solution of the Euler equation, is of 
the form c,t? + c,t’. 


7 Higher order linear equations 


7.1 General results 


This chapter can be viewed as an extention of the results in Chapter 6. Many of the 
extensions are fairly easy to comprehend and not so surprising. Let us start with the 
general definition of an nth order linear differential equation, where n is any natural 
number, n > 1. 
A general linear homogeneous differential equation of order n has the form 
n n-1 
a + Pra) Aor pin + Po(t)x = 0. 


For convenience of notation, we let 


def d"x d™ ly 


dx 
L[x] ae + Pra) aaa tere t Pi) a + Po(t)x 


so that 
L[x] =0 (7.1) 


represents a linear homogeneous differential equation of order n, while L[x] = h, where 
h(t) is any nonzero function, is a linear nonhomogeneous differential equation of or- 
der n. 

The initial value problem, or Cauchy problem for L[x] = h consists of finding a func- 
tion x(t) such that 


L[x] = h, 
X(to) =o, 
x' (ty) = yy, (7.2) 


Med eas Pere 


where (yo, ..-.Yn_1) is any point in R”. 
For example, ifn = 3 the Cauchy problem for (6.1) consists of seeking a solution x(t) 
of the equation satisfying the three initial conditions x(ty) = yo, X'(to) = y4, X"" (to) = Yo. 
Below are listed some extensions of results from Chapter 2, which can be verified 
similarly. 


¢ Ifp;, 1 < i < n, is continuous on the interval I ¢ R, then for any ty € I and 
(Yo.-++>Yn-1) € IR” the Cauchy problem (7.2) has one and only one solution, which is 
defined on I. 


The proof can be deduced from the existence and uniqueness results stated in Chap- 
ter 8. 


https://doi.org/10.1515/9783111185675-007 
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As a consequence, 


Let x(t) be a solution of L[x] = 0. If there exists ty « I such that x(ty) = x'(to) = ++: = 
x") (t)) = 0, then x(t) is identically zero, called the trivial solution. 


Next we list extensions of the main results for second order equations. 

1. Any linear combination ) c;x; of solutions of (7.1) is a solution of (7.1). 
The sum of a solution of Lx = 0 and a solution of L[x] = his a solution of L[x] = h. 

3. Functions u;, 1 < i < n, are linearly independent if >) c;u; = 0 for all t implies that 
c; = 0,1 < i < n; otherwise they are called linearly dependent. 

4. Solutions u;, i = 1,...n, of (7.1) are fundamental solutions if they are linearly inde- 
pendent. 

5. Uj; t = 1,...,n, are fundamental solutions of (7.1) if and only if their wronskian, 
defined as 


U,(t) ane u, (t) 
7 u(t) ... u(t) 
ONO). sae. APUG) 


is different from zero. 
6. (Abel’s theorem) The wronskian of n solutions of (7.1) satisfies W’ + Pn-1W = 0 and 
hence is given by 


Wit) = ce JPridt cer, 


In particular, W is either identically zero or it never vanishes. 
7. If uy,...,U, are fundamental solutions of L[x] = 0, then the general solution of 
L[x] = Ois given by x = cyU, +--+ + C,Uy, C; € R. 


7.2 Higher order linear equations with constant coefficients 


Let us consider the nth order linear homogeneous equation with constant coefficients 
L[x] =x 4a, 4x 4+-54+a,x' +aox =0, a; €R. (7.3) 


1 


As in the case of second order equations, substituting x = ein L[x] = 0 gives rise to the 
characteristic polynomial 


CO) S20 fa gh he GAS a: 


Consider the (algebraic) equation C(A) = 0, namely 
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A” + dy gant +--+ At dy = 0, (7.4) 


which is called the characteristic equation corresponding to (7.3). Let A, < A, <--- <A, 
denote n real roots, possibly repeated, of (7.4). Similar to the second order equation, we 
can check, by substitution that L[e*"“] = e*‘c(A;) = 0, and hence x = e“,1<i<njisa 
solution of L[x] = 0. Moreover, if a+if is a complex root of C(A) = 0, then u(t) = e* cos Bt 
and w(t) = e™ sin Bt is a pair of real valued linearly independent solutions of L[x] = 0. 

Next we are going to find the general solution of L[x] = 0, focusing mainly on the 
cases n = 3and n = 4. Rather than carrying out a general theoretical detailed analysis, 
we will give some examples, which will indicate the procedure to be followed in the 
general cases. 


(a) n = 3.and C(A) = Ohas three distinct (hence simple) real roots. 
Evaluating the wronskian of e”", e”2, e’s" at t = 0, we find 


e000 111 
W(0) =| Aye? Apet? Age? |=] A, A, Ag 
Mier? Ae A2eh? Me: AG As 


Multiplying the first row by —A, and adding it to the second row, and then multiplying 
the first row by 2? and adding it to the third row yields 


1 1 1 
W(0)=| 0 Ay—Ay Ay—Ag | = (Ay —AQ)(AZ AB) - (Ay — Ag) (AZ - 23) = 
0 A Ra 
= (A; = Ag)(Ay = A3)(Ay + As) = (A, = A3)(Ay = Ag)(Ay + Ay) 
(A; = Ag)(Ay — A3)[ (Ay FE A3) = (A, =e A,)] — (A, _ Ay)(Ay = A3)(A3 a Ay). 


Since the roots are distinct, we infer that W(0) # 0; and hence the general solution is 
given by 


A 


x(t) = ce" + ce"! + cae". 


(b) n = 3. and C(A) = 0 has one simple root A, and a double real root Ap. 
In this case we consider the functions e”’, e”2‘, te*". Let us show that, as in the case 
n = 2,x = te” js also a solution of L[x] = 0. After evaluating x’ = e' + A,te%!, x” = 
Ayer! + Abtere!, x!" = 322e%2! + Ste”, we find 
L{te”"] = abe” + Adte”’ + ay(2A,e"*" + Abte’?") + ay(e2! + Ante”) + agte’ 


= eft é [345 HE abt = 2A» oF a,dst +Q, + ayAgt F aot]. 


Rearranging 
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L{te?"] = te’! [23 + ayA2 + ayAy + ay] +e?" - [323 + 2ayAy + a4] 
= te’ .C(A,) +e! -C' (Ay). 
Since A, is a double root of C(A) we have C(A,) = C'(A,) = 0.! It follows that L[te”"] =0, 


as claimed. 
Evaluating the wronskian of e*"’, e*, tee" we find 


1 1 0 
te Ao 

We a eels 2 a x 2A 
a Ay 2A, 2 2 1 2 


25 — Ab — (2AyAg — Az) = Ab - DAA, + AZ = (A, — Ay)? # 0. 


Thus, e”’, e*, te*’ are linearly independent, and the general solution is given by 


x = ce! + coe! + cyte”, 
Similarly, ifn = 3 and A is a triple root, then the general solution is given by x(t) = 
ce" a cyte" st c,t7e", 


(c)n = 3 and C(A) = Ohas one real root A, and two complex roots a + if. 

It follows from Euler’s formula that u = e“ cos Bt and v = e“ sin Bt are solutions. Let 
us show that the solutions e*", u = e“ cos Bt and v = e“ sin Bt are linearly independent. 
One has: u’ = au — By, v' = av+ Buandu” = au! - By’, v" = av' + Bu’. Then u(0) = 1, 
v(0) = 0; u/(0) = a, v'(0) = B; u'"(0) = a” — B, v'""(0) = 2aB and hence 


e — u(0)_—-v(0) rs 0 
W(0) =| Aye*® uw) vo) |=} a a B 
er wa) vio) | | A @-B 2aB 
i 8 B - A B | 
a’*—p* 2aB Ai 2a 


2a°B - a°B + B° - 22,48 + BAY = B- (Aj — 2Aya + a” + B’) = B[(A, - a)” + B’] #0. 


ll 


Therefore ce", u = e“ cos Bt and v = e“ sin ft are linearly independent and the 
general solution is given by 


Ay 


x = ce" + ce“ cos Bt + cze™ sin Bt = ce’ + e“ (cy cos Bt + C3 sin Bt). 


1 Recall that if A is double root of a polynomial C(A) then C’(A) = 0. More generally, if A is a root with 
multiplicity k > 1 of C(A) then A is a root with multiplicity k — 1 of C’(A). 
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(d)n = 4. We limit the discussion to the case in which C(A) = 0 has two double complex 
roots a + if: the remaining cases can be handled exactly as the one for n = 3. 

Setting again u = e* cos Bt, v = e“ sin Bt, we can check that u, v, tu, tv provide 4 
linearly independent solutions, since their wronskian is different from zero. We omit 
the tedious, though straight forward, calculations. It follows that the general solution of 
L[x] = Ois given by 


x = c,e“ cos Bt + c,e“ sin Bt + c,te“ cos Bt + cyte“ sin Bt 
= e™(c, cos Bt + cy sin Bt + cyt cos Bt + cyt sin Bt). 
Example 7.1. (a) Solve x’ — 2x” — x’ + 2x = 0. The characteristic equation is C(A) = 


A3 — 222 - 2 +2 = 0, whose solutions are A, = 1, Ay = -1, 3 = 2. Thus the general solution 
is 


x= ce’ +c,e* + ce”, 
(b) Solve x!” — 2x" +x! = 0. The characteristic equation is C(A) = A? - 2A +A = 0, namely 


A(A? — 2A +1) = A(A- 1)” = 0, and hence the roots are A = 0, simple, and A = 1, double. It 
follows that the general solution is given by 


X=¢,+¢,e' +¢,te'. 


(c) Solve x!” — x" + x' — x = 0. The characteristic equation is C(A) = 22-47 +A-1 = 
(Ay -1)(2? +1) = 0, whose solutions are A, = 1, A, =i, A; = —i. Thus the general solution is 


xX = cye' +c, cost +c; sint. 


(d) Solve x!” + 8x" + 16x = 0. The characteristic equation is C(A) = A’ + 8A? + 16 = 0, 
namely (A” + 4)? = 0 whose roots are A = +2i, double. Since a = 0 and B = 2, it follows 
that the general solution is given by 


X = C, cos 2t + Cy sin 2t + cyt cos 2t + Cgt sin 2t. 


Next, let us consider the general nonhomogeneous equation with constant coeffi- 
cients in the form 


Ma xO +e tax’ +ayx =a), a, ¢R 


x 

In order to find a particular solution of the nonhomogeneous equation L[x] = h, we 
may either use the method of Variation of Parameters or the method of Undetermined Co- 
efficients, which are straight forward extensions of results from second order equations 
studied in Chapter 6. Variation of Parameters for n" order equations involves solving n 
equations and n unknowns, instead of two equations and two unknowns, as is the case 
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for second order equations. In particular, if u,, u.,...,u, are n linearly independent so- 
lutions of the homogeneous equation L[x] = 0, then we seek n functions Vy, V2,...,Vp) 
such that y = WV, + UpVv2 +--+ + UpV, is a solution of L[x] = h. This will be the case if 
V},V5,.--,V}, are solutions of the following algebraic system: 


i U 
ViUy + V5 +--+ +0 
Viul + VR test 
Uy + Voll 

(7.5) 


vue) + vu? +. evi = AiO). 


By way of demonstration, we solve the next example by both methods-Variation of 
Parameters and Undetermined Coefficients. 


Example 7.2. Find the general solution of 


v0 NW t 
xX = =e. 


First, we need to find the general solution of the homogeneous equation 


x" _ x" -0. 


Solving the characteristic equation 
4-72 =H? -D =0, 


we obtain A, = 0 (double root), A, = 1, A; = -1, and the general solution of the homoge- 
neous equation is given by 


x(t) = ¢, + ot + cge’ + ce. 


Now we need a particular solution of the nonhomogeneous equation. Below we dis- 
cuss two methods to accomplish this. 


(A) Method of Variation of Parameters. In order to find a particular solution y(t) 
of the nonhomogeneous equation, we let y(t) = v, + v2t+v3e'+vye ‘, where vi, 1<i< 4, 
solve the algebraic system 


, ! At rit _ 
V,+Vot+v,e +v,e = 0, 
’ St rot _ 

Vy +v3e —vye = 0, 

rot rot _ 

v3e +vye = 0, 


in eee re ee 
v3e—vye =e. 


(7.6) 


Solving the above system, we find v = te’, v, = -e', v3 5, Vv, je", Integrating, 


we obtain v, = te‘ — e', vy = -e', v3 = 5t, vy = — je”. Thus the particular solution y(t) is 
given by 
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t loi + 1 


y(t) = (te' — e').1- te’ + ste 


Finally, the general solution of L(x) = e‘ is given by 


- 1 5 
y(t) = C1 + Cot + Ce + ye + ste = rik 


Now, let us solve the above equation by the method of Undetermined Coefficients. 
It is a much easier and faster way to solve this problem. However, this is not always the 
case. This method is more of a guessing game. One has to think carefully and make a judi- 
cial initial choice. Both methods have advantages and disadvantages. The big advantage 
of the Variation of Parameters method is that it is consistent and, at least theoretically, 
it always works; which is not the case with the method of Undetermined Coefficients 
which depends greatly on the initial choice. For more detail, see the discussion and ex- 
amples below. 


(B) Method of Undetermined Coefficients. First we note that this is a case of res- 
onant. So, Ae’ is not a good choice. Let us try y(t) = Ate’. Then, y’ = Ae‘ + Ate‘, y"” = 
2Ae' + Ate‘, y’”” = 3Ae' + Ate’, y’""” = 4Ae‘ + Ate‘ and hence 


yl" Salt = 4Ae' + Ate’ — 2Ae' — Ate’ = 2Ae’. 


Setting 2Ae' = e' yields A = 5. Therefore, the particular solution is y(t) = $te’. 


Remark 7.1. We notice that in the above example, the answers that we obtained from 
the two different methods seem to be different. This is because in both cases we are ask- 
ing for a particular solution of the nonhomogeneous equation while there are infinitely 
many such particular solutions. What is important is to know that each solution implies 
the other. First, starting with x = ste! as a solution of the nonhomogeneous equation, we 
note that e’, and hence —ief, is a solution of the corresponding homogeneous equation. 
Therefore y = ste! - re! is a solution of the nonhomogeneous equation. Conversely, if 
we start with the solution x = 5te‘- 3e' theny = $te'—3e'+ 3e' = ste’ is also a solution, 
since it is the sum of a solution of the nonhomogeneous equation and a solution of the 
corresponding homogeneous equation. 


In order to find a particular solution of the nonhomogeneous equation L[x] = h, we 
can use, e. g., the method of undetermined coefficients, with the following procedure: 

In order to find a particular solution of x!” + ax!’ + bx’ + cx = pe“, we lety = re 
and find 


At 


At at 


yl!” + ay" + by! + cy = re" + ade" + brae* + cre“ = pe”, 


whereby ra° + ard? + bra + cr = p or r(A> + ad” + bA +c) = p. Notice that the term in 
parenthesis is just C(A). Thus solving rC(A) = p for r, we have to distinguish whether 
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C(A) = 0 or not, namely whether A is a root of the characteristic equation, or not. If 
C(A) # 0 we findr = p/C(A) and hence 


If C(A) = 0, we have to take into account its multiplicity. Let us discuss the case in which 
Ais a simple root, which implies that C(A) = 0, C’(A) # 0. Setting y = rte and repeating 
the calculations carried out several times, we find 

yl” + ay" + by! + cy = 3rae™ + rte" + ae" (2rd + rtd’) + be“ (r + rtd) + crte™. 
Rearranging we get 
yl” + ay" + by! + cy = [rta? + arta? + brta + crt + 3rd” + 2ard + br]. e 


= [C(A)rt + (BA + 2a + bye“ = [C(A) rt + rC"()] -e =rC' (A) -e™. 
=0 


= pplish no __p 
Thus, L[y] = pe“ yields rc’ (A) = p. Since C'(A) + 0 we find r = aa and hence 


_ Pat 
Y= age: 
If C’(A) = 0 we will choose y = Q(t)e** with a polynomial Q whose degree depends upon 
the multiplicity of A. Specific examples are discussed below. 


Example 7.3. (a) Solve x!” — 3x" + 5x’ — 3x = 2e™ with (i) a = 2 and (ii) a= 1. 
Here C(A) = A° — 3A? + 5A- 3 = 0, and we note, by observation, that A = 1is a root. 
Then it follows that A = 1+ V2 iare the other two solutions. 
(i) This is the non-resonant case, for C(2) = 3 # 0. Hence a5 = 7 and y = cert, There- 
fore the general solution is 


: 2 
x = ce’ + e“(c, cos V2 t +c; sin V2 t) + ze 


(ii) Since a = 1is a simple root with C’(1) = 2, we find ea = - = 1. Thus a particular 


solution is given by y = te‘ and the general solution is 
x = ce’ + e“(c, cos V2 t +; sin V2 t) + te’. 


(b) Solve x!” - x" = t. Solving C(A) = A? - 22 = 0 we find A = 1 and A = 0, double. Here 
h=t-e Since A = 0 is a double root, we try a particular solution as y = Q(t)e*' = Q(t), 
a polynomial. Then we find y’” —y” = Q'"" - Q” = t. This shows that the degree of Q is 3. 
Setting Q = k,t? + kt” + k,t + ky, the equation Q'” - Q” = t yields 
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1 1 
6k, — (6Kgt + 2k,) = t > —6kgt + 6k, — 2k, =1 > ky = ae k, = = 
The coefficients kg, k, are arbitrary and we can choose ky = k;, = 0. Thus y = =5t’ ais 
and the general solution is given by 
13 th 
KSC.¢Gleqe =f. 
1 FCgt + C3 2 6 
(c) Consider an elastic uniform beam of length L, modeled as a one-dimensional 
object. We denote by u(x) the deflection of the beam in the vertical direction at some 
position x, by E the elastic Young modulus, by I is the second moment of area, and by 
h(x) the distributed load on the beam; see Fig. 7.1. 


Figure 7.1: Deflection of the elastic beam. 


Assuming that F,J are constant, it turns out that wu satisfies the fourth order linear 
equation (notice that here the independent variable is denoted by x and the dependent 
variable by wu) 


d‘u 
EIlTa = h(x). 


Since the corresponding characteristic equation A* = 0 has A = 0 as a root with multi- 
plicity 4, the general solution is given by 


U(X) = Cy + CoX + Cx" + cy + W(x) 


where v(x) is a particular solution, depending on h, E,J. Suppose that h(x) = ax. Then 
we can find a polynomial Q such that v = Q(x). Substituting into the equation we find 


Thus Q(x) has degree 5. Letting Q(x) = ksx° + --- + k,x + ky we get 


EI - (5!) « ksx = ax. 
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Thus we can take ky = --- = k, = Oandk, = Ger In conclusion, we obtain 


2 3 a os 
U(X) = Cy + CoX + CgX° + CyX” + ————X 
pa COA 4°" (EI 


If we prescribe the initial condition 240) u'(0) = u"(0) = u’” (0) 0 we find c, = c, = 
C3 = Cy = 0 and hence u(x) = Tip aigX. . For x = L we get u(L) = GET ‘ET . L°, Therefore mea- 
suring the deflection u(L) at the end x = L of the beam we can find the load coefficient 


ato bea= eee 


7.2.1 Euler equations 


Consider the general Euler equation 


Gx? aC aera =0 


where the a;,1 < i < n+1, are constants. The method for solving such equations is 


similar to that introduced for second order Euler equations in Chapter 6. The difficulty 


is solving the characteristic equations. Below we demonstrate the method, for n = 3. 
ds i, 


Let t = e°. As we showed in Chapter 6, since ani 


,_ dx dxds 1 
“dt dsdt t 


-X 


Thus x’ = e *x and we infer 


ihe dx’ d(e*x) _ d(e*x) ds_ 1 
- dt at ds ad t 


Similarly 


ne dx" — d(e*(*-%) _ d(e*(K-%) ds 
~ dt — dt ~ ds dt 


= : - [-2e79(X - x) + e75(% — )] = “ - (% — 3X + 2x) 


Thus the equation 
ayt?x!” + at?x" + aztx'’ + a4x = 0 
is transformed into 


a, (X — 3X + 2x) fp Qy(X — X) oF A3X + Q4X = 0, 


which is a third order linear equation with constant coefficients. 
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Example 7.4. Solve t?x!” + 4t2x"’ + 6tx’ + 4x = 0. 


Making the substitution t = e* transforms the equation into 
X -—3X4+2x4+4(X — xX) + 6x +4x =X+X%4+44+4x =0. 
The corresponding characteristic equation is 


B42 44044 =2 (041) 44041) = A410 +4) = 0. 


Therefore, roots of the characteristic equation are A, = —1 and A, = +2i and the solution 
is x(s) = ce * +c) sin 2s + c, cos 2s. Since t = e* implies s = Int, 


x(t) = x(Int) = cs + C) sin(In t) + cs cos(In t”). 


7.3 Exercises 


1. 


(A) Show that t, -2¢”, t? are linearly independent functions. 

(B) Show that e“, e‘, and e” are linearly independent. 

Show that if uj, U),...,U,,2 < k <n, are linearly dependent, then any larger set 
Uy; Ug; ... Uys Ugyy>- ++ Uy IS linearly dependent. 

Give an example to show that pairwise linear independence does not imply linear 
independence of the whole set of functions, i. e. any two functions in a set may be 
linearly independent without all the functions in the set being linearly independent. 
Solve x!” — 4x' = 0. 

Solve x!” — 3x" —x' +3x =0. 

Solve x!” — 2x" +x! —2x = 0. 

Solve x!” — 5x!’ + 3x’ + 9x = 0. 

Solve x’ — 3x"" + 2x = 0. 


Solve x” — x’ =0. 


. Solve x!” — 4x!" = 0. 
. Solve x!” — 25x! = e' +3sint. 


Solve x” —x =e. 

Solve x!" — 2x!" = -12. 

Solve the ivp x’ + x’ = 0, x(0) = 1, x’(0) = 1, x""(0) = 0. 

Solve the ivp x!””” — x = 0, x(0) = x’(0) = x") = 0, x'"(0) = -1. 


. Prove that the solutions of a third order equation cannot be all oscillatory. 


Find a condition on p,q such that the solution of the ivp x’” — x’ = 0, x(0) = p, 
x'(0) = q, x"(0) = p tends to zero as t > +00. 

Show that for every b # 0 there is a one-parameter family of nontrivial solutions of 
x" _ b*x"’ = 0 which tend to zero at t > +o. 

Solve x’ — 2x" +x" =0. 
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20. 
21. 
22. 


23. 
24. 
25. 
26. 
27. 
28. 


Solve x’”” — x" = t by the method of Variation of Parameters. 

Solve t?x!”’ — 3t2x"" + 6tx! — 6x = 0. 

Show that t?x!”” + 32x” + tx’ +x = 0,x(1) = x/(1) = x’(1) = 1 has exactly one 
one-parametric solution that tends to 0, as t > oo, and two oscillating ones. 

Solve t?x!” + 2t2x" + tx! -x =0. 

Solve t?x!”’ + 2t2x" — 4tx! + 4x = 0, x(1) = x’(1) =1,x""(1) = 0. 

Solve t?x!”’ + 3t2x"" + tx’ +x =0,x(1) =x'(1) =x") =1. 

Solve x” — x" +x'-x =0. 

Solve x’”” + 8x" + 16x = 0. 

Evaluate the Wronskian W(2, sin’ t, te‘, e” , cos? t, 3, 5 — 1). 


8 Systems of first order equations 


8.1 A brief review of matrices and determinants 


An m x n matrix is an array of m rows and n columns of elements such as numbers, 
symbols, functions, etc. Here we will be mostly dealing with n x n matrices 


ay Arp Qin 

Qy, gp Qon 
A = 

An = Ane Ann 


involving real numbers. 


Determinants. The determinant of a matrix A will be denoted either as |A| or det(A). 
The determinant of a matrix (a), consisting of a single element a, is defined as |a| = a. 
The determinant of ann x n matrix A = (ay) is defined as 


ayy ay eee Qin 
A an eee Ann 

|AJ=| , = Ay Cy + AyyCyy +--+ + AnCins 
ant an eee Ann 


Cj — (-1)"/M;,,, where M; is the determinant of the n —- 1xn — 1 matrix obtained by cross- 
ing out the i row and the j column to which a; belongs. This defines the determinant 
of ann xn matrix, inductively, in terms of the smaller n - 1x n — 1 determinants C;. The 
smaller determinants Mj and C; are called the minors and cofactors of aj, respectively. 

According to the definition, since the determinant of a singleton matrix (a) is given 
by |a| = a, the determinant of a 2 x 2 matrix A = (aj) is: 


ay, Ap 
ay) 


|A| = = Gy4|Qg9| — Ayy|Ayy| = 441492 — A424}. 


Comment. It is useful to know that the evaluation of an n x n determinant by adding 
the products of the elements in the first row by their corresponding cofactors gives the 
same result as adding the products of the elements in any row or column by their corre- 
sponding cofactors. For example, if we evaluate the 2 x 2 matrix above along the second 
column, we will have 


142 24+2 
(-1)' Ayla] + (1 Aggy |Ayy| = —Ay2Qq1 + Ay Ay 


which, as shown above, is the same as evaluating it along the first row. 


https://doi.org/10.1515/9783111185675-008 
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Example 8.1. Evaluate the determinant 


1 2 -1 
—2 1 O 
1 1 1 


We note that in the third column and also in the second row, one of the elements is 0. So, 
it is convenient to evaluate the determinant either along the third column or the second 
row, since we will then have only two calculations instead of three. Let us do it both 
ways. First, choosing the third column, we have 


1 2 


—2 1 
_4)(43)(_4 
(-1)""""(-1) ‘i 25. 4 


£04 (Ory, | | = -(-2-1)+(1+4) =8. 


Choosing the second row, we have 


ya]? Teena]? 1 ]o2e+n+aenes. 
see | 1 1 
Example 8.2. Evaluate the determinant 
3 0 5 
01 1 2 
|A] = 
1 0 -1 3 
00 0 3 


In this case, the last row is convenient since it has only one nonzero element. Let us 
go with the fourth row and then the first. Then 


3 0 5 
OF i) ee ca a0 je 7 

ib, ("31'0. Tt S308 Se ays ‘ |= 
ara os ds “07, 24 1-20-41 


We conclude the review of determinants by recalling some elementary and basic 

properties of determinants. 

1. Multiplying a row (or column) of a determinant by a nonzero constant k multiplies 
the value of the determinant by k. 

2. Adding a multiple of a row (or column) to another row (or column) does not change 
the value of the determinant. 

3. Exchanging any two rows (or columns) of a determinant changes the sign of the 
determinant. 
|AB| = |A||BI. 

5. |A| #0 <=} bothits rows and columns are linearly independent. 
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In order to illustrate property 5, we consider the determinant 


4 7 -1 
2 Ae 4, 
1 3 -1 


The three rows of this determinant are linearly dependent since 
2(1,3, -1) + 1.(2, 1,1) + (-D(4, 7, -1) = (0, 0, 0). 
Therefore, |A| = 0. 


Matrices. An n x m matrix is an array of n rows and m columns of elements such as 
numbers, symbols, functions, etc. Here we will be mostly dealing with n x n matrices 
involving real numbers, but we start with general matrices first. 

Matrices are designated by capital bold letters such as A, B, or A = (aj), B= (bj) 
etc. Ann x 1 matrix is called a column vector while a1 x n matrix is called a row vector. 
Vectors are usually designated by lower-case bold letters such as u, v, etc. 

The zero matrix, designated as 0, is the matrix all of whose elements are zero. If 
A= (aj) and B = (by) are m x n matrices, i.e. the same size, then A + B = (aj) + (bj) = 
(aj + bi), andA+0 = (aj) +0= (aj +0) = (aj). If c is a real number then cA = (ca;) 
and c(A + B) = cA + cB, A(BC) = (AB)C and A(B + C) = AB+ AC. 

The transpose of a matrix A, labeled as A", is a matrix where the columns and rows 
of A are interchanged. For example, the transpose of 


3 6 -2 
fe es ee 
12 5 
is 
oe Sabet 
A’=([ 6 1 2 
2 23 5 


Before we discuss multiplication of matrices in general, let us recall that if u is a row 
vector and vis a column vector, then their dot product is a scalar, given by 


Vy 
V2 
uv=(UW UW ... Up, ) : = Uy.Vy + Ug.Vy + +++ + Up Vp. 


For example, 


(1 2 3){ 0 J=(@x3)+(2x0)+3x1)=6 
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However, if v is a column vector and uw is a row vector, then 


v4 Vj Vy... Vall 

Vy Voll, Vall, ... Voll 
vu = ‘ (i Uy ... Um )= 

ea Vote Wty fs Deu 


which is an n by m matrix. 
For example, 


3 6 
0 }(1 2)={ 0 0 
i: 2 


Now, we discuss multiplication of matrices in general. Let A = (aj) and B = (bj) be 
two n x n matrices. In order to determine the matrix C such that AB = C, first of all A 
and B must be compatible in size, i.e. if Ahas n columns then B must have n rows. Then 
each element c; of C is obtained by multiplying the i-th row of A by the j-th column of 
B, similar to the dot product of two vectors. For example, 


Cy = (yy X Day) + (Qyz X Dy) + +++ + (Ayn X Dy). 


In general, 


The example below displays the sum of the rows in the first matrix multiplied by 
the columns of the second matrix in order to obtain the product of the two matrices. 


1 3 

se cee) 

5 1 7 
(1 x 2) + (3 x -1) (A4x1)+8x1) (x2)+(8~x0) 
(-1x2)+(@x-1) (-1x1)+(Qx1) (-1x2)+(1x0) 
(5x 2)+ (1x -1) (5xl+Qx1) (6x2)+(x0) 


-1 4 2 
= -3 0 -2 
9 6 10 


Notice that the first row of AB is sum of the products of the first row of A multiplied 
by all three columns of B. The second row of AB is the sum of the products of the second 
row of A with the three columns of B. The third row of AB is the sum of the products of 
the third row of A and the three columns of B. It is important to note that multiplication 
of matrices is not commutative, i.e. generally AB + BA. For example, 
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& 4 1é eee 6 ne ie 4 )=(4 
1 -2 23 / \-3 -8 2 3 1 2/ \9 2 
Square matrices. From here on we concentrate on square matrices, i.e, n x n matrices, 


n>1. 
The n x n matrix 


1 0 0 

0 1 0 0 
J= 

0 0 0 1 


is called the identity matrix. It is a square matrix all of whose diagonal elements are 1 
and the rest are all 0. It can be easily verified, that if A is any matrix of the same size as 
I, then AI = IA = A. For example, 


-1 4 2 1 0 0 -1 4 2 
-3 0 -2 0 1 0 = -3 0 -2 
9 6 10 00 1 9 6 10 


Inverse of a matrix. A matrix B is the inverse of a matrix A if AB = BA = I. The inverse 
of a matrix is unique. For, if B and C are both inverses of A, then AB = I and AC =I 
> AB = AC => C(AB) = C(AC) = (CA)B = (CA)C = IB=IC => B=C. 
A matrix has to be a square matrix in order to have an inverse, but not all square 
matrices have inverses. For example, 


1 2 a b 1 0 
(: mae ee | )sa42e=1 2a + 4c =0 


which is absurd. Therefore, the matrix 


ree ( 1 2 ) 
2 4 
has no inverse. Notice that the determinant of the matrix A is 0. This is true in general, 
i.e. if the determinant of a matrix is 0 then the matrix is has no inverse. 
A matrix that has an inverse is called nonsingular or invertible, one that has no 
inverse is called singular. One can determine whether or not a matrix is singular by 


checking its determinant. If its determinant is nonzero then it is nonsingular, otherwise 
it is singular. 


Methods for finding inverses of matrices. First, let us consider a nonsingular 2 x 2 


matrix 
a b 
A= : 
( c d ) 
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We search for a matrix 


K=( X, Xp ) 
1 2 


such that AX = I, which is equivalent to solving the algebraic system 


ax, + by, =1, 
cx, + dy, = 0, 
AX, + by, = 0, 
CXy + dy, = 1. 


Solving the first pair of equations for x, and y, and the second pair of equations for x, 
and y,, we obtain the matrix 


d -b 
ee ( abe ad-Be ) 
-c a . 
ad-be —ad-be 
Thus it follows that if the determinant of A is zero, then it has no inverse. It is easy to 
remember how to obtain the inverse of a 2 x 2 matrix by simply replacing the diagonal 
elements a and d by d and a, respectively, and replacing the diagonal elements b and 
c by -b and -c, respectively, then dividing all the elements of the new matrix by the 
determinant of A. For example, to find the inverse of 


a=( Z =) 


we first find the determinant, which is [1x (—3)] —[(2) x (-1)] = —-1. Since the determinant 
is nonzero, then A has an inverse. To find the inverse, we replace the diagonal elements 
1 and —3 by -3 and 1, respectively, and the diagonal elements —1 and 2 by 1 and —2, re- 
spectively, and then dividing all elements by the determinant of A, which is —1 in this 


case. Therefore, 
Ate ( os 22 ) 
-1 -1./) 


Inverses in general. There are more than one method to find inverses of matrices. We 
prefer the method using cofactors since it is straightforward and does not depend on 
choosing among several options. 


The inverse of ann x n nonsingular matrix A = (aj) is given by C = (cy), where 


Cs 
a= lt .j F 
Cy = Tap where C;; is the cofactor of aj. 
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Example 8.3. Find the inverse of 


Il 
Ee Or 
on Fe 
ore 


First, evaluating the determinant along the first column, we obtain |A| = (6 - 0) +0+ 
(-1) = 5. Therefore, C = A‘ exists. Let us first list the cofactors of C = (cy). We have: 


Cy = (2:93-1:00) = 6; Cp = 03 1-1, C73 (0042 -eS 
Cy =-(1-3-1-0) =-3, Cy =(1-3-1-:)=2, C,=-(1-0-1-1)=1 
Ca = e281) 4 Ge 0a Ws S- 3Gg SI 2120) = 2 


Now, 


1 = Gii a 
at=()=(r)- 


I 

alt, oe oD 

ars airs ad, 
I I 

ull ol ol 


8.2 General preliminaries 


A system of first order differential equations (in normal form) has the form 


MS FG Kise Xs 


pGan lee Cepeeene a0 (8.1) 
suey (a (at open oP 


where the f; are continuous functions defined for (t,x,,...,X,) € A ¢ R™™. For brevity, 
it is convenient to introduce vectors X = (X;,...,Xn),f = (f>--->f,)- With this notation 
(8.1) becomes 


x =f(t,x). 


A solution of this system is given by n differentiable functions in the form x(t) = 
(x,(t),...,X,(t)), defined on a common interval J such that: 
@ (t,x(t)) ¢ A for allt € J; 
(ii) x'(t) = f(t,x(t)) for all t € I, namely x! (t) = fi(t,x,(0),...,x,(t)), t= 1,...,n, for all 
tel. 
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Remark 8.1. Consider the system 


a 
Xq = Xp 


U 
Xo _ X3, 


5 tea (tes, Creemre AB 


" (n-1 


By renaming x, = x, we obtain xy = x1, X3 = X3 =X",...,X, = x". Therefore, 


xh =x = (t,x! x0). 


Conversely, given a single equation x” = f(t,x’,...,x"), it can be written in the 
form of the above system simply by renaming x, = x, X, = Xj,...,Xn = X)_1. It is then 
easy to see that X, =X), =Xy 9 =-° tea xD yy! = x = Ft, xy, Xp) 


For example, the 2 x 2 system 


XQ = —PyX2 — PoXp 


is equivalent to the second order equation x” = —p,x’ — pox, or x" + p,x' + pox = 0. 
Similarly, the system 


re 
Sie 
U 
Xo = X3, 
xy = 1X4X>, a 2X3; 
is equivalent to the third order equation x'” = txx' + 2x”. 


Given ty € I and a vector Xq = (X19,X99,---»Xno), With (tp, Xo) € A, the Cauchy prob- 
lem for (8.1) consists of finding a solution x(t) satisfying the initial conditions x(tg) = Xo, 
namely 


X1(to) = X10» Xa(to) = X20. «++» Xn(to) = Xno- 


Using vector notation, a Cauchy problem for (8.1) can be written as 


xX’ =f(t,X), X(to) =X. (8.2) 


Roughly speaking, definitions and results for scalar equations generally hold true for 
systems. In particular, let us state the following existence and uniqueness theorem, 
stated for first order equations in Chapter 3. 
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Theorem 8.1. Suppose that f is continuous in A ¢ R"* and has continuous partial 
derivatives i i = 1,...,n.1 Let (to, Xp) be a given point in the interior of A. Then there 
exists a closed interval I containing ty in its interior such that the Cauchy problem (8.2) 
has one and only solution, defined in I. 

Furthermore, if A = I x R", withI ¢ R, and f ,, i = 1,...,n, are bounded, then the 
solution is defined on all of I. 


8.3 Linear systems 
If the n functions f; are linear with respect to x,,..., Xp, (8.1) becomes 


x = Ay, (t) xX, ec Ay, (t)Xp ae h,(t), 


Xy = Ayy(t)Xy + +++ + Ayn(t)Xy + hy), 


(8.3) 
x = Any (t)Xy +++ + Ann (OX, + A, (C). 
Using vector notation, (8.3) can be written as 
x’ = A(X + (0), 
where A, x and h denote, respectively, the matrix 
Ay(t) ... p(t) X, 
A(t) = Gy(t) ... Galt) andthe vectors X= *2 and 
gilt) y(t) Xn 
hy(t) 
mt) = (20 
hy() 
If h = 0, the system 
x’ = A(X (8.4) 


is called homogeneous, otherwise non-homogeneous. 
For example, ifn = 2 a linear non-homogeneous system has the form 


U 
| xy = Qq4X1 Sa Ay9X2 ae hi, * 


Ul 
Xo = Ap1X1 + Ag2Xo + hy. 


a of: 
1 fy, means pe b j=l Fay n 
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Assuming that a; and h are continuous on an interval J ¢ R, a direct application of 
Theorem 8.1 shows that for each (to,Xp) € J x IR’ the system x’ = A(t)x + h(t) has one 
and only one solution satisfying the initial condition X(ty) = Xo, defined on all of J. 


Lemma 8.1. Any linear combination of solutions X;,...,X, of the homogeneous system 
(8.4) is also a solution. 


Proof. We want to show that any linear combination c,x, + --- + ¢,X;, is a solution. This 
follows easily, since 


(CyXy t-*+ + CyXp)! = Xy toe + CpXy = GA(OK +--+ + CpA(OXy 


= A(t) [c4Xy Have ate GX; 


Given n vector valued functions u,(t),...,U,(t), they are said to be linearly indepen- 
dent on I if cyu,(t) + --- + C,U,(t) = 0, for all t € J, implies c, = --- = c, = 0; otherwise 
they are said to be linearly dependent on I. 

Taking into account the fact that the ith component of c,U,(t)+---+c,U,(t) is c,U4;(t)+ 
-+++C,Uy;(t) it follows that the identity c,W,(t)+---+c,U,(t) = Ois equivalent to the system 


Cy Uy, (t) ae Cp Un (t) = 0, 
Cy Uyy(t) cs a CpUng(t) = 0, 


CyUyy (t) SE Sees CnUnn (t) = 0, 


where ¢C;,...,C, are arbitrary constants. If u,(t),...,U,,(t) are linearly independent on 
I then the unique solution of the preceding system in ¢; is c,) = --- = Cy = 0. Thus 
U,(t),...,U,(t) are linearly independent if and only if 


Uy(t) ... Un (t) 
Uy(t) ...  Ung(t) 40, Vtel. 
Uyp(t) ...  Upn (t) 


The above determinant is called the wronskian of u,(t),...,U,(t), written as 
W(u,,...,U,)(t). When no misunderstanding can arise, for brevity, we may simply 
write W(t) or even W instead of W(u,...,U,;t) or W(Uy,..., U,)(t). Consequently: 


e IfU,(t),...,U,(t) are linearly dependent on I then W(t) = 0 for allt ¢ I, 
which can be equivalently stated as 
e If Aty € I such that W(y,...,Un)(to) # 0, then Wy,...,U, are linearly independent on I. 


The next theorem is an extension of Abel’s formula for systems. 
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Theorem 8.2. Let U,(t),...,U,(t) be solutions of x’ = A(t)x. Then 


W(t) = W(t) - pig [tuls)+~+dan(s)] ds 


As a consequence, W(t) is either identically zero, or it is never zero. 


The sum 
i=n 
T,A = >, aij 
i=1 


is called the trace of the matrix A. 
Let us verify this result for n = 2. Letting u = (U,, U2) and V = (v4, V2), we find 


Uy V4 


= UV — UV 
is: Vp 172 2Y1 


and 


| U U U U 
W" = UjV2 + UyVy — UgVy — UnVy. 


Since u’ = AU andv’ = AV imply 


Ul / 
uU, = QU, oe QyQUy Vy= Qy4V4 chk Qy2V2 
| : "and i : 


Uz = Ay Uy + AygUy, Vy = AyV1 + AyVo, 
we find 
W' = (q,Uy + AyQUz)V_ + Uy (Ay1Vq + Ay2V_) — (Aq4Vz + Ay2V_)Uz — Vy (Aq1{Uy + A2Uy). 
Rearranging and simplifying, we obtain 
W! = Ay (UyV2 — Villy) + Ayy(UyV2 — VjUy) = (Ay + Ay) W 


which yields 


W(t) = Wty) « eboltn tats ds 


For example, the linear scalar equation x” + p,x" + px’ + pox = 0 is equivalent to 
the system 


/ 
X3 = —P2X3 — PX — Port. 
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The above system can be written as the vector equation x’ = Ax, where the matrix A is 
given by 


0 1 0 
A= 0 0 1 - 
—Po —Pi ~—P2 


and hence T,A = @y + Gyy + 33 = Aa3 = —py. Therefore W = W(tg)-e I Puls) a which 

agrees with the result found by applying Abel’s theorem to the given scalar equation. 
If u,(t),...,U,(t) are solutions of x’ = A(t, by Lemma 8.1 we know that c,u,(t) + 

+++ + C,U,(t) is a solution of x’ = A(t)x. Furthermore, we have the following theorem. 


Theorem 8.3. Let ii;(t),...,Un(t) be linearly independent solutions of X' = A(t)x. Then 
for any solution u(t) of x’ = A(t)x there exist c,,...,C, € R such that U(t) = cu,(t) +--+ 
CnUy(C). 


The sum C,U,(t) + --- + C,Up(t) is called the general solution of x’ = A(t)x. 

The proof is quite similar to the one for scalar equations (see Theorem 6.2 of Chap- 
ter 6), and it is omitted. 

The preceding result can be rephrased by saying that the vector space of solutions 
of x’ = A(t)x is spanned by any n linearly independent solutions. 


Remark 8.2. In order to find n linearly independent solutions, it is convenient to find a 
solution a satisfying the Cauchy problem x’ = AX subject to the n initial conditions 


1 0 
= : 0 = 7 1 = - 0 
U,(0) = X, = , U,(0) =X, = +++) Up(O) =X, = , (8.5) 
0 0 1 
which implies 
1 0 
0 1... 0 
W(0) = =1. 
0 60 1 


Dealing with non-homogeneous systems, we have the following theorem. 


Theorem 8.4. The general solution of X' = Ax +h is given by the sum of the general 
solution of the associated homogeneous system x’ = Ax and any one particular solution 
of the non-homogeneous system. 
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8.4 Linear systems with constant coefficients 


If the aij do not depend on t, (8.3) becomes a linear system with constant coefficients, 


ay rece Qin 
x =Ax+h(t), whereA=[| “2 <> Gn |. (8.6) 
any Ann 


Recall that the general solution to the scalar equation x’ = ax is given by x(t) = 
ce“. So in order to solve x’ = Ax, where A is a constant matrix, one might try to finda 
solution of the form ve“, where Vis a constant vector and A is areal or complex number. 
Substituting x = e““V in the equation x’ = AX leads to Ae“ = Ae““y, and hence Av = AY, 
which can be written as 


(A -Al)v = 0. (8.7) 


Now we recall that, for any number A, the algebraic system (8.7) has a nontrivial 
solution v if and only if 


det(A - AI) = 0. (8.8) 


Given a constant n-by-n matrix A, the determinant of A — AJ is an nth order polyno- 
mial called the characteristic polynomial or auxiliary polynomial of A. Any real or com- 
plex number A satisfying (8.8) is called an eigenvalue of A. Given an eigenvalue A of A, 
any nonzero vector V satisfying equation (8.7) is called an eigenvector of A corresponding 
to the eigenvalue A. 


Remark 8.3. As pointed out in Remark 8.1, any linear n-th order equation 


L[x] =x 4a, 4x" +...4 qx’ + ayx = 0 


with constant coefficients is equivalent to a linear system 


I 
xy = XQ; 
re 
Ree he 
/ 
Xn = ~An-1Xn — 1° — XQ — AX, 
or x’ = AX with matrix 
0 1 0 
0 0 1 0 
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By mathematical induction one can show that the eigenvalues of A are just the roots of 
the characteristic polynomial C(A) = A" + a,_,A" 1 +--- + aA + dy = 0, introduced in the 
previous chapter. 

Let us check this claim for n = 2,3. Ifn = 2 the characteristic polynomial of equation 
x" + a,x! + agX = 0 is C(A) = A? + ay + ag. The matrix of the equivalent system is 


and hence 


-A 1 


deta a0) =| ; Pee 
“tig! “aks 


[= Aa, +2)+ a =) + aA + dy = C(A). 


In the case of the third order equation x’” + a,x" + a,x' + dx = 0, the characteristic 
polynomial is C(A) = A? + a,d? + a,A + ap. To find the eigenvalues of 


A={| 0 0 1 |, 
we evaluate 
det(A-al)=| 0 -A 1 | =-A- [AA +a) +a,]-1-ay = -(22 +a,A7 +044 +a), 


and thus det(A — AI) = —-C(A). 


Theorem 8.5. Any second order system 


Ul 
| xy = ax, + Dx», 


Xp = CX, + A%, 
can be transformed into the second order linear equation 
x" — (a+ d)x' + (ad — bc)x = 0. 
Moreover, roots of the characteristic equation 
2 —(a+d)A+ (ad — be) = 0 


coincide with the eigenvalues of the matrix 


lees 
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Proof. Differentiating the first equation, we find x;' = ax} + bx, = ax} + b(cx,; + dx) = 
ax} +bcx,+d(bXxy) = ax} +bcex,+d(x}-ax,) = ax} +bex,+dx;-adx, = (a+d)x} +(be-ad)x, 
whereby 

x1| — (a+ d)x; + (ad — be)x, = 0. 


By renaming x, = x, we obtain the required equation 


x" —-(a+ dx’ + (ad — bc)x = 0. 


Simple calculation shows that C(A) = det(A — AI). 


Lemma 8.2. The vector valued function u(t) = e“V is a solution of the system x’ = Ax if 
and only ifA is an eigenvalue of A and v an eigenvector corresponding to the eigenvalue A. 


Proof. Since u’(t) = Ae“ and Au = e““AVit follows that 


U' (t) = Au © Ae“D = eA © AV =A © (A-ADV = 0, 


proving the lemma. 


In order to find the eigenvalues of A, we first start with equation (8.8) and solve for 
the eigenvalue A. Then, for each value of A, we set up equation (8.7) in order to find a 
corresponding eigenvector ¥, and finally we have the corresponding solution x = ve". 

One may recall from linear algebra, and it can easily be verified, that the eigen- 
values of a triangular matrix are its diagonal elements. Thus we could have found the 
eigenvalues of A by simply noticing that A is triangular, without calculating the value of 
the determinant. 

If Av = Av then, for any nonzero constant c, Acv = Acv, which means that cv is also an 
eigenvector of A. This is why when solving such equations one often has to make some 
arbitrary judicial choices in selecting v. We demonstrate this in the examples below, but 
first 


Theorem 8.6. If A,,A,;...,A,, 1 < kK < nare k distinct eigenvalues of an n—n constant 
matrix A with corresponding eigenvectors V;, Vo,...,V;, then V;,...,V,; are linearly inde- 
pendent. 


Lemma 8.3. IfA; and A, are any of the k distinct eigenvalues of A, then the corresponding 
eigenvalues v; and Vv; are linearly independent. 


Proof. Suppose that there exist constants c, and c, such that 


CyV; aS CoV; = 0. (8.9) 


Multiplying (8.9) by A on the left and recalling that Av; = A;v; and Av, = A\V,, we obtain 
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C, AV; ap C,AV; =0 => CA ,V; k CA,V; = 0. (8.10) 
Now, multiplying (8.9) by —-A; and then adding it to (8.10), we obtain 
€,(A; = AV; _ 0. 


Since A; and A, are distinct and v; is nonzero by definition, we must have c, = 0, reducing 
(8.9) to c,V; = 0. Since v; is nonzero, we must have c, = 0. 


Proof of Theorem 8.6. For k = 2, the assertion of the theorem follows from Lemma 8.3. 
Next, we show that it is true for k = 3. Then it will become clear how the proof for 
the general case follows from a straightforward inductive argument. Let V,, V., V3 be 
eigenvectors corresponding to distinct eigenvalues A,, A, and A3, respectively. Suppose 
that 


C1V1 + C2Vz + C303 = 0. 
Multiplying this equation by A, we have c,AV, + CAV, + C3AV3 = 
CyAqVy + CoAgVo + CzA3V3 = 0. 
Similar to the proof of Lemma 8.3, we have 
(CyAqVy + CoAgV2 + C3A3V3) — Ay (CV1 + C2Vq + C3V3) = C2(Az — Ay)V2 + €3(Ag — Ay)V3 = 0. 


Since Vv, and v3 are linearly independent, by Lemma 8.3, and the A; are distinct, it follows 
that c, = cz = 0. Therefore, c, = 0 and the proof is complete. 


Corollary 8.1. If A has n distinct eigenvalues A,,A,,...,A,, then the general solution of 
x’ = Ax is given by 


ced, a ce "F, aes 2 Cron 


where V; is an eigenvector corresponding toA;,1<i<n. 


Proof. The proof follows from linear independence of the eigenvectors and is easy to 
verify. 


Example 8.4. Solve the system 


which is equivalent to 
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Solution. Using (8.8), we have 
det(A — AI) = 


Solving for A, we have A = 2, A = 3. 


Corresponding to A = 2: In order to find an eigenvector corresponding to A = 2, we set 
up (8.7) and solve for v, obtaining 


2 SY. 
a-an-(F Z)(%)=0 


This means that —v, — v, = 0 and 2v, + 2v, = 0, which is actually only one equation in 
two unknowns. So, we can take v, to be any nonzero number and then take v, = —V. 
For convenience, let us choose v, = 1 and v, = -1so that 


which yields the solution 
2t 
7 af 1 e 
a ( -1 )-( et ) 
Corresponding to A = 3: we set up (8.7) and solve for v, obtaining 


Boal 7a) 


This means that —-2v, — v. = 0 and 2v, + v2 = 0. So, we can take v, to be any nonzero 
number and then take v, = —2v,. For convenience, let us choose v, = 1 and v, = -2 so 
that 


which yields the solution 


LS» et ) ( et ) 
=e. = * 
Xp ( =) _2¢3t 


Therefore the general solution is given by 


3 
fe ~ es ce + C2e 
X(t) = CX + C2Xq = ( 2t ) 
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If a pair of eigenvalues are complex conjugate, A = a + if, as explained in Chap- 
ters 6 and 7, we use the Euler formula e” = cos ft + isin Bt to find real valued linearly 
independent solutions, as shown in the next example. 


Example 8.5. Consider the system x’ = AX where 


1 4 
ga 49, 
After solving det(A — AJ) = 0 for A, we obtain the complex eigenvalues A = 1 + 2i. Setting 


V = (;1), AV = (1+ 2i)V yields 


| Vy F Av, = (1 F 2i)V4, =n | Av, = 2iV4, 
—VWyt+V2 = (1 Be 2i)Vo, VW= 21V>. 


We notice that the two equations are essentially the same, because if we multiply the 
second by —2i, we get the first. So, for convenience, we choose v, = 2, v, =i. 

Thus we find the complex valued solution (7) e“**". Using Euler’s formula, e"*?"" = 
e'(cos 2t + isin 2t), we find 


z= ( 2 ) ena ( 2e' cos 2t + 2ie‘ sin 2t )=( 2e' cos 2t ) +i 2e’ sin 2t ) 
UN ~\ iefcos2t—e'sin2t / \ -e'sin2t e'cos2t /' 


Now we can take the two real solutions to be 
ze 2e‘ cos 2t a 2e‘ sin 2t 
AL = to x AQ = t . 
-e sin2t e cos 2t 
Evaluating their wronskian at t = 0 we find 


2 0 
wo) =| WA J=2+0. 


Thus X,, X are linearly independent and X = c,X, + C)X, is the general solution. 


Remark 8.4. A different method to find solutions of 2 x 2 autonomous systems 
Xq = AX, + DX, 
Xp = CX, + AX, 
is to use Theorem 8.5 and convert it to the second order equation 


x" — (a+ d)x' + (ad — bc)x = 0. 


Once we find the general solution x of this equation, we set x, = § (xy — ax;), where 


X, = x, so that x(t) = ae 


e ) gives the general solution of the system. Notice that in 
2 
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order to solve for x,, we assumed that b # 0. If b = 0, both x, ans x, can be found 
directly by solving the corresponding first order linear equations: first the homogeneous 
equation xj = ax, which yields x, = ke“, k ¢ IR, and then the nonhomogeneous equation 
X= dX, +X, = dx, + €- (ke). 


As an exercise, let us reconsider the previous two examples. 


Example 8.4: Consider the system 


which can be written as 


Ul 
| Xq = X1—X, 


X= 2X, + 4X. 
Using Theorem 8.5, it suffices to solve 
x — Sx! + 6x = 0. 
The roots of the characteristic equation A? - 5A +6 = OareA = 2,3, and hence the general 


solution is x = x, = c,e**+c,e**. Since, from the first equation, x. = x;—-x/ = -c,e**-2c,e*" 
again we find the previous vector valued solution, 


- ce + c,e* 
X(t) = 2t 3t . 
—cye" — 20 
Example 8.5: The system 


Ul 
| xX = X,+ 4x, 


Xb = —Xy + Xp, 
is equivalent to 
x! ax! + 5x = 0. 


The roots of the characteristic equation A”—2A+5 = 0 areA = 1+2iand hence the general 
solution is x = x, = e'(c, cos 2t + c, sin 2t). Then 


1 . 1 . 
(xj —%) = zi [2e"(—c, sin 2t + c, cos 2t)] = ze (C4 sin 2t + c, cos 2t) 


and the vector valued solution is 
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a e'(c, COs 2t + C sin 2t) 
x(t) = 1t ; > 
5e (—C, Sin 2t + C) Cos 2t) 


as before (up to an irrelevant constant). 


The next example deals with a non-homogeneous system. 


Example 8.6. Solve the system 


| is 
xy =X,-X, +e, 
Xp = 2X, + 4X, — 2et. 


From the previous example, we know that the general solution of the associated homo- 
geneous system is 


x(t) _ C4X1 oF CoXo = ( ot 


Let us find a particular solution y, of the non-homogeneous system of the form y, = ae’, 
y, = be‘. Substituting into the system we find 


| ae = ae — be +e’, 


be = 2ae' + Abe‘ — 2e', 
which yields the algebraic system 


| a=a-b+1, 
b =2a+ 4b -2. 


Solving we find b = 1anda = -}. Thus the general solution is 


or - oe ce" + coe" + et 

X(t) = C4X1 + C2X_ + Vp = ( ae : ree" ; Let ) 
The case in which A has repeated eigenvalues is more complicated. Here we are 

only giving an algorithm, without proofs. Summarizing the method, suppose that an 

eigenvalue A is repeated k times. Then: 

1. v, is an eigenvector corresponding to A, i.e., (A —Al)v, = 0, > xX, = ne. 

2. Vy Satisfies (A — ADV, = V, > X = [V_ + tv, Je“. 

3. Vg satisfies (A — AI)V3 = Vy => Xq = [V3 + 0, + 3t°V, Je. 


k. (A - AI; = Vi-4 > Xk = [Ve o tVi_4 ats st Vy_2 ie 5 Tat Wile. 


It follows that x,,..., xX; are linearly independent. 
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We point out that, while v, is an eigenvector corresponding to the eigenvalue A, 
Vo, V3,...,V, are not eigenvectors. We might refer to them as extended or generalized 
eigenvectors. 


Some of the examples below can be uncoupled and solved directly, but we use eigen- 
values and eigenvectors in order to demonstrate the methods. 


Example 8.7. Solve 


We have 
det(A — AI) = 1 -1-A 2 =0. 
0 0 3-A 


Calculating the eigenvalues, we obtain A = -1, -1, 3. 
Corresponding to A = 3, we have 


Ae 2D V1 
(A-anv=( 1 -4 2 v, }=0 
0 0 0 V3 


and hence —4v, = 0 and v, — 4v, + 2v3 = 0. This means that we must have v, = 0 and 
V3 = 2v>. So, letting v, = 0, v, = 1, v3 = 2, yields the solution 


x,(t)=| e% 
Corresponding to A = —1, we have 


0 0 0 V1 
(A-anv=( 1 0 2 v, }=0, 
00 4 V3 


which means that v, + 2v3 = 0 and 4v3 = 0. Therefore, we must have v, = v3 = 0. We can 
choose v, arbitrarily; so, let v. = 1. Then we obtain 


(i) 


The corresponding solution is 
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xX(=( e* 


But we need three linearly independent solutions in order to find the general solution. 
We find a third linearly independent solution by employing the algorithm: 
Find Vv» such that (A — AI) V2 = V,. Then we can choose a second solution as 


X,(t) = (V+ Vat)e*. 


To find v,, we set 


0 0 0 V1 0 
(A = ADV, = Vy i.e., 1 0 2 Vo = 1 = 0, 
004 V3 0 


which yields v, + 2v3 = 1 and 4v3 = 0, v, arbitrary. Let vy; = 1, v. = 0, v3 = 0. Thena 
second solution corresponding to A = —1 can be obtained: 


-t 


1 0 e 
X(t) = [V, + tviJe! = o J+t{ 1 |le‘=([ tet 
0 0 0 


It is easy to verify that the wronskian of x,, X,, X, at t = 0 is W(0) = —2 and hence 
they form a fundamental set of solutions and the general solution is given by 


—t 


Ce 
x(t) = C1X1 + CoXo + C3X3 = ce! + cote‘ + c3e 
vee 
Example 8.8. Solve 
101 
x =Ax=({ 110 |x 
00 1 


Setting det(A — AI) = 0 yields one value of A repeated three times, A = 1,1, 1. Setting 

00 1 Vy 
(A-Ajv={ 1 0 0 V2 
00 0 


V3 


shows that v, = v3 = 0 and 


8.4 Linear systems with constant coefficients —— 137 


0 0 
n-(1). wio=( ¢ ) 
0 0 


We need two more solutions. To find the first one, we find v, such that (A — AI) v2 = Vj. 


So we set 
001 Vy 0 
1 0 0 Vy = 1 |, 
0 0 0 V3 0 


which implies that v3 = 0, v, = 1. So, we take v, as 


1 ef 
Vo = 0 > Xy = ve rh te'v, = te! * 
0 0 


To find a third solution, we set 


0 
1 
0 


which implies that v, = 0, v3 = 1. So we choose 


0 1 
0 0 
0 0 


0 te 
= tte Ded = VT Ge 
V3 = 0 > X3 = V3 a Vz + 5th, = stvet 
1 ef 


The general solution is 


coe’ + czte 


CX, + Xp +X, =| ce’ +o,te' + seat7et 


ce! 


Remark 8.5. If A is triangular, another method to find solution of x’ = AX is to notice 
that the last equation is x/ = a,,X, and hence it can be solved independently, yield- 
ing x, = c,e“’. Substituting into the first n — 1 equations we find an (n — 1) x (n - 1) 
non-homogeneous system in the variables xj, ..., X,_;. The method might be convenient 
especially if n = 2, 3, as illustrated in the example below. 

Let n = 2 and consider the system 


x! =x +y, saa ee | x 
y' =y, y’ =( 4 lee 
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It is obvious that y’ = y implies that we can take y = ce‘; now we wish to find x so that 
CX + Cy is the general solution. Solving x’ = 2x + ce‘ as first order linear equation, we 
obtain 


x= ce" — ce’. 


Setting c, = —c we find the general solution 


( xX ) ( ce + coe ) 

a a —ce' ; 

Of course, we could obtain the same result by solving, as in Theorem 8.5, the equivalent 
equation x” — 3x’ + 2x = 0. 


8.5 Appendix: the exponential matrix 


Given an n x n matrix A with entries a;,, the exponential matrix e“ is ann x n matrix 
defined as follows. 


1. Consider the iterated matrix AX = A-A.--A. Setting 


k-times 


i 


|All = max{|AX| : X € R", |x| = 1}, 
one has 
2 2 Ad 
IAI’ s Vagc, CeR 


Since |A‘x| < ||Al|* - [x], it follows 


|AKx| < (> a) =CK, WER. 


2. For eachx ¢€ R", consider the series 


Cc yaks 2 35 
ya ae a ne, 
Lk 2° 3! 


whereby, since A° = J, 


A) ee A AX 
—— =X+AX+—=——+——+>-:: 
k} 2! 3! 


Ms 
>| 


~ 
I 


0 


From the preceding step it follows that 
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ja®xi * 
a 
kt ~ kl 


k 
Since the numerical series ¥ Ge is convergent, by comparison we infer that the se- 


k= 
ries yoo os is totally convergent for any x € R. 


3. We define the exponential matrix e“ by setting 
foe} AK 7 foe) AKx 
A aa Ary] = sek 
se Mere and eKl= >) a 
k=0 k=0 ™* 


Ifn =1andA=ae RthenA* = ak and hence we find 


which is simply the Taylor series for e*. This explains the name “exponential matrix’. 
k 
If A is diagonal with entries a,;, then a is given by 


k 

ae 0> ges 0 
AK f o @ 0... 

kt sein MD 

k 
0 0 @ 

It follows that e is a diagonal matrix with entries 
en =) 0 
Ap2 
jie 0 e 0 0 
0 0 efm 


which can be proved by differentiating term by term the totally convergent series 
— ky 
eM“ [X] = Yee SA: 


dt dt k} dt 2! 3! 4) 


co ko 242 343 4,4 
@ Mit CO = les care SX EE, 
k=0 


Pax pat set oun 
+ at yt AR X+tAx+ 


tax Ax 
+ + eee 
2! 3! 
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Thus, setting x(t) = e“ [2], ¢ ¢ IR", we find 
= —e(@] = Ae“ [é] = AX. 


This shows that the general solution of x’ = AX can be written as 


8.6 Exercises 


1. Solve 


| xx! -y=0, 
yl -x' =-x, 


2. Use the eigenvalue method to find the general solution of 


| x' = 4x + by, 
y’ =x43y. 


3. Use Theorem 8.5 to find the general solution of 


Ul 

| X, = —3xX, -— 5x), 

U 
Xo =X, +X. 


4. Solve 


v=(5 7) 
xXx = Xx. 
ae 


5. Solve 


ial 7 ie x(0) = ( _ } 


6. Solve problem 2 by converting the system to a linear scalar equation suggested by 
Theorem 8.5. 
7. Solve 


| X] =X +X) + 3e', 
bas = 2x, +2x, +e. 


10. 


11. 


12. 


1. 


14. 


1. 
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Find the inverse of 


a 0 0 
0 a 0 
00a 
Solve 
| x, =X,+sint, 
X} = —Xy + cost. 
Show that any system 


has a nontrivial constant solution, x, = k,, X) = k, if and only if the determinant 


a b 
= 0. 
c d | 
Solve 
-1 0 
x =| 1 1 2 |x 
0 0 


First explain why the equation below has a nontrivial constant solution and then 


solve it. 
25 ( 1 =-1 )x 
X = X. 
2 -2 


Find the general solution of 


Use the eigenvalue method to find the solution to the initial value problem 


¥ =( Bf 1 )® x(0) = ( - i 


Find a fundamental set of solutions of the system below. 


= ( 5 -8 x 
x= x. 
1 1 
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16. Show that 


cannot have periodic solutions if b and c are either both positive or both negative. 
17. Prove that the following vectors are linearly dependent: 


oF =F t? 
xX, = t > Xo = At > X3 = 6t 
sin’ t 2.cos*(t) 2 
18. Solve 
1-1 1 
x’ = 2 <2 |x. 
1 -1 


19. Solve the Cauchy problem 


Ln Bie A 1 
x =| 1 1 -1 |x, x)=! -1 
| es es 1 


20. Find a fundamental set of solutions for 


9 Phase plane analysis 


In this chapter we mainly deal with second order autonomous equations; see (9.1) below. 
The last section is devoted to general planar systems. 


9.1 Preliminaries 


Consider the second order autonomous equation 
x" +V'(x) =0, (9.1) 


where V : R+> Ris smooth (this will always be understood, even if it is not explicitly 
stated). The importance of equation (9.1) is due to the fact that Newton’s second law, 
force = mass x acceleration, gives rise to such an equation. 

Setting y = x’, (9.1) is equivalent to the first order autonomous planar system 


x' =y, 
Ly a_v'on, ” 
whose solutions are referred to as orbits or trajectories. 

The plane (x,y), with y = x’, is called the phase plane. 

From the general theory it follows that, given any t) ¢ Rand any (Xp,Yo) € R’, 
there exists a unique solution x(t), y(t) of (V) satisfying the initial condition x(ty) = Xo, 
Y(to) = Yo. Given any Xo, Yo € R there exists a unique solution x(t) of (9.1) satisfying the 
initial condition x(ty) = Xo, x’ (tg) = yo. In the sequel we will assume that these solutions 
are defined for all t « R. 

Let us remark that, (9.1) being an autonomous equation, if x(t) is a solution of (9.1), 
then so is x(t +h), for anyh € R. 

A key ingredient in studying (V) is its total energy, defined by 

1 


E = E(x,y) = v +V(x) = ae + V(x). 


Lemma 9.1. E is constant along any solution of (V). 
Proof. Let x = x(t), y = y(t) be any solution of (V). Then 
hs Bayi as y 
eK OO) = E,(x(t), y(t) at + E,(x(t), y()) ae V' (x(t) a + y(t) at 
Thus (V) yields 


V' (x(t) -y(t) + y(t) - (-V'(x(0)) = 0, VteR 


and hence E(x(t), y(t)) is constant. 


https://doi.org/10.1515/9783111185675-009 
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Motivated by the previous lemma, we say that (V) is a conservative system. 


Remark 9.1. The conservative system (V) is a particular hamiltonian system, which in 
the planar case is a system as 


| ve = Ay(xy) 


HS 
y! = -Hy(xy) ) 


where H : RxR + Risacontinuously differentiable function. Actually, setting H(x, y) = 
iy + V(x) we find Hy = y,H, = V’(x) and hence (HS) becomes (V). 
Let x = x(t), y = y(t) be any solution of (HS). Then 


£ H(X(O),Y(O) = Hele. YOMX’ + Hylx(O) OY 
= Hg(x(0),y(O) - Hy(x(O),Y(t)) + Hy(X(0), yO) « (-Hy(x(0),y(O)) = 0. 


Therefore the function t + H(x(t), y(t)) is identically constant, hence H(x(t), y(t)) = 
c,VteR. 


Remark 9.2. In the particular case in which (9.1) possesses constant solutions x(t) = 
X, y(t) = y, we find 


E(x(t), y(t)) = E(X%,y) = V(x), VteR. 


Moreover (x,y) is a singular point of the curve {E = V(x}, since E,(x,y) = 0 and 
E,(x, y) = y = 0 whereby VE(x, y) = 0. Notice that in this chapter x, y denote real num- 
bers, not vectors. 


9.2 Phase plane analysis: some examples 


System (V) is in general nonlinear and it might be quite difficult to find an explicit solu- 
tion. 

The phase plane analysis is an analytical approach that provides several types of 
information about the behavior of the solutions of (V), without solving the equation ex- 
plicitly. This method can be seen as the counterpart of the qualitative analysis for first 
order nonlinear equations carried out in Chapter 3. 

Recall that very few nonlinear second order equations can be solved explicitly. 
Therefore, it is important to be able to deduce from the equation some qualitative prop- 
erties of the solutions, such as monotonicity, convexity, maxima and minima, asymptotic 
behavior, etc. 

The starting point is the conservation of energy 


iv +V(x)=c (9.2) 
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discussed earlier. It is important to distinguish the two different settings: the phase plane 
(x,y) where we draw the orbits of (V) and the plane (t,x) where we plot the solution 
X = x(t) of (9.1). However, the two planes are closely related in a way that we are going 
to explain. 

Given c € R, let us consider the level sets of E 


E, = {(%y) € R? E(x, y)=ch= oy) eR’: iv + V(x) = cf. 
Solving E = c for y we find 


y=tvya2ce-2V(X). 


In particular: 

1. £E, #@ifand only if V(x) < c for some x; 

2. ifx is such that V(X) =c, then E, reduces to the point (x, 0); 
3. iff, # 0, then £, is symmetric with respect to the x-axis. 


Let us illustrate the phase plane analysis on a couple of examples. 


Example 9.1. Given V(x) andc « R, let us suppose that E, = E,, U E,. (in the sequel, to 
simplify notations, we will simply write £,,E, instead of E,,, E,,) as indicated in Fig. 9.1, 
where 

— £, is the upper branch of iy + V(x) = c, marked in red in Fig. 9.1, and 

—  E, is the right branch of iy” + V(x) = c, marked in blue. 


P2 


Figure 9.1: The branch £, in red and E£, in blue. 


Concerning the point P,; = (0,y,) € E, there exists a unique solution x(t), y(t) of x” + 
V(x) = 0 with the initial condition P, = (0, y,), namely, such that x(0) = 0, y(0) = x’(0) = 
y,. Moreover, from (9.2) it follows that 


E(x(t), y(t)) = E(x(0), y(0)) = E(P,;)=c, VteR — (x(t)yO)¢F, VteR. 
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On E, we have y(t) = y(0) = y, > 0, which means that x’ > 0. Thus the solution x(t) of 
x" + V(x) = 0 is increasing. Moreover, x’’(t) = y'(t) > 0 fort > 0, resp. x" (t) = y(t) < 0 
for t < 0, implies that x(t) is a convex function for t > 0, resp. a concave function for 
t < 0. This information, together with the fact that E, is unbounded with respect to x, 
allows us to draw a qualitative graph of the solution x(t); see Fig. 9.2, red curve. 


X2 


Figure 9.2: Plot of x = x(t) in red and x = x(t) in blue. 


Similarly, the solution X(t), y(t) of x’ + V’(x) = 0, passing through P, = (x2,0) € Ey, 
is such that (X(t), V(t)) € E,, Vt € IR. On E, we have x(0) = x, > 0 and X(t) > x, for all 
t # 0. Thus X(t) has a minimum at t = 0. Notice that X’ (0) = ¥(0) = 0, X'(t) = (t) > 0 for 
t > O and x'(t) = V(t) < 0 for t < 0 imply that the point (X(0), V(t) “moves” upwards on 
E,. More precisely one has y'(t) > 0 and hence X”(t) = y'(t) > 0 so that X(t) is a convex 
function. This information allows us to draw an approximate graph of the solution x(t); 
see Fig. 9.2, blue curve. 


Example 9.2. Suppose that in the phase plane the set {E(x, y) = c}is the closed red curve 
in Fig. 9.3. Consider the arc A of this curve contained in the half plane x > 0 and the 
corresponding solution x(t), y(t). 

Starting from (0, a) att = 0, and moving along the arc A, we will first reach the point 
(M, 0), at some ty > 0, and next the point (0, -a) at some T > ty (actually, by symmetry 


Figure 9.3: The arc A. 
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T = 2to; see the next section). The corresponding solution x(t) of x” + V’(x) = Ois such 
that 

1. x(0) = x(t) = 0,x'(0) =a,x'(t) = -a@; 

2. O<x(t)<M fort ¢ [0,7] and x(t)) = M, and is hence the maximum of x(t); 

3. x'(t)=y(t) > Ofor0 <t < to, x'(t) = y(t) < Oforty <t<t. 


In particular, these features show that x(t) is a positive solution of the boundary value 
problem x” + V'(x) = 0, x(0) = x(r) = 0. In the next section we will evaluate t and show 
that T = 2t). A possible graph of x(t) is reported in Fig. 9.4. 


Figure 9.4: The solution x(t) of the boundary value problem. 


9.3 Periodic solutions 
A solution x(t), y(t) of (V) is periodic with period T > 0 if 
x(t+T)=x(t), y(t+T)=y(t), VteR. 


Clearly, if x(t), y(t) is T-periodic, then it is also kT-periodic for any integer k # 0. Usually, 
saying that T is the period, we understand that T is the minimal period. 

In the sequel, by “periodic solution” we mean a nontrivial periodic solution of (V), 
namely a periodic solution which is not an equilibrium. 

Let us again consider the level sets of E. with equation 


y=tvya2ce-2V(x). 


It is clear that if x = x(t), y = y(t) is a periodic solution of (V) then E, is a closed bounded 
curve. 
Next we consider the specific equation 


x" 4x3 = 0, (9.3) 


and show the typical argument that is used to find periodic solutions. 
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Here V(x) = zx" and E = sy” + ax, Thus F = c becomes 


1, 14 1 
oi ot = y=sipe- 5X 
Then: 
1. forc < 0 the set E, is empty; 
2. for c = 0, E reduces to the point (0,0), which is the unique singular point of our 
equation. 
3. for every c > 0, E, is a smooth closed bounded curve which does not contain the 
singular point. 


We refer to Fig. 9.5. Given a fixed c > 0, consider on E, the point (0, y,). We want to show 
that the solution x(t), y(t) with initial value (0, yp) is a periodic solution of (9.3). 


Figure 9.5: Plot of 5y* + 3x‘ =c, withc > 0. 


Since x’(0) = y(0) = yo > 0, x(t) enters in the first quadrant, where x > 0, y > 0. 
As t > 0 increases, the point (x(t), y(t)) moves on E;: first it reaches (Xp, 0) for some 
ty > 0, next it reaches (0, —y) for some t, > ty) and next (—X9, 0) for some ft, > t,. Finally, 
(x(t), y(t)) comes back to (0, yg), namely there exists T > 0 such that (x(T), y(T)) = (0, yo). 
We claim that this implies that (x(t), y(t)) is T-periodic. Actually, setting x(t) = x(t + T), 
y(t) = y(t + T) we notice that x(t), y(t) is also a solution of (V), since (V) is autonomous. 
Moreover, X(0) = x(T) = 0, y(0) = y(T) = y(0). Since x(t), y(t) and x(t), y(t) satisfy the 
same equation (V) and the same initial conditions, by uniqueness, x(t) = x(t), y(t) = y(t) 
for allt ¢ R, namely x(t) = x(t + T), y(t) = y(t + T), for all t € R, proving the claim. It is 
possible to see that t, = 2to, t. = 3ty) and T = 4tp, as shown below. 

First of all we evaluate ty such that x(t) = Xo, y(ty) = 0. Since y(0) = yo, the corre- 


sponding value of the energy is c = 5Y6 and hence y = \y% - 5x4, where we have taken 
ax 


ai ta? 
Wi-}x 


the sign + since y > 0 for0 < t < ty. From = y we infer dt = “ and thus dt = 


(t € [0, to]). Integrating we find 
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to Xo Xo 
dx dx 
ees) 2 ee 
0 a? 0 \y3 - 1x4 


If t; > ty is such that x(t,) = 0, the same argument yields 


aT Xo 


0 0 
h-ty=| a= S=| __.| a =l; 
sy Wht og h- 3 


whereby ¢, = 2to. In a similar way we can show that t, = 3t) and that T = 4tp. 
Furthermore, we have: 

(a) for 0 <t < tg, x(t) > 0, y(t) > 0 and hence x(t) is positive and increasing; 

(b) for ty < t < 2t, x(t) > 0, y(t) < O and hence x(t) is positive and decreasing; 

(c) for 2ty < t < 3to, x(t) < 0, y(t) < 0 and hence x(t) is negative and decreasing; 

(d) for 3ty < t < 4t) = T, x(t) < 0, y(t) > 0 and hence x(t) is negative and increasing. 


More generally, using arguments similar to those carried out before, one can prove: 


Theorem 9.1. IfE, is anon-empty closed bounded curve which does not contain equilibria 
of (V), then E, carries a periodic solution of (V). 


Corollary 9.1. IfV has a proper local minimum at xq then there exists € > 0 such that, for 
any c such that V(X9) < c < V(Xo) +, the equation x" + V'(x) = 0 has a periodic solutions 
with energy c. 


Proof. It suffices to apply Theorem 9.1, noticing that, for any c with V(X) < c < V(%) +6, 
the set {E = c} is a closed bounded curve with no singular point. 


In the case of hamiltonian systems introduced in Remark 9.1, the counterpart of 
Theorem 9.1 is 


Theorem 9.2. IfH(x,y) = c is anon-empty smooth closed bounded curve which does not 
contain equilibria of (HS), then H(x,y) = c carries a periodic solution of (HS). 


Remark 9.3. A typical case in which {E,} is a smooth closed bounded curve is when, as 
in Fig. 9.6(left): 

(i) the set {V(x) < c} is a (not empty) bounded interval I = [a, b], and 

(ii) V'(a) < 0, V'(b) > 0. 


To check this claim we will show that E, = {sy + V(x) = c} is a bounded closed smooth 
curve, see Fig. 9.6 (right). Actually, solving iy +V(x) = cfory we find y = +V2(c — V(x)). 
The functions y, = y2(c - V(x)) andy, = —2(c — V(x)) are defined on J and vanish at 


a, b. Moreover, a straight calculation yields y}(a) = He vom ,Y3(a) = pe and 


yy (d) = as ay y yy(b = aon =a) . Therefore, if V'(a) < 0 and V’(b) > 0 we infer that 
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Figure 9.6: (Left) graph of y = V(x); (right) plot of the curve E,. 


yi (a) = +00, y}(b) = —00, y}(a) = —00, y5(b) = +00. Thus y,, yy glue together at (a, 0), (b, 0) 
in such a way that E, is a bounded closed smooth curve. 


9.3.1 Remarkable examples 


9.3.1.1 The nonlinear harmonic oscillator 
As a first application, we consider the nonlinear harmonic oscillator 


x aoe =6 (9.4) 


which is equivalent to the system 


In this case V(x) = sux - px has a proper local minimum at Xp) = 0 with V(0) = 0 and 


hence, by Corollary 9.1, He > 0 such that the nonlinear harmonic oscillator has periodic 
solutions with energy c, for any 0 < c < e. To evaluate e, we argue as follows. Since 


1,2, 1,.2)2_ 1,4 : 
E= sy + 5W°x’ - 4x", E =c yields 


1 1 
yaar aX = 2c = y= 4px! Wx? + 2c 


The set E, is symmetric both with respect to the x-axis and the y-axis. Moreover, the 
singular points are (0, 0) and (+w, 0). Some E, are plotted in Fig. 9.7. 
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Figure 9.7: Phase plane of the nonlinear harmonic oscillator. 


In particular, it is easy to check that, if0 < c < sw, the set E. (marked in red) 

has a component C which is a closed bounded curve without singular points. Thus, by 

Theorem 9.1, it follows that the nonlinear harmonic oscillator has periodic solutions 
1,2 


provided 0 <c < 5w". 


9.3.1.2 Kepler’s problem 

As a second application, we consider the two-body Kepler problem describing the mo- 
tions of two bodies of mass m,,m, subjected to a gravitational force. Introducing the 
reduced mass pf = ae it is known (see, e.g., V.I. Arnold: Mathematical methods in 
classical mechanics, 2nd ed., Springer V., 1989) that the two-body problem is equivalent 
to a one-body problem for the reduced body of mass w. Since the acting force is central, 


the angular momentum L is a constant of the motion. Let 


i GmmM, 
—_- +4, 


U, = 
eft(T) ur r 


r>0, 


denote the so-called effective potential, see Fig. 9.8. 


Figure 9.8: The effective potential Upr of (K). 
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Then the motion of the reduced body is described by the equation 


ar 
Maat ere (r) = 0, (K) 
where r > 0 is the distance of the reduced body to the origin. Notice that Uag(r) has a 
(global, negative) minimum at some rp > 0, see Fig.9.8, and thus, according to Corol- 
lary 9.1, (K) possesses periodic solutions. More precisely, consider in the phase plane 


(r,r’), r > 0, the level sets of the energy 


= f(r" : sur’) + Upg(r) = ¢, r > o| 


2 ie _ GMM, 
2 pr? r 


= fore) Far) -or>ol. 


Solving for r’ we find 


For any c such that Upg(r9) < c < 0 we can infer from Fig. 9.8 that (r,r’) ¢ E. whenever 
Ueg(r) < c < 0, namely a <r < b; see Fig. 9.8. Thus the set E, is a bounded closed curve 
with no singular point (the only singular point is (rp, 0)) and hence it corresponds to a 
periodic solution of (K). It is possible to show that these periodic orbits are ellipses with 
Mmin = AST <Tmax = D. 


9.4 Van der Pol’s equation 


The van der Pol equation 
x" —u(1-x")x' +x =0 (9.5) 


is simply a damped oscillator x"’ + kx’ + x = 0 in which the damping term kx’ depends 
on the position x. This equation also arises in electric circuits theory where it describes 
the current x in a vacuum tube. 

The case we want to study is when yw > 0. Since the results do not depend on the 
value of 1 > 0, we will take w = 1, to simplify notations. 

Equation (9.5) is equivalent to the planar system 


ee 
y' =(1-x)y-x, 


but, due to the presence of the damping term (1 — x”)y, this system is not conservative. 
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For this reason, setting F(x) = —x + x it is convenient to consider the following 
system, usually named the Liénard system: 


a _— 
hoe BOO (9.6) 
yl =—x. 


Lemma 9.2. The Liénard system is equivalent to (9.5). 


Proof. Differentiating the first equation we get x” = y’ — F’(x)x’ and hence the 
second equation yields x” = —x — F’(x)x’ whereby x” + F’(x)x' +x = 0, namely 
x" +02 -1)x' +x =0. 


We now deduce the behavior of the orbits of (9.6) carrying out in the Liénard plane 
(x,y) the arguments used before in the phase plane. One has to be careful and note that 
the Liénard plane is different from the phase plane (x, x’). 

The curve y = F(x) and the axis x = 0 divide the Liénard plane into 4 regions 


R,={%y):x<Oy>FO} Rk, ={Qy):x>0,y > FOX}, 
R,={(%Gy):x>0y< FOO}, Ry ={OGy):x< Oy < FOO}. 


Fig. 9.9 suggests that (9.6) possesses a periodic orbit corresponding to a periodic so- 
lution of van der Pol’s equation (9.5). 


Figure 9.9: The Liénard plane: the curve in blue is y = F(x); the arrows denote the vector field (y—F(x), —x). 


Precisely, one can show the following. 
Theorem 9.3. The van der Pol equation (9.9) has one and only one periodic solution. 


The complete proof of this result is rather long; we will limit ourselves to a sketch 
of the outlines of the main arguments. 


Step 1. Given z > 0, let x(t;Z), y(t, z) be the solution of (9.6) satisfying the initial condition 
x(0) = 0, y(0) = z. This trajectory is such that x’ > 0, y' < Oaslong as (x(t; z), w(t, z)) € Ry; 
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see Fig. 9.9. Once it meets the curve y = F(x), this orbit enters into the region R,, where 
x' <0,y’ < 0 and reaches the axis x = 0 at some z, < 0, depending on z. 

A similar argument shows that the trajectory x(t; z), y(t, z) comes back to the y-axis 
at a certain Z, > 0. 


Step 2. Consider the map g : R + R defined by setting g(z) = z,. By the continuous 
dependence on the initial values, it follows that g is a continuous function. Moreover, 
it is possible to prove that g is decreasing and there exist a,b > 0 such that g(a) > a 
whereas g(b) < b; see Fig. 9.10. 


Figure 9.10: (left) The trajectories in the Liénard plane, with initial condition (0, a) and (0, 5); (right) the 
periodic solution. 


Therefore, by the intermediate value theorem it follows that there exists a unique 
Z € (a,b) such that g(Z) = Z. 


Step 3. The orbit x(t, Z), y(t, Z) with initial condition (0, Z) is a closed trajectory and hence 
gives rise to a periodic solution of the van der Pol equation. There are no other periodic 
solutions since a periodic solution corresponds to a closed orbit of (9.6), which implies 
that g(z) = z and hence z = Z, by the uniqueness property seen in Step 2. 

The previous arguments highlight the fact that that the periodic solution we have 
found behaves similar to an “attractor”, in the sense that the other trajectories of (9.6) 
approach this periodic orbit as t > +oo: from inside if the initial condition is (0, a), from 
outside if the initial condition is (0, b). 

That is why is this periodic solution is called a limit cycle, see Subsection 9.6.2 below. 

Figure 9.11 shows how the periodic orbit looks in the phase plane (x, x’). 
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Figure 9.11: Plot of the periodic solution of van der Pol’s equation in the phase plane (x, x’). 


9.5 Homoclinic and heteroclinic solutions 


A solution x(t) of (9.1) is homoclinic to x* if 


lim x(t) =x". 
t>+00 


A solution x(t) of (9.1) is a heteroclinic from x, to xX», with x, # Xp, if 


im x(t)=x,, and jim x(¢) = Xp. 
When we want to refer to solutions of (V) we will also say that x(t), y(t) is a homoclinic 
orbit, respectively heteroclinic orbit, of (V). 
To find homoclinics and heteroclinics we use a phase plane analysis. We will discuss 
some specific examples, but the arguments can easily be extended to more general cases. 


Homoclinics 
A typical situation in which homoclinics arise is the case in which the curve E,. con- 
tains a loop like the one drawn in Fig. 9.12. 


Figure 9.12: A loop with a homoclinic. 
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Let us prove that this loop corresponds to a homoclinic to x* = 0. Consider the 
solution x(t), y(t) of (V) with initial condition (xg, 0). From Fig. 9.12 we see that x is the 
proper maximum of x(t). Then the branch of the loop contained in the half plane y < 0 
corresponds to a decreasing function x = x,(t) which satisfies the problem 


| x"(+V'(x(t)) =0, t>0, 
x(0) = Xo 


Similarly, the branch of the loop contained in the half plane y > 0 corresponds to an 
increasing function x = x,(t) which satisfies the problem 


| x"(th+V'(x(t)) =0, t<0, 
x(0) = Xo 


Since x,(0) = x2(0) = Xg and x;(0) = x3(0) = 0, the function obtained by gluing x, and x, 
namely 


_ f x(t) fort > 0, 
Neve | x,(t) fort <0 


is continuously differentiable and gives rise to a solution of (9.1), since x, and x, are. 
To show that x(t) is homoclinic at x* = 0 it remains to prove that 


lim x(t) = lim x(t) =0. (9.7) 
t>+00 t—-co 


Recall that 
(a) fort > 0 one has x’(t) = xj(t) < 0 and hence x(t) is decreasing; 
(b) for t < 0 one has x'(t) = x}(t) > 0 and hence x(t) is increasing. 


From (a-b) it follows that the limits lim,_,,., x(t) = lim;_,,,, X(t) and lim,_,_,, x() = 
lim;_,-¢o X2(t) exist and are equal, respectively, to inf,,9 x,(t) and inf,¢9 x(t). 


Finally, from the graph plotted in fig. 9.12, one could infer that 


infx,(t) = infx,(t) = 0, 
ae 


proving (9.7). 


Remark 9.4. Contrary to the periodic solution case, in the preceding example the curve 
E(x, y) = 0 has a cusp singularity at the point (0, 0). 


In general, we can show that 


(+) If (V) possesses a homoclinic orbit to x*, then (x*, 0) is a singular point of the curve 
{E(x,y) = Vx")}. 
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Actually, if x(t) is a homoclinic to x*, then y(t) = x’(t) > 0 ast — +oo. Since 
y'(t) = -V'(x(0) we infer that 0 = lim,_,,,,.y/(t) = -V'(x*), proving (+). 

The point (0, x*) is called homoclinic point. Typically, at a homoclinic point the en- 
ergy E has a saddle. 


Example 9.3. Consider the equation x” = x — x°. 


The energy is 
E= 1 = 12 + La 
2 2 4 
First of all, we find the singular points since they are the only possible homoclinic points, 
as pointed out earlier. The singular points are the solutions of VE(x,y) = (0,0). Solving 
E, = -x+x° =0, Ey = 0 we find x = 0, x = +1 andy = 0, It is easy to check that (0, 0) 
is a saddle with E(0,0) = 0, whereas (+1, 0) are absolute minima of E, with E(+1,0) = 
1,1 __1 The orbit {E(x,y) = 0} is the red curve in Fig. 9.13, which is a double loop 


ee alee 
passing through the singular point (0, 0). 


Figure 9.13: Plot of E, for some values of c. 


Repeating the arguments carried out before, we conclude that x” = x — x° has two 
homoclinics to 0, one positive, corresponding to the loop on the right and one negative, 
corresponding to the loop on the left. In this case, a direct calculation shows that the 
homoclinics are the solitary waves x(t) = + 2 - 


For completeness, let us show that the phase plane is filled up by periodic orbits 
separated by the two homoclinics. For this, let us recall that the singular points (+1, 0) 


are minima of E with E(+1,0) = -j. As a consequence we see that E, is empty if and 
only ifc < -Z. For c = 5 we find that E, = {(-1,0)} u {(1, 0)}, whereas for c > fs 


c # O then E, is a closed bounded curve (marked in blue in Fig. 9.13) which give rise to 
periodic solutions. 
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Heteroclinics 

As for homoclinics, heteroclinic orbits also arise in the presence of singular points. 
A typical situation is reported in Fig. 9.14, where the red curve is the graph of {E(x, y) = 
E(+#X,,0) = V(+x,)} . 


Figure 9.14: A loop with heteroclinics. 


The two symmetric orbits joining (—x,,0) and (x;,0) are heteroclinics. To prove 
this claim it suffices to repeat the arguments carried out for homoclinics. On the up- 
per branch of the loop we have x(t) = y(t) > 0 and thus x(t) is increasing. Since 
-X, < x(t) < x, we infer lim,_,_,, x(t) = —x, and lim,_,,,, x(t) = x, which means that 
X(t) is a heteroclinic from —x, to x,;. On the lower branch we find that —x(t) is a hete- 
roclinic from x, to —x;. Notice that (—x,,0) and (x,,0) are singular points, of the curve 
{E = V(4x)}. 
More generally, 


(+) if (V) possesses a heteroclinic from x, to X, then (x,,0) and (Xx, 0) are singular points 
of the curve {E = V(x,) = V(x,)}.! 


Example 9.4. We have seen that the nonlinear harmonic oscillator x!’ + wx — x* = 0 


has periodic solutions. Now, let us show that it has also heteroclinics for suitable values 
of the energy 
1 1 1 
E= y? owe So 
2 Z 4 


First of all, solving E, = w*x - x* = 0 and Ey = y = 0 we find that the singular points are 
(0,0) and (+w, 0). Notice that (0,0) is a local minimum of FE and hence can be neither a 
homoclinic nor a heteroclinic point. 

Let us consider E(+w,0) = ~z0'. The level curve {E = —jw"} is quite similar to 
the one plotted in Fig. 9.14; see also Fig. 9.7. Then we find that the nonlinear harmonic 
oscillator has a pair of heteroclinics +x(t) from (w, 0) to (—w, 0). 


1 Notice that V(x,) = V(x2) since (x;, 0) and (x9, 0) belong to the same orbit. 
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Figure 9.15: The mathematical pendulum. 


Our last example deals with the mathematical pendulum. 

Referring to Fig. 9.15, we see that the force that causes the movement of the bob is 
the component F = mg sin @ of the gravity mg. Thus the Newton second law ma = F 
yields -ms"’ = mg sin 6, where s = £6 is the arclength on the circle of radius é. Thus 
s" = £6" whereby ¢6” + g sin @ = 0, and setting x = 6 and taking ¢ = 1, 


x" +sinx =0. (MP) 


Since E(x, y) = 3y’ — cosx, the singular points are (kz, 0), k € Z. 
Referring to Fig. 9.16 we infer: 

-  ifc=1thenE£, are the two curves marked in red passing through the singular points 
(+71, 0), (+377, 0), etc. which correspond to heteroclinic solutions of (MP); 

— if-1 <c < 1then £, are the closed curves marked in blue which correspond to 
periodic solutions of (MP); 

-  ifc>1thenE, are the unbounded curves marked in violet: the branches contained 
in the half plane y > 0 which correspond to unbounded increasing solutions x(t) of 
(MP), and the symmetric branches contained in the half plane y < 0 which corre- 
spond to unbounded decreasing solutions —x(t) of (MP). 


yt 


Figure 9.16: Plot of 4y* — cosx = c. 
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9.6 On planar autonomous systems 


In this final section we deal with general planar autonomous systems as 


| x =f(cy), (9.8) 
y = g(x,y), 


where f, g : R? > Rare continuous. 
We will only discuss two remarkable examples. 


9.6.1 The Lotka-Volterra prey-predator system 


Consider, for example, two species like sardines (the prey) and sharks (the predators) 

occurring in a bounded environment, like a portion of sea. Let x(t) denote the number 

of prey at time ¢ and y(t) the number of predators at time t. We make a number of 
assumptions: 

1. The prey have an unlimited food supply, while predators feed only on prey. 

2. The prey grow up at a rate a depending on y only: x’ = a(y)x. For y = 0, namely 
when there is no predator, prey grow exponentially since they have unlimited food 
supply. Hence a(0) = a > 0. When there are some predator y > 0, the growth rate 
of prey decreases with y because the larger the number of predators the greater is 
the difficulty for prey to prosper and reproduce: let us take a(y) = a -— by. 

3. The predators grow up ata rate B depending on x only: y' = B(x)y. For x = 0, namely 
when there is no prey, predators would go to extinction since predators do not have 
any food supply other than the prey. Thus 6(0) = —c < 0. When there are some prey 
X > 0, the growth rate of predators increases with x since predators have more food 
supply: let us take B(x) = -c + dx. 


Under these assumptions, we find the following system called Lotka—Volterra system, 
named after the two mathematicians A. Lotka and V. Volterra who first independently 
introduced this model: 


= _ by) = ax — 
1 = x(a — by) = ax — bxy, (LV) 


y’ = y(dx — c) = -cy + dxy. 


Though (LV) is not of the same form as the systems discussed in the previous sections, 
we will see that it is a conservative system so that we can use arguments similar to those 
employed before. 


9.6.1.1 Equilibria 
The equilibrium solutions are found by setting x’ = y’ = 0 in (LV). Solving the resulting 
algebraic system 
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| x(a — by) = 0, 
y(dx — c) = 0, 


for x,y yields (0,0) and Pp = (Xo, Yo), with Xp = §, Yo = F- 


9.6.1.2 Periodic solutions 
Let 


h(x, y) = dx +by-clnx-alny, x>0,y>0. 


Lemma 9.3. Let x(t), y(t) be a solution of (LV). Then h(x(x), y(t)) is identically constant. 
Proof. In view of (LV), we find 


/ / 
£ H(x00), 910) = dx' + by’ - BG te. 


x oy 
dar bane Ba eaa) ex bxy) co" dxy) 


= adx — bdxy — bcy + bdxy — ac + bcy + ac - adx = 0. 


Thus h(x(x), y(t)) = const. 


Lemma 9.4. Po = (Xp, Yo) is the proper global minimum of h. 


Proof. The equation Vh = 0, namely h, = hy = 0, yields 
| d-£=0, 
a _ 
b- yo es 


whose solution is x9 = 5, yo = 5. Evaluating the hessian matrix h" (xo, yo) we find 


ats 
nh" (Xq,.Yo) = ( Pax %o-Jo) May(XorYo) ) = 9 . , 
Nyx (Xo»Yo) Ayy(Xq,Yo) 0 iz 


which is positive definite. Thus Py is the global minimum of h. 


Theorem 9.4. Let hy = h(Po). Then for every y > hg the system (LV) has a periodic solu- 
tion x(t), y(t) such that h(x(t), y(t)) = y 


Proof: Since Py is the global minimum of h, Vy > hg the set h(x,y) = y is a non-empty 
closed curve around Pp. Notice that Py is the unique equilibrium of (LV). Then, repeating 
the arguments carried out to prove the existence of periodic solutions of (V), we can 
show that the curve h(x, y) = y corresponds to a periodic solution of (LV). Some level 
curves h = y > hy are plotted in Fig. 9.17. 
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Figure 9.17: Plot of h(x,y) =y > ho. 


Next let us consider the mean values 


RIB 
RIB 


T T 
ee | xo. y= fro. 
0 0 


Theorem 9.5. If x(t), y(t) is a T-periodic solution of (LV), then X = Xq = 5 andy = yo = 


Proof. The second equation in (LV) y’ = y(dx — c) yields z = dx — c whereby 


T T T 
er dt = Jia -c) dt = a[x dt - cI. 
On the other hand, 
T I 
[5 dt = ny(T) -Iny(0) = 0, 


0 
since y(t) is T-periodic. Thus 


T 4 
| (dx -c)at - a| x(t) deer = 0=> 
0 0 


NIB 


T 

c 
[xo dy = a Xo. 
0 


The proof of the second equality is quite similar. 


a 
B 


The quantities x, y are important in applications because they provide the average 


size of the prey and predator population. 


9.6.1.3 Behavior of periodic solutions 


In order to understand the behavior of a generic T-periodic solution x(t), y(t) of (LV) as 


a function of t, let us focus on the corresponding closed orbit plotted in Fig. 9.18. 
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Figure 9.18: A generic T-periodic solution of (LV). 


First of all we see that x(t), y(t) share the following properties: 
- O<m<x(t) <M forallt; 
— O<m’ <y(t) <M’ forallt. 


These first results can be interpreted as follows. The larger the predator population be- 
comes the more difficult it becomes to find food, and hence the population size will re- 
main bounded form above. Also, the number of prey cannot overcome a threshold be- 
cause as they increase they provide a greater quantity of food for predators who would 
prosper. On the other hand, the number of prey cannot be zero either because, being the 
only food supply of predators, the latter would die out. Similarly, if predators become 
very few then, for example, few sardines would be eaten by sharks and their number 
would increase, providing more food for predators. 

Moreover, let us select on this orbit four specific points: A, B, C, Das in Fig. 9.18. With- 
out loss of generality, we can assume that (x(0), y(0)) = A (otherwise we shift time). Let 
0 < t < t) < ts be the times at which the orbit meets B,C, D, respectively. Notice that 
x(0) is the minimum for x(t), y(t,) is the maximum for y(t), x(t.) is the maximum for x(t) 
and y(t,) the minimum for y(t). Thus x'(0) = y’(t,) = x(t,) = y(t,) = 0. Then (LV) yields 
a—by(0) = 0, c—dx(t,) = 0,a—by(t,) = 0 andc—dx(t,) = 0, whereby y(0) = y(t,) = ; =VW 
and x(t,) = x(t3) = q = x5: 

Repeating the arguments carried out in the phase plane analysis, we see that the 
solution x(t), y(t) has the following features: 

— for 0 <t< t,,namely along the arc AB, x > 5,y < 5 imply x'(t) > 0, y'(t) > 0: both 
prey x(t) and predators y(t) increase; 
— for t, < t < t, namely along the arc BC, x > §, y > ¢ imply x'(t) > 0, y'(t) < 0: prey 

x(t) increase whereas predators y(t) decrease; 

- for t, <t < ts, namely along the arc CD, x < 5, y > ¢ imply x'(t) < 0, y'(t) < 0: both 
prey x(t) and predators y(t) decrease; 
- for t, < t< T,namely along the arc DA, x < 5, y < 5 imply x'(t) < 0, y'(t) > 0: prey 

x(t) decrease and predators y(t) increase. 
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The Lotka-Volterra model has shown to be consistent since, at a first approximation, 
the properties of the solutions of (LV) agree in a rather positive way with the concrete 
statistical data. 


9.6.2 Limit cycles 


Here we give a flavor of the Poincaré—Bendixon theory dealing with the existence of limit 
cycles which are particular periodic solutions of planar systems 


| x' = f(xy), (02) 


y’ = g(x,y). 


By definition, a limit cycle of (9.8) is an isolated periodic solution of (9.8) such that the 
nearby trajectories spiral towards and/or away from it, see Fig. 9.20. As anticipated be- 
fore, an example of limit cycle is the periodic solution of van der Pol equation (see 
Fig. 9.19), whereas any periodic solution of conservative systems is not a limit cycle, since 
the nearby trajectories do not tend to such a solution, being themselves periodic. 


5 
C- 


Figure 9.19: Example of limit cycle. 


(,) 


Figure 9.20: Example of a set © c IR? where assumption (b) holds. 


Consider the planar systems (9.8) and suppose that there is a set Q c R’ such that 
(a) Qis bounded and does not contain equilibria; 
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(b) on the boundary 0Q of Q the vector field (f, g) is directed inwards Q; see Fig. 9.20 
(by this we mean that the scalar product of (f, g) with the outer unit normal v to 0Q 
is < 0). 


Under these assumptions we can state a result which is a particular case of a more gen- 
eral theorem by Poincaré—Bendixon. 


Theorem 9.6. If (a)-(b) hold, then Q contains a limit cycle of (9.8). 


To give an idea of the proof of Theorem 9.6 let us suppose that Q is an annulus like 
the set plotted in Fig. 9.20. Roughly, any trajectory with initial point on Q U dQ remains 
in Q for all t > 0, since to escape out of Q the trajectory should meet the boundary 0Q 
where the vector field (f, g) is directed inwardly; see assumption (b). Since 2 is bounded, 
by compactness these trajectories must converge in a suitable sense. If any of these tra- 
jectories converge to a point, this limit should be an equilibrium of (9.8) contained in Q, 
which is impossible by assumption (a). Then one can prove that (9.8) possesses a closed 
orbit (hence a periodic solution) such that the nearby trajectories look like spirals ap- 
proaching the closed orbit from outside and from inside, which is therefore a limit cycle. 

For example, Theorem 9.6 might be used to find the periodic solution of van der Pol 
equation. 

For a broader treatment of the Poincaré—Bendixon theory, we refer, e.g., to the 
aforementioned book by H. Amann. 


9.7 Exercises 


1. Using the phase plane analysis, show that the solution of x” — 3x” = 0, x(0) = 1, 
x'(0) = 0, is positive, has a minimum at t = 0 and is convex. Sketch a qualitative 
graph of the solution. [Hint: see Example 9.1] 

2. Using the phase plane analysis, show that the solution of x’ — 4x? = 0, x(0) = 0, 
x'(0) = —1is increasing, convex for t < 0 and concave for t > 0. Sketch a qualitative 
graph of the solution. 

3. Show that the solution of x” + x + 4x? = 0, x(0) = 1, x’(0) = 0, is periodic. 

. Show that the solution of x” — x + 4x° = 0, x(0) = 1, x'(0) = 0, is periodic. 

5. Knowing that the boundary value problem x” + x° = 0, x(-1) = x(1) = 0, has a 
solution x(t) such that M = max;_, 4, x(t) = 3, find x'(-1). 

6. Let x,(t) be the solution of the nonlinear harmonic oscillator x! + w’x — x? = 0, 
Xq(0) = 0, x/(0) = a. Find a > 0 such that x,(t) is periodic. 

7. Find a,c such that the the equilibrium of the Lotka—Volterra system 


| x! = ax — 3xy 
yl =-0y + xy 


is (2, 3). 
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19. 


20. 


Let x,(t), yq(t) be the solution of the Hamiltonian system 


| x’ =axty, 
yl =-x-ay, 


such that x(0) = 0, y(0) = 1. Find a such that x,(t), y,(t) is periodic. 
Show that x” = x — x° has a positive and a negative homoclinic to x* = 0 and find 
its maximum, resp. minimum, value. 


. Find k such that the equation x” = k’x — x° has a homoclinic x(t) to 0 such that 


MaXp X(t) = 2. 

Show that x’ = x — x4 has one and only one positive homoclinic to x* = 0. 

Show that for k < 0 the equation x” = kx - x? has no homoclinic to 0. 

Show that x” + V’(x) = 0 cannot have homoclinics if V’ does not change sign. 
Show that for p > 1 the equation x” + x? = 0 has no heteroclinic. 

Show that if x” + V'(x) = 0 has a homoclinic to 0, then V cannot have a minimum 
nor a maximum at x = 0. 


. Find asuch that x” +2x — 2x? = 0, x(0) = 0, x'(0) = a, is a heteroclinic. 


Find the integers k > 1 such that x" + x — xX = 0 has a heteroclinic. 

*Let T = T(a) be the period of the periodic solution of the nonlinear harmonic 
oscillator x" + w*x — x? = 0 such that x(0) = 0, x/(0) = a > O. Show that 
lim,_49 T(@) = om 

* Describe the behavior of the solution of the Kepler problem with energy (i) c = 
UVege(7o) = Min User (7), Gi) c = 0 and (iii) c > 0. 

* Show that there exists a unique A > 0 such that the boundary value problem 
x" + Ax? = 0, x(0) = x(z) = 0, has a positive solution. 


10 Introduction to stability 


Notation. If X = (%,...,Xy), ¥ = (Vp---> Yn) € R", (X | Y) = ¥ Xjy; denotes the Euclidean 
inner product and ||x|| denotes its Euclidean norm: ||x|| = (x | x)! 2 = \e +-+++X?2. For 
r > 0, we also set B(r) = {X € R": |x|] < rh. 


10.1 Definition of stability 


Let fi(t, X;,--..,X,), 1 = 1,2,...,n, be continuously differentiable functions on R”. Given 
P = (Py)--- Pn) € R", let u(t) = (u,(t),..., U,(t)) be the unique solution of the ivp 


REPLCwisoa%), MOVSps CHL 2sayn. (10.1) 


We write u(t; p) in order to stress the fact that the solution u depends on p. It can be 
proved that u depends continuously on p in the sense that 


Theorem 10.1. Under the preceding assumptions, for each € > 0 and T > 0 there exists 
6 > 0 such that 


max|u(t p)-u(tsq)|| <e 


provided ||p — q|| < 6. 


The proof in the case when n = 1 and f is linear has been given in Remark 2.4 in 
Chapter 2. 

Stability is concerned with the dependence of 6 on T as T > +oo. We will limit our 
study to deal with the stability of equilibria. Let p* = (pj,...,p;,) € IR" be an equilibrium 
of (10.1), so that f(pj,...,p,) = 0 fori = 1,...,n. Since (10.1) is autonomous, up to a 
translation, we can assume without loss of generality that p* = 0. 


Definition 10.1 (Stability). We say that p* = 0 is stable if Ve > 0, there exists 6 > 0 such 
that max; ||U(t; p)|| < € for all ||p|| < 5. We say that p* = 0 is unstable if it is not stable. 


Roughly, if an equilibrium is stable, then the solution u(t; p) remains close to p* = 0 
for all time t > 0, provided p is sufficiently close to p* = 0. 
A more restrictive stability is asymptotic stability: 


Definition 10.2 (Asymptotic stability). We say that p* = 0 is asymptotically stable if it is 
stable and 36 > 0 such that lim,_,,,, W(t; p) = p* = 0 for all ||pll < 6. 


Thus asymptotic stability requires not only that u(t; p) remain near the equilibrium 
fort > Osufficiently large, but also that u(t; p) converge to the equilibrium as t > +oo.In 
the sequel we will see that there are equilibria which are stable but not asymptotically 
stable. 
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The main purpose of the following analysis is to establish the stability of equilibria 
by a general method, without solving the system explicitly. 


10.2 Stability of linear systems 


The stability of p* = 0 of then x n linear homogeneous system 


Uy ayy Ain 

a4 = - u a rere a. 

u=Au, u= 2), A= a ane iN. (10.2) 
Un Apt oie. Ugh 


depends on the sign of the eigenvalues of A and can be established in a rather direct 
way. 


Theorem 10.2. Jf all the eigenvalues of A have negative real parts then the origin p* = 0 
is asymptotically stable. More precisely, Vp € IR" one has u(t; p) — 0 as t > +00. 


Proof. We give the proof in the case when A is diagonal and the eigenvalues are simple. 

(i) We note that in this case all of the eigenvalues are real. Thus A =diag{Ay, Az,...,An} 
and the system splits into n independent equations x; = A,X; (i = 1,...,n), whose solu- 
tions are given by u;(t) = cet, Then A; < 0, for alli = 1,...,n, implies that u,(t) — 0 as 
t > +00. 

(ii) A can have some pairs of complex conjugate eigenvalues a + if. Each of these 
eigenvalues gives rise to the solution e“(c, cos Bt+ic, sin Bt), which tends to 0 as t > +00 
provided a < 0. In both cases, the result is independent of the initial condition p. 


On the other hand, we have the following. 


Theorem 10.3. [fone eigenvalue of A is positive or has positive real part then the origin 
p* = 0is unstable. 


The preceding results rule out the case in which A has an eigenvalue with zero real 
part. 


Example 10.1. Let n = 2 and 


The eigenvalues of A are a +i. Thus: if a < 0 the origin is asymptotically stable, whereas 
ifa > 0 we have instability. If a = 0 the preceding theorems do not give any information 
and we have to consider the system directly, which is the same as 
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Solving we find xj! = —x, = —x;, or xj! + x, = 0 whereby x,(t) = c, sint + c, cost and 
x,(t) = —x{(t) = -c, cost + cy sint. If x,(0) = p, and x,(0) = ps, we find c, = p, and 
C, = —P,. Thus the corresponding solution u(t; p) has components 


U, = —p,sint+p,cost, Uy = p,cost + p,sint. 


Thus 


ur + us = D3 sin? t + Dt cos” t — 2p1P2 sint cost + Dt sin? t+ D3 cos” t + 2p1p2 sint cost 


= p;(sin? t + cos” t) + p?(sin’ t + cos” t) = p? + p3, 


which means that |u(t, p)i = IIp |’. It is clear that this implies stability since the point 
(u,(t : p),U,(t;p)) remains on the circle of radius |p|]. On the other hand, (0, 0) is not 
asymptotically stable since neither u,(t, p) nor u,(t, p) tends to zero as t — +00, no mat- 
ter what p # 0 is. 


10.2.1 Stability of 2 x 2 linear systems 


For 2 x 2 linear homogeneous systems 


= 
| XT DY, (10.3) 
y =cx+dy, 
it is possible to give a complete classification of the stability property of the equilibrium 
p’ = (0,0). 
Equation (10.3) can be written in vector form as 


u’ = Au, whereu=(* ), a He 
y c d 


We assume in the sequel that A is nonsingular, so that p* = (0, 0) is the unique equilib- 
rium of (10.3). 

Let us recall the following important properties of matrices. Given a nonsingular 
matrix A there exists a matrix J, called the Jordan canonical normal form of A, such that: 
(a) J is similar to A, that is, there exists a nonsingular matrix X such that XJ = AX or 

J =X AX. 

(b) J is upper triangular and has the same eigenvalues as A. 


Let v be a solution of v’ = Jv. Setting u = Xv we find 


u’ = Xv’ = XJv=A Xv = Au. 
=U 
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Moreover, since ||u|| = ||Xv|| < k- |u|], with k =the norm of X, we see that u and v have the 
same qualitative properties. In particular u is stable, asymptotically stable, unstable if 
and onlyif vis so. Therefore, the stability analysis of u’ = Au is equivalent to the stability 
analysis of v' = Jv. 

Suppose that A is non-singular (the singular case will be discussed later) and denote 
by A;, A, its eigenvalues (real and distinct, equal, or complex conjugate). In this case the 
unique equilibrium of (10.3) is x = 0, y = 0. Let J be its Jordan canonical normal form. 
Then there are four possible cases: 

1. A, and Ay, A, # Az, are real numbers and J = (e : ); 


0 A, 
2. Ay =A, € Rands = (43); 

3. Ay =A, € Rand = (4); 
4 


A= a+ if with B #0andJ=(% | . 


Case 1. Solving u’ = Ju we find x = c,e"“, y = c,e”*. Thus, as we already know, if A, < 0 
and A, < 0 we have asymptotic stability and the origin is called a stable node, whereas 
if one eigenvalue is positive we have instability. 

Let us find solutions of the form y = y(x). If either c, = 0 or c, = 0 we deal with one 
of the axes. Otherwise, we first solve x = cent for t yielding 


x Wecceci |X x |" 
At =Inj—| > t= —Inj—]=In 
Cy Ay ley Cy 
Then we obtain 
Ag/A 
Agt Ay-In |X [Yt In| po x 
y = C2e = C5e 1 = C2e 1 = a 
1 
Relabelling the constants, we find 
y= elx[2/, c #0. 


These solutions are plotted in Fig. 10.1: the curves in red correspond to A,/A, > 1, those 
in blue to A,/A, < 1. 

If both A, and A, are positive we have an unstable node. The phase plane portrait 
of the trajectories is similar to that plotted in Fig. 10.1, with the direction of the arrows 
reversed. 

If the two eigenvalues have different signs, say A, < 0 < A,, then y = e|x2/4, ¢ #0, 
which behaves like a hyperbola. In this case the origin is called a saddle point. If the 
initial condition implies that x(t) = 0 then we deal with solutions on the y-axis, and 
ly(t)| = Icle?2! — +oo ast — +oo. If the initial condition implies that y(t) = 0 then we 
deal with solutions on the x axis, and |x(t)| = |cle” — 0 as t > +oo. The saddle case is 
shown in Fig. 10.2. 
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Figure 10.1: Stable node when A, # A2, A, < 0,A2 < 0. 


Figure 10.2: Saddle. 


Case 2. This is similar to Case 1. Letting A = A, = A, + 0 we find x = c,e”’, y = c,e”.. If 
either c, = 0 or cy = 0, we are led to solutions on the axes; otherwise, setting c = 2, we 

1 
find 


y=cx 


and the phase space portrait of the trajectories consists of straight lines passing through 
the singular point (0, 0). The origin is still a node, stable if A < 0, unstable if A > 0. 


Case 3. Solving the second equation of u’ = Ju, namely y' = Ay, we find y = c,e”". Then 
the first equation, namely x’ = Ax + y becomes x’ = Ax + c,e”’, which is a first order 
linear non-homogeneous equation whose solution is given by x = (c, + cyte, We see, 
as one might expect, that if A < 0 we have asymptotic stability, otherwise instability. The 
origin is still called a stable or unstable node (see Fig. 10.3). 

Here we can find the solution as x = x(y). Let us assume that c, # 0, otherwise, y = 0 
and x = ce". Then 
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Figure 10.3: Stable node when A, = A, < Oand/ = (4 ‘i : 


Thus 


J 


At 1 
X=(C,+c,t)e =(c,+cC,~-In 
(cy ot) («4 24 Cy 


).2 
7) 


Case 4. The system becomes 


ane 
y! = Bx +ay. 


It is convenient to use polar coordinates x = rcos 6, y = r sin @. We have x’ = r’ cos @ — 
rsin@-6' andy’ =r’ sin@ +rcos@- 6’. Then, substituting into the system we find 


| r'cos@—rsin@-6' = arcosé — pr sing, 


r'sin6+rcos@-6' = Brcos@ +arsiné. 


Multiplying the first equation by cos 6 and the second by sin 6 and summing up, we find, 
using simple algebra, that r’ (cos? @ + sin’ 0) = ar(cos” @ + sin? @) = r’ = ar. Similarly, 
multiplying the first equation by — sin 6 and the second by cos 6 and summing up, we 
find r(cos” 6 + sin’ 6) -@' = Br(cos” @+sin” @) = 6' = B. In other words, the given system 
splits into the independent equations 


yielding r = c,e“ and @ = Bt + cy, which is a spiral. Clearly if a < 0 we have asymptotic 
stability since r(t) — 0. as t > +oo, whereas if a > 0 we have instability since r(t) — +oo 
as t — +oo. Of course, these results agree with those found in Theorems 10.2 and 10.3. 
In this case the origin is called (stable or unstable) focus or spiral. See Figs. 10.4—10.5. 
Ifa = 0 we findr = c,. Ifc, > 0 they are just circles centered at the origin and 
radius ./C;. It follows that when a = 0 the origin is stable but not asymptotically stable. 


In this case the origin is called a center. See Fig. 10.6 (the direction of the arrows depends 
on the sign of ). 


10.2 Stability of linear systems —— 173 


Figure 10.4: Stable (red) and unstable (blue) focus (8 > 0). 


Figure 10.5: Stable (red) and unstable (blue) focus (8 < 0). 


Figure 10.6: Center with B > 0. 


Summarizing: 
1. Ahas real eigenvalues A, : 


Aj,A, <0 as totically stable, 
1, Ay > 0 > Node nee i 
Ay,A, >0 unstable, 


A, - Ay < 0 = Saddle (unstable). 
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2. Ahas a complex conjugated eigenvalue a + if: 


a<0O asymptotically stable, 
a #0 = Focus 
a>O_ unstable, 


a=0 = Center (stable). 


Remark 10.1. We know that the stability/instability of the origin for u’ = Auis the same 
as that of v’ = Jv, where J = X~1AX is the canonical normal form of A. The behavior of u 
is the same as the behavior of v, up to the change of coordinates u = Xv. 

For example, if (0,0) is a stable center, the solutions might be ellipses rather than 
circles. Or, if (0,0) is a saddle, the solutions might be hyperbolas as the one plotted in 
Fig. 10.7. With respect to the graph reported in Fig. 10.2, the hyperbolas and the asymp- 
totes are rotated by an angle of 77/4. 


Figure 10.7: The stable (in red) and the unstable (in blue) manifold. 


The asymptotes are called (linear) stable and unstable manifolds of u' = Au. In par- 
ticular, a point p belongs to the stable manifold if and only if u(t; p) > 0 ast — +00. 


10.2.2 Stability of linear homogeneous equations with constant coefficients 
We say that the trivial solution x = 0 of the linear homogeneous equation L[x] = x) + 


An xX") +--+ + ayx' + agx = 0 is stable, resp. asymptotically stable, unstable, if 0 is 
stable, resp. asymptotically stable, unstable, for the equivalent system x’ = Ax, where 


xy = XQ; 
5 som 
x! = —Gy xO) —...— ayx! — agx. 


In particular x = 0 is asymptotically stable if 
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lim x(t,p) = lim x'(t,p) =---= lim x" (t,p) =0 
t>+00 t>+00 t>+00 


for the initial condition of p = (po, P;,..-,Pn—1) being sufficiently close to p* = 0. 


Theorem 10.4. Jf all the roots of the characteristic equation of L[{x] = 0 have negative 
real parts, then x = 0 is asymptotically stable. If at least one root has a positive real part, 
then x = 0 is unstable. 


Proof. We know that the solutions of L[x] = 0 are a superposition of terms as t™ - e”’. 


Then it is clear that we have asymptotic stability provided all the eigenvalues have neg- 
ative real part, whereas we have instability if one eigenvalue has positive real part. 

An alternative proof may be given by noticing that the roots of the characteristic 
equation of L[x] = 0 are the eigenvalues of the matrix A of the equivalent first order 
system. Then the result follows from Theorems 10.2 and 10.3. 


Example 10.2. Let us consider the equilibrium x = 0 of the damped harmonic oscillator 
x!’ + kx! + wx = 0 with w ¢ 0. Since the roots of the characteristic equations are given 
by Aya = 4° (-k + Vk? - 42), we infer: 
1. ifk > 0 we have asymptotic stability. Actually, either 
(1a) k? — 4w” > 0, in which case the eigenvalues are real and negative (repeated if 
k* — 4w* = 0) and we have a node, or 
(1b) k*-4w” < 0, in which case the eigenvalues are complex conjugate with negative 
real part and we have a focus; 
2. ifk =O thenA = +iw and we have a center; 
3. ifk < 0 we have instability. 


10.3 Stability of conservative systems 


A system of first order autonomous equations 
% Opa Pach (10.4) 


is said to be conservative if there exists a real valued function E(x;,...,x,) such that 
E(u,(t),...,U,(t)) = const. for every solution u,(t),...,u,(t) of (10.4). The function E is 
called the energy of the system. 

For example the 2D system 


ome 
y' = -U'(x), 


corresponding to the second order equation x" +U'(x) = 0, is conservative since E(x, y) = 
iy + U(x) is constant along its solutions, as we saw in Chapter 9. More generally, any 
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gradient system as xj! + U,.(X,,...,X,) = 0 or, using vector notation, ¥” + VV(X) = 0 is 
conservative with energy E(x;,...,Xn) = 51IX'|? + U0. 

Another example of a conservative system is the Lotka—Volterra system discussed 
in Chapter 9. 


Theorem 10.5. Let p* = 0 be an equilibrium of the conservative system (10.4). Suppose 
that 0 is a strict local minimum of the energy E, namely Ar > 0 such that E(x) > E(p*), 
VX € B(r). Then p* = 0 is a stable equilibrium (but not asymptotically stable). 


Proof. We first introduce some notations. For p € IR", we set Sp = {x € Bir): E(X) < 
E(p)}. 

Notice that if E(p) > E(p*) is sufficiently small then S, is a non-empty bounded 
neighborhood of 0, since 0 is a strict local minimum of E. Moreover, if p; < p, and E(p;) > 
E(0) then S(p;) c S(p). It follows that, as p; — p”, the sets S,, shrink to the equilibrium 0. 

Moreover, by the continuity of E, given e > 0 there exists 6 > 0 such that Sp c Bie) 
provided p € B(d); see Fig. 10.8. 


Figure 10.8: Plot of the sets Sn, Cc S(pz) ¢ S(p3) ¢ Ble). 


Since E is constant on solutions, we find that E(u(t;p)) = E(u(0;p)) = E(p) for all 
t € R. Thus, if |lp|| < 6 it follows that u(t; p) remains in the ball B(e) and this implies 
stability. Notice that 0 is not asymptotically stable since, if p # 0, u(t; p) does not tend to 
0 since E(u(t; p)) = E(p). 


Example 10.3. The nontrivial equilibrium x9 = 5, Yo = 5 of the Lotka—Volterra system 


| x' = x(a- by), 
y’ = y(dx - c), 
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is stable. Actually (xp, yo) is the proper minimum of the energy h(x,y) = dx + by - 
clnx - alny. Notice that the trivial equilibrium (0, 0) is unstable. For any initial value 
P = (Po,0), Po > 0, we find that the solution is given by x(t) = pe“, y(t) = 0. Since a > 0 
we have x(t) > +oo as t > +co and thus we have instability. 


Remark 10.2. Theorem 10.5 could also be proved using more general arguments, known 
as the Lyapunov direct methods. We will give an outline of this topic in the next section. 


From Theorem 10.5 we can infer the following stability criterion for gradient sys- 
tems. 


Theorem 10.6 (Dirichlet-Lagrange stability criterion). Let p* = 0 be an equilibrium of the 
gradient system 


x" + VU(X) = 0. 


If0 is a strict local minimum of the potential U, then 0 is a stable equilibrium. 


Proof. If p* = 0 is a strict local minimum of the potential U, then 0 is a strict local 
minimum of the energy E = ba ||? + U(X). Then the result follows immediately from 
Theorem 10.5. 


Example 10.4. The trivial solution x(t) = 0 of the pendulum equation x” + sinx = 0 is 
stable since U(x) = — cos x has a proper local minimum at x = 0. 

Similarly, the equilibrium x = 0 of the nonlinear harmonic oscillator x!’ + w*x - 
x° = 0, w # 0, is stable since its potential V(x) = sux” - x has a strict local minimum 


at x = 0. 


10.4 The Lyapunov direct method 


Given the system x’ = f(x), namely 
MSG hs. Pade (10.5) 


the Lyapunov direct method is a general procedure to establish the stability of an equi- 
librium p* of (10.5). For the sake of simplicity we will assume that f = (f,,..., f,,) is defined 
on all of IR”. 

Let p* = 0 be an equilibrium of xX’ = f@, ie., f(0) = 0 (we use 0 to denote both, 
0 « Rand 0 = (0,...,0) € IR": the context will make the intended meaning clear). 


Definition 10.3. V ¢ C‘(IR", R) is said to be a Lyapunov function for x’ = f(x) if 


(V1) V(X) > V(0), VX € R",x £0. 
(V2) (VV(X) | f®) = De Vy, OOF) <0,VxX €R". 
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Example 10.5. V(x) = \Ix||? i is a Lyapunov function for w uw = f(u) provided (x | f(x)) < 0, 
Vx € IR". Actually, (V1) clearly holds with Q = R". As for (V2), since VV(X) = 2x, we find 


(VV) | f(X)) = 2(X | fd). 


In particular, dealing with the linear system f(x) = AX we see that V(x) = \Ix\|? is a 
Lyapunov function provided the quadratic form (AX | X) is semidefinite negative. Or, 
we can also take V(X) = (AX | X). 


Remark 10.3. We have taken V defined on all of R” to simplify notations and proofs. 
But we could as well assume V is defined on a neighborhood of p* = 0. Since stability is 
a local property, this does not make any difference, whereas, in the case of asymptotic 
stability, this changes the “basin of stability” as we will point out later on. 


In the sequel we will set 


(VV(X) | f&) = V@). 


Theorem 10.7. 
1. If x’ = f(X) has a Lyapunov function then the equilibrium p* = 0 is stable. 
2. Ifwe strengthen (V1 — 2) by requiring 
(V1') (V1) holds and V(x) > +c0 as ||X|| — +c0; 
(V2') V(u) <0, Wu#0; 
then p* is asymptotically stable in the sense that lim,_,.,, U(t; p) = 0 for all p € R". 


Proof. The proof of (1) is similar to the proof of Theorem 10.5 with E replaced by V and 
is left as an exercise. 

Let us prove (2). First of all let us show that the solutions u(t; p) are bounded for 
all p. For this we notice that (V2’) yields 


n 
V(u(tsp)) = ¥ Vy, (W(t p))uj() = (VV (Us p)) | Wp) = Vu p)) < 0, vt > 0. 
1 
Thus t + V(u(t; p)) is a decreasing function and hence V(u(t;p)) < V(u(0;p)) = V(p). 
From this and (V1') it follows that 3C > 0 such that ||u(t; p)|| < C for allt > 0, as claimed. 
Now, we want to show that u(t;p) — 0, namely that ||U(t;p)|| > 0, as t > +00. 
Arguing by contradiction, suppose that there exists c > 0 such that |[u(t; p)|| = c for all ¢. 
Thus one has c < |[u(t;p)|| < C for all t. Since u(t; p) ranges in the compact annulus 
c< |x| <CandV <0, 


-L = min{V(x):c < |x| <C} <0. 


This implies 


10.4 The Lyapunov direct method —— 179 


oi 
V(u(T; p)) = V(U(O; p)) + | V(u(t; p)) dt < V(p) -LT. 
0 


Taking T > vp) we find V(u(T; p)) < 0, in contradiction with (V1). 


Roughly, referring to Fig.10.9, we can give the following suggestive explanation. 
From the geometrical point of view, the condition (V'(p) | f(p)) < 0 means that the 
vector field f(p) is pointing inward the closed surface {V(x) = V(p)}, since V'(p) is or- 
thogonal to the surface. This implies that the trajectory of x’ = f(X) with initial point p 
enters the region {V(x) < V(p)}. Since this holds for every surface {V(x) = V(p)} and the 
surfaces shrink to 0, the trajectory is forced to converge to 0. 


V=V(p) 


Figure 10.9: Asymptotic stability as in Theorem 10.7. 


Remark 10.4. If (V1'-2’) hold in a neighborhood N of the equilibrium p* = 0, then the 
preceding result has to be modified by saying that u(t;p) — 0 Vp ¢€ N. The set N is 
called the basin of attraction or basin of stability and p* = 0 is referred to as a locally 
asymptotically stable equilibrium. 


The counterpart of Theorem 10.7 is the following instability criterion. 


Theorem 10.8. Suppose that there exists W € C'(IR", IR) such that 

(W1) W(0) =0; 

(W2) W(X) := (VW(X) | f (X)) is either positive or negative, defined for all x + 0; 
(W3) 4X; — 0 such that W(x,) - W(X;) > 0. 


Then the equilibrium p* = 0 is unstable for x' = f (x). 


For example, W(x) = = |x|" satisfies (W1-2-3) provided (f(x) | x) > 0 for x # 0. 
Clearly (W1) is satisfied. Moreover, (W2-3) hold since W(x) = —2(f(X) | X) < 0 for x #0 
and W(x) - W(x) = 2(f (X) | X)- IIx? > 0 for x # 0. 

For a broader discussion of the Lyapunov direct method we refer the reader, e. g., 
to the book by J. LaSalle-S. Lefschetz, Stability by Liapunov’s Direct Method with Appli- 
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cations, VII + 134 S., New York/London, 1961, Academic Press or the one by H. Amann, 
Ordinary Differential Equations, De Gruyter Studies in Mathematics 13, 1990. 


10.5 Stability by linearization 


Let us again consider the nonlinear autonomous system 
Xi =fiy,....X%), t=1,...,n (10.5) 


where f;(0,...,0) = 0, Vi = 1,...,n. Developing f = (f,...,f,) in Taylor expansion we 
can write 


f(X) = AX + o( II), ° 


where A = Vf(X). 


Theorem 10.9. Suppose that all the eigenvalues of A have negative real part. Then 0 is 
locally asymptotically stable. 


To prove the theorem, we need the following lemma 
Lemma 10.1. Jf all the eigenvalues of A have negative real parts, then (AX | X) < 0. 


Proof. Consider J, the Jordan normal form of A. Since AX = XJ for some nonsingular 
matrix X, we find 


(AX | X) = (XJX'X |X) = (XIE | XX) = VV. 
y y 
Hence it suffices to prove that (Jy | y) < 0. For simplicity, we limit ourselves to deal with 


the case n = 2. There are three possible cases, depending on the eigenvalues A,, of A: 
(1) IfA, # A, thenJ = (7% ‘ ). Letting y = (}}') we infer 


= a ea 
B=( 7) = (IY) =Ayy t+ Ay; <0, 
Ayo 


since A, and A, are negative. 
(2) IfA, = A, = A < Othen either J = (2°) orJ = (41). In the former case one has 
(Jy | ¥) = Allyl? < 0. In the latter case we find 


) = (VIy) = Ay typ + aye <0, 


3 Recall that o( Ill) means that limyz)_,o oe =0. 
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since the quadratic form Ay} + yxy, + Ay3 is negative definite for A < 0. 
(3) IfA = a+ iB then =( ) and we find 


ay, — By, 


= (yly)=a;- + + ay? = alloyll’ < 0, 
By, + oe JY | ¥) = ay; — Byiy2 + Byy2 + ayy ry 


B=( 


since a < 0. 


Proof of Theorem 10.9. Since all the eigenvalues of A have negative real parts, the pre- 
ceding lemma yields (Ax | X) < 0. Moreover, one has (f(x) | X) = (Ax | xX) + o(||x\|I7) 
and hence Ae > 0 such that (f(x) | x) < 0, Vx € B(e). Then, as remarked in Exam- 
ple 10.5, V(x) = (f() | X) is a Lyapunov function for (10.5) in B(e). Thus xX = 0 is locally 
asymptotically stable with basin of attraction B(e). 


Example 10.6. Given the system 


| x'=-x+y’, 
yl a-y+x, 


the origin (0, 0) is stable since the linearized system 


x! =-x, 
I 


y=), 


has a double negative eigenvalue A = -1. 


The counterpart of Theorem 10.9 is 


Theorem 10.10. Suppose that at least one eigenvalue of A has a positive real part. Then 
0 is unstable. 


Example 10.7. Consider the Lotka—Volterra system 


| x' = x(a — by), 
y' = y(dx — C), 


and show that the origin (0, 0) is unstable. It suffices to notice that the linearized system 


| x’ =ax, 
y =-y, 


has a positive eigenvalue, namely A = a, and apply Theorem 10.10. 


Theorem 10.9 rules out the case in which some eigenvalue of A is zero or has zero 
real part. The following example shows that in such a case we cannot deduce the stability 
of the equilibrium from the linearized system. 
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Example 10.8. Consider the system 


! _ 


| x' =ytex(x?+y?’), 

yl =-x + ey(x? +y”). 

Setting p(t) = x(t) + y(t), we get p(t) = 2(xx’ + yy’). Multiplying the first equation by 
x and the second by y and summing up, we find xx’ + yy’ = e(x? + y”)’, yielding 


p(t) = 2ep"(t). 


Thus p(t) is increasing if e > 0 and decreasing if e < 0. In the former case we have 
instability. In the latter case p(t) — L and p'(t) — 0 as t > +oo. From the equation we 
infer that L = 0. Thus x(t) + y(t) — 0ast — +00, which implies that x(t) — 0 and 
y(t) — 0, and hence we have asymptotic stability. 

Here the linearization at the equilibrium (0, 0) is 


x'=y, 
/ 


yl =-x, 


with matrix A = ( ° }) whose eigenvalues are +i. 


Dealing with a nonlinear equation, we can either linearize the equivalent system at 
the equilibrium, or we can directly study the linearized equation. For example, consider 
the nonlinear second order equation 


x" + g(x)x' + f(x) =0 


with f(0) = 0. Since g(x) = g(0) + g'(0)x + o(|x|) and f(x) = f’(0)x + o(|x|) we find that 
the linearized equation at the equilibrium x = 0 is given by 


y" + g(O)y' +f/(O)y =0 


where we prefer to change the name of the dependent variable in the linearized equa- 
tion. If the two solutions of the characteristic polynomial corresponding to this equa- 
tion are negative (or if their real parts are negative), the trivial solution x = 0 is locally 
asymptotically stable. On the other hand, if at least one of them is positive (or it has 
positive real part), then x = 0 is unstable. 


Example 10.9 (van der Pol equation). Consider the van der Pol equation 
x" —u(1-x")x' +x = 0, 


studied in Chapter 9. This equation is of the type discussed earlier, with g(x) = —u(1—x”) 
and f(x) = x. Since g(0) = —y and f’(0) = 1, then the linearization at x = 0 is given by 
y" — wy' +y = 0. The roots of the characteristic equation corresponding to this linear 
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equation are A = Flu + \u? — 4]. Thus x = 0 is unstable for u > 0, whereas it is stable for 
u<0. 

Let us verify that we find the same result, as before, for the equivalent Lienard 
system 

' 1,3 
| xX =Y- UX - 3x), 


U 


y =-x, 


The linearized problem at the origin is 


| ul = v— UU, 
v! =-u. 


The matrix of this linear system is 


whose eigenvalues are A = clu + \u? — 4], as before. 


10.6 Further remarks 


10.6.1 Stable and unstable limit cycles 


In the previous chapter we introduced the notion of limit cycle of a planar system. If a 
limit cycle is such that all the nearby trajectories of the system approach the cycle from 
inside and outside we will say that the limit cycle is a stable limit cycle; see Fig. 10.10. 
Otherwise, it is unstable. 


Figure 10.10: A stable limit cycle. 
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Asystem where a stable limit cycle arises is the Liénard planar system 


/ 


| x! =y— p(x - 3x°), 
y=, 


with u > 0. 


10.6.2 Hyperbolic equilibria: stable and unstable manifolds 


Theorem 10.10 can be made more precise when A = Vf(0) has no eigenvalue with zero 
real part. An equilibrium with this property is called a hyperbolic equilibrium. Ifn =2a 
hyperbolic equilibrium is a saddle. 


Theorem 10.11. Suppose that the matrix A has k eigenvalues with negative real part and 
n — k eigenvalues with positive real part. Then there exist a neighborhood N < R" of 0, 
a surface M* c N, called a stable manifold, and a surface M" c N, called an unstable 
manifold, such that: 

1. M*,M™ are invariant, namely p ¢« M* => u(t;p) € M*, Vt, resp. p « M" => u(t;p) € 

M",\t; 
2. dim(M*) = k and p « M* => lim,_,,,, u(tsp) = 0; 
3. dim(M") = k and p « M® —> lim,,_,, u(tsp) = 0. 


Furthermore, if N = IR" then Vp € R" \ M" the distance from U(t; p) to M" tends to 0 as 
t — +00; see Fig. 10.11. 


Figure 10.11: A hyperbolic equilibrium with the stable (in red) and the unstable (in blue) manifold. 
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If f(x) = AX the surfaces M*, M“ are linear manifolds (if n = 2 they are simply the 
linear stable and unstable manifolds discussed in Remark 10.1). Furthermore, if f(x) = 
AX + 0(||x||), then one can show that M*, M“ are close to the linear stable and unstable 


manifolds of the linearized system x’ = Ax 


10.6.3 Change of stability: bifurcation of equilibria 


Bifurcation is a phenomenon that is concerned with equations depending on a parame- 
ter A € R that possess a trivial solution x = 0 for every A. A bifurcation point is a value 
A* where there is, at least locally, a branching off of the nontrivial solutions. 

Dealing with equilibria, this branching arises typically when the stability of x = 0 
changes when A crosses A*. Two examples will illustrate this phenomenon. 

(1) Consider the logistic equation 


x’ =Ax-x’, 

discussed in Chapter 4, section 4.2. The linearization at the equilibrium x = 0 is y’ = Ay. 
Therefore, according to Theorem 10.9 if A < 0 the equilibrium x = 0 is asymptotically 
stable whereas if A > 0 Theorem 10.10 implies that 0 is unstable. A second equilibrium 
of the equation is x, = A. The linearization at x, is given by y’ = Ay — 2x,y. For x, = Awe 
find y’ = Ay — 2Ay = —Ay. It follows that x, is stable for A > 0 and unstable for A < 0. 

In Fig. 10.12 the asymptotic behavior of solutions with initial condition p is indicated 
by arrows. 


stable unstable 


Figure 10.12: Bifurcation for x! = Ax — x’. 
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For any fixed A < 0: 
the solution with initial condition p > —1 converges to the stable equilibrium x = 0; 
the solution with initial condition p < -1 diverges; 

3. if p =—1the solution is simply the constant A. 


On the other hand, for any fixed A > 0, 

1. the solution with initial condition p > 0 converges to the stable equilibrium x = A; 
2. the solution with initial condition p < 0 diverges; 

3. if p = 0 the solution is simply the constant x = 0. 


(2) Consider the equation 


x’ =Ax-x? 

whose equilibria are x = 0 and x, = +VA,A > 0. According to Theorem 10.9 if A < 0 the 
equilibrium x = 0 is asymptotically stable, whereas if A > 0 Theorem 10.10 implies that 0 
is unstable. From A = 0, x = 0 in the plane (A, x) two new branches of equilibria appear 
xX, = +VA,A > 0. Both new equilibria x, turn out to be asymptotically stable, since the 
linearized problem at x, is y’ = (A- 3xi)y = —2Ay and A is positive; see Fig. 10.13. 


stable unstable 


Figure 10.13: Supercritical pitchfork bifurcation for x’ = Ax — x?. 


For any fixed A < 0, the solution starting at any initial point p tends to the asymp- 
totically stable equilibrium 0. 
On the other hand, if A > 0, the equilibrium x = 0 becomes unstable and one has: 
1. the solution starting at any initial point p > 0 tends to the asymptotically stable 
equilibrium VA; 
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2. the solution starting at any initial point p < 0 tends to the asymptotically stable 
equilibrium — vA; 
3. the solution starting at the initial point p = 0 is simply the constant x = 0. 


This branching is called pitchfork bifurcation, the name being suggested by the form of 
the branches plotted in Fig. 10.13. 

This pitchfork bifurcation is called supercritical to distinguish it from the subcritical 
pitchfork bifurcation that arises dealing with the equation 


yf Spex. 


Notice that in this case the linearized equation at the nontrivial equilibria x, = +~-A, 
A<0,isy’ =(A+ 3xa)y = —2Ay. Since A < 0, the branches x = +V-—A are both unstable; 
see Fig. 10.14. 


unstable 


DWN 


stable unstable 


unstable 


Figure 10.14: Subcritical pitchfork bifurcation for x’ = Ax +.x?. 


10.7 Exercises 


1. Establish the stability of the equilibrium of 


| x’ =-x4+y, 
y! = -x + 2y. 


2. Establish the stability of the equilibrium of 


| x’ =-y+ax, 
y' =x +ay, 
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1. 
16. 


in terms of a. 
Show that Va € R the equilibrium of 


| x’ =2x+y, 
y! = -ax + 2y, 
is unstable. 
Given the 3 x 3 system 
x'=-x+y, 
yl =-x-y, 
z'=y-zZ, 


show that (0, 0, 0) is a stable equilibrium. 
Establish the stability of the equilibrium of the 3 x 3 system 


in terms of a # 0. 
Establish the stability of the equilibrium (0, 0) of the system 


x" =-2x+y, 
ay ex. 


Show that the origin is a saddle for the system 


U 


| x'=x-y, 
Des 


and find the stable manifolds. 
Show that the origin is a center for the harmonic oscillator x” + wx = 0, w #0. 
Show that x = 0 is a stable solution of the equation x’” + 3x’ + 3x’ +x =0. 


. Using stability by linearization, show that the trivial solution of x" + 2x’ +x +x? = 0 


is stable. 

Show that if a > 0, the trivial solution x = 0 of x’” — 2x’ - ax = 0 is unstable. 

Show that x = 0 is an unstable solution of x!” — 4x” + x = 0. 

Show that x = 0 is unstable for any equation of the form x” + 2ax" — bx = 0, 


a,b #0. 
2 


. Show that the solution x = 0 of x" + w°x + x* = 0, w #0,k € N, is stable provided 


k>1. 
Show that if F’(0) = 0 and F’’(0) > —-1thenx = Ois stable relative to x’"+x+F’(x) = 0. 
Study the stability of the equilibria kz of the pendulum equation x” + sin x = 0. 


17. 


18. 


19. 


20. 
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Show that (0, 0) is a stable equilibrium of 


" ae 
| Xy! = -X, + 4x, (x7 — x5), 


" B49 
Xq = —X2 — 4X (xq — Xp). 


[Hint: Find U(x, x.) such that the system has the form x” + VU(X) = 0, X = (X41, X).] 
Using stability by linearization, show that if g’(0) = 0 then x = 0 is unstable for 
x" + g(X’)-x=0. 

Using the stability by linearization, show that the trivial solution of x” + xx’ —x = 0 
is unstable. 

Study the stability of the solution x = 0 of x" — u(1— x”)x’ — x = 0. 


11 Series solutions for linear differential equations 


In this chapter we discuss the method of solving linear differential equations by infi- 
nite power series. Although series solutions may be found for linear equations of higher 
order, we will focus, for simplicity, on one of the most important classes of equations, 
namely the second order linear homogeneous equations of the form 


L[x] = aj(t)x" + a,(t)x’ + ag(t)x = 0, 


where dg, Q;, a are polynomials. 


11.1 A brief overview of power series 


Let us recall some basic properties of infinite series. 
1. A power series 


x(t) = Y Ag(t = to) 
0 


is convergent if x(t) = limy_,., Sp, where S, = Yo Ax(t - fy It is clear that it always 
converges at t = tp. It may or may not converge for other values of t. 
2. The power series 


+00 k 
x(t) = )° Ag(t = to) 
0 
is absolutely convergent at t = t, if 
+00 k 
Y lAgllts = tol 
0 


is convergent. Absolute convergence implies convergence, but the converse is false, in 
general. 

3. Every power series has a radius of convergence R, R > 0, such that if R = 0, 
it converges only at t = ty. If R > 0, then it converges if |t — t)| < R and diverges if 
|t — t,| > R; it can go either way at |t — tp| = R, depending on the particular series. The 
ratio test is one of the most effective ways to determine R. 

4. A convergent power series with radius of convergence R can be differentiated 
and integrated term by term, with the resulting series having the same radius of con- 
vergence R. 

5. Sometimes it is convenient to shift indices of power series, which is easily done, 
as indicted by the example 


~ k_< a _< 22 k-1 
Y Ant —t) = ¥ Agsalt —tyn = Y Ars2lt — tyr" = Y Analt —t). 
3 2 1 4 


https://doi.org/10.1515/9783111185675-011 
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The points tp where a,(ty) = 0 are called singular points of the differential equation 
ay(t)x" + a,(t)x' + ap(t)x = 0. 


All other points are called ordinary points. We will treat the two cases separately. 


11.2 Ordinary points 


If the equation has no singular points, then we can divide by a,(t) # 0 and obtain 


n Q(t), p(t). 
x “ao + a(t) = 


In order to find a power series solution of an equation x” + a,(t)x’ + ag(t)x = 0, we set 
+00 
x(t) = ¥ A,t 
0 


and determine the coefficients A; as follows: 
1. Differentiating the series term by term, formally, we have 


+00 +00 
x'= V kA, x" = V kk - 1A. 
1 2 
2. Substituting these series into the equation yields 
+00 +00 +00 
Y. k(k = DAgt? + a(t) Y kage + ag(t) ¥ Axe = 0. (11.1) 
2 1 0 


3. Inorder to find a recursive formula, first of all, the exponent of t should be the same 
in each sum, which can be accomplished by shifting indices. Then the lower limit 
on each sum should be the same, which may be accomplished by treating certain 
values of k separately. 

4. We check the series for convergence, so that the preceding steps are not mere for- 
mality. 


In our first example below we explain the method, giving complete details. 
Example 11.1. As an introduction, we first explain, in detail, how to find the series so- 
lution to the first order linear equation 


x'- “x= 0, x(0) =1. 


Before we start, we want to point out that one can use any letter to describe the 
terms of series. In this example we use c, t?, in the examples below we use Aut or later 
we may use a,t”, etc. Let 
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+00 


x(t) = Y Cyt? = cy EOEPO UC FEE £364: 
0 
The initial value x(0) = 1 implies that cy = 1. Then 
1 +00 ; 1 +00 
' = Ps P 
a ae a ~5 Lt = 0. 


Shifting indices in the first sum on the right side, we have 


+00 


+00 +00 
> (D+ Vege? -) ey tP = pa 
0 eee 


Therefore, we must have (p + Icy = 5Cp from which we deduce the recursive formula 


1 Pp 
lw ae 1) (p41) = ae = 0. 


Cp 


Calculating the first 4 terms, we have 


OD PaAlpe 
ray 
| Qa 
w 
J+ 
ie) 
» 
ray 


1 1 
Cy 30 2 Co 


Therefore, 


Wiig ha dl 1 ss 
t+ C+ t+ ie 
23 243 27.3 28 3.5 


1 
x(t) =1 t 
(t) tot 


Now, we can rewrite the series as 


Gt Gt Got Gt 


t+ + + + 
2 2! 3! 4! 5! 


1 
We conjecture that the series is the Taylor expansion of e2'; one can use mathematical 
induction to verify it. 


Example 11.2. Consider the differential equation 
x" +x=0. 


Of course, we can solve this equation by substituting x(t) = e*’ and solve the correspond- 
ing characteristic equation, as explained in Chapter 6. But we will solve it by using power 
series. 

In order to find the general power series solution of x" + x = 0 around t = 0, we 
substitute 


+00 
x(t) = Y Aye 
0 
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into the equation and obtain 


+00 +00 
Y. k(k-DAgth? + Y Aye = 0. 
2 0 


In order to change t*-? in the first sum to t, we write 


+00 +00 +00 
Vik + (kK + QVApyat® + Y Agt = Y [K+ (k + DAgy2 + Axle” = 0. 
0 0 0 


Setting (k + 1)(K + 2)Aj42 + A; = 0 yields the recursive formula 


1 
Ay.2 = -=———_—Ay_ k= 0. 
Ce CEIVED. 
Evaluating A;,5 for k = 0,1, 2, 3,4, we obtain 
1 1 
A, =--——Ap, A Ay, 
Be aon Co ee aa 
if ik 1 1 
A = Ay, As = Az = . 
BS -3ca oO A esee OS Ae er ea ae 
It can be conjectured and verified inductively that 
(-1)* (-1)* 


Agx = QKt” 2k = OE Dae 


It is easy to see that the alternating series 
+00 
¥ Axe" 
0 


is convergent. 
Recalling the Taylor series for sin t and cos t, we have 


ke SE ox 
D Aut =» Girt Ao = Ag cost 


L ae _ _(-1)k . 


Therefore, the general solution is given by 
+00 +00 +00 
x(t) = Yo Ayt’ = YA + Y Ang yat™* = Ag cost + Ay sin t. 
0 0 0 
Example 11.3. Find the series solution to the initial value problem 


x” -x=0, x(0) =1, x/(0) = -1. 
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Let 
+00 
x(t) = ¥ Aye". 
0 


First of all, as we noted in the preceding example, the first two terms of the series play 
a key role in fulfilling the initial value requirement. More precisely, if the initial value 
requirements are x(0) = Xp and x’(0) = x4, then Ay = Xp and A, = x4. This is because 


X(t) = Ap + Ayt + Ant? ++, x'(t) =A, + 2Agf +++ 


implies that x(0) = Ap and x'(0) = A). 
In order to obtain a recursive formula, we substitute the summation into the equa- 
tion and obtain 


+00 +00 +00 
Y k(k = At? - Y Agt® = Yk + YK + 2)Aga2 — Axle = 0, 
2 0 0 


which yields the recursive formula 


Ana Goa k>0. 
Letting k = 0,1,2,..., we obtain 
ee 
Therefore 


+00 ¢_4)k+k 
x= ¥ | ae 
7 | 


which we recognize to be the series expansion of e~'. 


Example 11.4. Find two linearly independent series solutions of 
z"+tz=0. 


Let us find two linearly independent solutions x(t) and y(t) such that 
+00 
(A) x(t)= ant", x(0)=1, x'(0) =0, 
0 
+00 k 
(B) y(t) = Yi at®,  y(0) = 0, yO) =1. 
0 


Then they will obviously be linearly independent since their Wronskian will be nonzero 
att=0. 
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(A). We have x(0) = a) = 1, x'(0) = a, = 0. In order to find find x(t), we note that: 


+00 +00 +00 
x)= ¥ at? > x= >¥ na,t” = x'(t) = Y nn- Dat. 
0 1 2 


Substituting into the equation, we have 
+c0 +00 +00 0 
x"+t= ) nn- Dag" 4 > a,t"*? = Y (n+ (N+ ant" + Yo dyat” 
0 0 1 


2 


+00 
= 2a, + > [(n + 1)(N + 2)Any2 + An_|t" = 0, 
T 


yielding a, = 0 and the recursive formula 


ee, ee 
m2" (n+ 1)(n +2) 


Now we have x(0) = a) = 1 and x’(0) = a, = 0, and also a, = 0. Let us compute a 
few terms and then write the general series representing x(t). 


= =| = = 
a er eee n=2>a@ aul 0, a al! 0, 
2-3 2-3 3-4 4-5 
1 -a - - -1 
ag = » a 4 0, ag aS 0, Ag a > 
2-3-5-6 6-7 7-8 8-9 2-3-5-6-8-9 


Qo = ayy — 0. 


Although one could use Mathematical Induction but the pattern is pretty clear, so 
we write 

(1k 3k 
2-3-5-6-8-9--- (3k —1)3k 


e145 
1 


(B). In this case, we have y(0) = ay = 0, y'(0) = a, = 1 and we also have a, = 0, and 


—ay-4 
(22 — SS 
ne2 “(n+ 1)(n +2) 


Hence, 
a, = 0 io ds = Ag = 0 fen lg = Ay = 0 
Be Ee age Me Ee NE aga a 
a oe! aw Qy, = Ay = 0 QAy2 = 1 
WT Staged Geile re BAA Gee Oeddedg 


We conclude that 
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epee 
3-4-6-7---3k(3k +1) 


CO 

y(t)=t+) 

1 

By the ratio test, both series are absolutely convergent. 


We point out that the method of substituting infinite series does not always produce 
answers in infinite series; sometimes the answers can be finite series, i.e. a polynomial, 
see the next example. 


Example 11.5. Use the power series method to solve the initial value problem 
x" —tx'+3x=0, x(0)=0, x/(O)=1 


We start by letting 
+00 
x(t) = > Ce 
0 


Then 


+00 +00 +00 
x" = tx! 43x = Y n(n=Degt™? — Y negt” + ¥ 3cyt" = 0, 
2 i 0 


+00 +00 +00 
Y (n+ (N+ 2epyat” - Y neqt™ + 3cpt”. 
0 1 0 


For n = 0 the first and last sums yield 2c, + 3c) = 0, which implies that c, = 0, since the 
initial condition imply that cy = 0 and c,; = 1. Forn => 1 we have 


+00 +00 +00 +00 
Y (n+ (N+ epsot™ — Y net” + Y 3eqt™ = [n+ 1)(n + 2epyy - Ny + 3c, ]t” = 0 
1 T H 


yielding the recursive formula 


Me heen = 


Computing a few terms, we have 


-2c¢, -1 —C, 


Ct3= = ES C4 = = 0, cs = 0. 


34 
Now, we can see that all the remaining terms are zero. Consequently, the only nonzero 


terms are c, and c3, and hence 


1.3 
x(t)=t--t, 
(t) 5 


a third degree polynomial. 
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11.3 Bessel functions 


Solutions of 
t?x"" + tx! + (t? - m’)x = 0 (Bm) 


are referred to as Bessel functions of order m. 

Although t = 0 is a singular point, we can still solve Bessel equations by using the 
solution series method discussed in the previous section. 

We carry out the calculations for m = 0 and m = 1. 


11.3.1 Bessel functions of first kind 


Here we discuss solving Bessel equations of the first kind, m = 0,1. 
Case m = 0. For m = 0, the Bessel equation is given by 


t?x" + tx! + t?x = 0. (Bo) 
Setting x = 6° A, tk, we have x’ = YS? kA,’ 4, x" = YS k(k — 1A, tk. Hence 
foe) foe) foe) 
Ox!" + tx!) +x = Y k(k-1Agt + Y kAgt + YA, = 0. 
2 T 0 
After shifting indices in the last sum and combining, we obtain 
foe) 
At + )[kA, + Ay a]t* = 0. 
2 
This implies 
A,=0, k’Ay+Ay.=0, k=2,3,..., 


yielding the recursive formula 


A A 
As z ee “3 0, ..:5 Aga = 0. 
For k = 2n,n=1,2,..., one has 
Ao A, Ao n Ao 
fie Ae ey ae : 
a pn 4 42 92.42 an = ( EE... Gn 
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In conclusion, we find 


2 4 n,2n 
x = A0(1 t t (-1)"t \ 


+ + eee + + eee 
22 22. 42 22.42... (2n)? 
which is uniformly convergent on R. 


The solution is usually given as a power series in terms of 5, which can be achieved 
by writing the general term as 


Cae eee Go! a a 
22.42... (2n)? 22. 42... (2n)? 22" 
an 2n 


Jae 6 ey (!) se 
~ 22.42...(2n)2\2) — (1-2-3---n)2\2/ (ny? 2] 


Setting 
2n 2 4 6 
Dalz) ~2(3) * aC) * ala) 
t)= =1 
Iolo) » (ni? \2 af GENS FT RANG 
and renaming Ay as c, we have x(t) = cJ(t). 
The function Jp is called Bessel function of order m = 0 of the first kind. 


We see that J, is analytic and even; J,(0) = 1, J§,(0) = 0. Moreover, it is possible to 
show that J has the following asymptotic behavior as t — +co: 


Jo(t) = 77 . cos( ¢- 7). 


This implies that Jy has infinitely many zeros and decays to zero at infinity. One might 
also show that 


+00 
| Jo(t) dt = 1. 
0 
Case m = 1. When m = 1 the Bessel equation is given by 
t?x"" + tx! + (t? -1)x = 0. (B,) 


Repeating the previous calculations we now find 


OY k(k = 1)Agth +t kage + (7-1) ¥ Agt® = 0. 
2 1 0 


It follows that 


Cc foe) foe) foe) 
Y kk =D Age + Y kage + Y Ag? - Aye = 0 
2 1 0 0 
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whereby 
foe) foe) foe) 
YA, + Ayt + Y Ay ot - Y A,t* 
2 2 0 
foe) foe) foe) 
= WA, + Ayt+ Y Ag ot - Ap - Ayt - YA, t" 
2 2 2 
foe) foe) foe) 
= WA + Y Agot® - Ay — Y Ax = 0. 
2 2 2 
This yields 


Ay =0, k’A, + Ay-7 — Ag = 0, 


which gives rise to the recursive formula 


Ax-2 
A, = - , k=2,3, 
k= 
For k = 2n = 2,4,6,..., we find 
A A 
A, 0: Ay ae 0, ..., Ag, = 0. 
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For k = 2n+1=3,5,7,...,k?-1= 4n’ + 4n = 4n(n +1) = 2’n(n +1), hence we find 


Ay Ay 
A = = > 
3 92.4.2 22.2! 
ES Ag | Ay — A 
5.2.3 22.21-22.2.3 °° 24.21.) 
=3! 
mee As _ A, A; 2 A, 


2-3-4 24.21.31-22-3-4 28.21-3-31-4 28.31.41 


It is convenient to let A; = a Then we have 


Cc 


_ n 
Abner =D) 22n+1 nl .(n+1)! 


In conclusion we find 


soe [i -aptame 1° (G)-2() +a ( 
2 2123 = 213125 2 2! \2 2!3! 


-«-(5)-[-3-() a) 


the series being uniformly convergent on R. Setting 
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n= (5) >) 


0 


an 


we find that x(t) = cJ,(t) is a solution of (B,). 

The function J, is called a Bessel function of order m = 1 of the first kind. It is an 
analytic odd function and J,(0) = 0. One can show that af (0) = 5. 

Moreover, similar to Jy, we have 


c 
t 


AO= cos(¢ ; >) as t > +00, 


and thus J; has infinitely many zeros and decays to zero at infinity. 
Figure 11.1 shows the graphs of Jy and J;. 


Figure 11.1: Plot of /)(t), in red, and J,(t), in blue. The dotted curves are x(t) = c/ vt. 


For completeness, we write below the Bessel function of first kind of order m, m € N. 
an 


7 t\" = iy t 
Intt)= (5) eee a) 


0 


For m < 0, although the Bessel equation remains the same, one usually sets 
Int) = AY lO: 


Finally, one could use (11.2) to define Bessel functions of any order v, giving a suitable 
meaning to (n + v)! by means of the gamma function I. 
Further properties of J,, are presented as exercises. 
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11.3.2 General solution of (B,,) and Bessel functions of second kind 


Here we briefly discuss how to find the general solution of (B,,,). 
One can define, for t > 0, another solution Y,, of (B,,), called a Bessel function of the 
second kind of order m. One can show that 


t 
ds 
Y(t) =Jn(t)- E Hist] t>0, 
| 6 


for suitable constants k,, k, # 0. 

An important property of Y,,, is that, unlike J,,, Y,,(t) > -co ast — 0so that Y,, has 
a singularity at t = 0. Actually, since J)(t) = 1+ 0(1) and J,,(t) = t’ form ¢ N,m #0 and 
t = 0+ we infer 


t 
| S Int, | de itme N,m#0, => | Yo(t) = ne 
1 sJ2,(s) Y»(t)= -0"™. 


A plot of Yo(t) and Y,(t) are reported in Fig. 11.2. 


Figure 11.2: Plot of Yq(t), in red, and Y,(¢), in blue. 


As a consequence we infer that J,, and Y,, are linearly independent, otherwise we 
would have Y,,,(t) = LUJm(t) for some pw € R and this would imply that Y,,(t) and J,,(t) 
have the same behavior as t — 0+. 

We can conclude that the general solution of (B,,,) is given by 


X(t) = CY p(t) + OYn(t), t> 0. 
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The book by Watson, A Treatise on the Theory of Bessel Functions, Cambridge Uni- 
versity Press 1966, contains further properties of Y,,, including the precise definition of 
the Bessel functions of the second kind as well as their series expansions. 


Remark 11.1. In some textbooks the Bessel functions of the second kind are called Neu- 
mann functions and denoted by N,,. 


11.4 Singular points: the Frobenius method 


Apart from some cases, like the Bessel equations, in general when there are singular 
points, solving second order linear equations is much more complicated, since near sin- 
gular points there may not exist analytical solutions. 

Suppose that t = 0 is a singular point of L[x] = a,(t)x" +a,(t)x’ + a9(t)x = 0. We say 
that it is a regular singular point of this equation if 


ta,(t)  tap(t) 
a,(t) ; a,(t) : 


are analytical at t = 0. For example, the Euler equation tx" + tx’ + x = 0 has a regular 
singular point at t = 0 since ta, = t?a) = 1. On the other hand the singular point t = 0 is 
not regular singular for the equation t2x"’ + x’ = 0. 

To find a series solution near a regular singular point we can use a method due to 
Frobenius, which we are going to discuss in the specific case of 


2. 


t*x" + ptx' + (q+q,t)x = 0, (11.3) 
where p, q, q, are real numbers. Clearly, t = 0 is a regular singular point since 


ta(t) t-pt _ tag(t) t-(q+qt) _ 
ai 2  ” a(t) ¢ et 


are analytic. 
We seek series solutions of (11.3) of the form 


CO 
x(t) = Y Aye" 
0 
where r is anumber to be determined. Substituting 
CO 
x= Vi(k+ Age 
0 


x"=Vik+r(k+r-1A,tr? 
0 
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into the equation we find 


2. 


tx + ptx' +(q+q,t)x = t? Sik +ry\(k+r- jag 
0 
+ pt S(k re At ip (q + qyt) 5 4,t" 
0 0 

= Sik anueer =a 

0 

+p Sik + r)A,t*** +(q+ qt) St =0. 

0 0 


Rearranging 


S[k t+r)(k+r—-+(k+r)p+(q+ qyt)]A,t**" -0 
0 


we have 
[r(r—1) +rp+qlAot’ + Vik try(k+r—-1)+(k+rp+(q+qt|A,t**” = 0. 
1 


Introducing the indicial polynomial as the quadratic polynomial 
Zr)=r(ir-)t+rp+q 


we can rewrite the equation as 


L(r)Agt’ + V [ke rjk+r-1)+(k+rp+ (q+ qa” = 0, 
1 
namely 


T(rAgt’ ¥qGAgt 4+ Tira vAt qt 420 eA 7 oO, 


which yields 


T(r)Ap = 0, 
qAo + Lr + 1A, = 
MA, +Z(r+2)A, =0, (11.4) 


MAK-1 oe Lr sr k)A; = 0. 


We limit ourselves to consider the following two cases: 
1 Z(r+k)#0foranyk € N; 
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2. Z(r) = 0 has two real roots p,, (distinct or coincident) and Z(p,, + k) + 0 for any 
keN,k#0. 


Case 1. Since Z(r) # 0 the first equation yields A, = 0. The second equation becomes 
T(r + 1)A, = 0, which implies A, = 0, for Z(r + 1) # 0. Then the third equation becomes 
T(r + 2)A> = 0, yielding A, = 0, for Z(r + 2) # 0. Iterating the procedure, we infer that 
A, = 0 for k € N, yielding the trivial solution. 

Case 2. We first consider a real root p. In the first equation of (11.4) with r = py, Ag is 
undetermined whereas from the remaining equations we deduce 


___ %Ao 
1 Z(p, +1)’ 
Ae UA, _ qTAo 
2 at > 
L(p,+2) = L(py + 1)L(p, + 2) 
MA, _ qiAo 


A = = > 
(p+ 3) (p+ NL(p; + 2)Z(p; + 3) 


and, in general, we have the recursive formula 


k qi Ao 
Ac = CD Fe DIO, +2) D+) as 
Notice that 
Aka -| Ao lim (441 = 9, 
Ax T(p, +k) k-00] Ay 
k+p 


Therefore the ratio test implies that the series ))° Axt 
R and we can conclude that 


is absolutely convergent on 


foe) 
x(t) = ) Aye 
0 


gives rise to a solution of (11.3). 
Obviously, by the same arguments, a second solution of (11.3) is given by 


CO 
x(t) = > Bye 
0 


where 


k 
qAo 


B, = (-1* 
k= Y Ts DIG, +2) I@,+) 
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If p, # P, and py — p, is not an integer, then one can show that x, and x, are linearly 
independent and hence the general solution of (11.3) is a linear combination of x, and x. 

On the other hand, if p; = p2 or p, # Pz and Py» — p, is an integer, a solution linearly 
independent of x, is given by, respectively, 


foe) foe) 
X(t) = x,(t) -Int + yee x,(t)=c-Int+) c,t**P2, 
0 0 


where c and the C, have to be determined. Notice that in the second case, c might be 
zero. 


Remark 11.2. If q, = 0 and the indicial equation has two distinct real roots p; # p>, 
such that Z(p,> + k) # 0 for all k ¢ N,k # 0, we infer from the recursive formulas 
that A, = B, = 0 for k = 1,2,... Thus in such a case we simply find x,(t) = Apt” and 
X,(t) = Bot”. 


Example 11.6. Solve t?x"” + 5tx’ = 0. 


In this case q = q, = 0 and p = i. The indicial polynomial is Z(r) = r(r - 1) + 2r = 
pe sr, whose its roots are p,; = 0 and p, = 5. Since Z(p, + k) = Z(k) = k? - tk #0 
for k = 1,2,..., the recursive formula (11.5) implies (recall that here q, = 0) A; = 0 for 
k =1,2,... Thus x,(0 = 5° A,t* = Ap, 

Next consider pz = 5. Since T(p. + k) = (5 + ky? - (5 +k= i “hehe i - ; = 
ke+ sk > Ofor k = 1,2,...we find x,(t) = 6° B,t***, where the recursive formula yields 
B, = 0 for k =1,2,... Thus a second solution is given by x,(t) = By - t'””. 

The two solutions x, and x, are clearly linearly independent and hence the general 
solution is a linear combination of x, and x,, namely x = c, + c,t’/”. The reader should 
have noticed that the given equation is an Euler equation, studied in Chapter 6, sec- 
tion 6.4. As an exercise, it could be shown that using the method carried out therein one 
finds the same result. 


The next example shows that in some cases a second linearly independent solution 
can be found in a more direct way. 


Example 11.7. Using the Frobenius method, find the general solution of the Euler equa- 
tion t2x"’ + 2tx! — 2x = 0. The indicial equation is Z(r) = r(r -1) + 2r-2 =r? +r-2=0 
with roots p, = 1, p, = —2. Moreover, Z(k +1) = (k +1)? + (k +1)-2 = k* + 3k > 0 for 
k =1,2,..., as well as Z(k —2) = (k—2)?+(k—1)-2 = k*-3k+1# 0 fork =1,2,... Since 
here q, = 0 we infer that A, = B, = 0 for k = 1,2,... Thus x,(t) = Apt and x,(t) = Bot. 
It is clear that x,, x, are linearly independent and thus the general solution is given by 
x(t) = Agt + Bot’. Notice that in this case p; — p) = 3 is an integer. 


Remark 11.3. Bessel equations have t = 0 as a regular singular point. As a useful exer- 
cise, the reader might wish to recover the results of the previous section by using the 
Frobenius method. 
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11.5 Exercises 


. Solve the Euler equation t 
. Finda solution of t2x"” — tx’ + (1- t)x = 0 such that x(0) = Xp. 


Use the series method to solve x’ + 2x = 0, x(0) =1. 

Find the recursive formula and the first five nonzero terms of the series solution of 
x" +tx' =0. 

Use the infinite series method to find the function that solves x” — 3x = 0, x(0) = 1, 
x'(0) = 3, and find the interval of convergence. 

Use the infinite series method to find the function that solves x” — 4x = 0, x(0) = 1, 
x'(0) =2. 

Find the recursive formula and the first five nonzero terms of the series solution 
for x” — tx’ +2x = 0, x(0) = 0, x’(0) =1. 

Use the series solution method to find the function that solves the initial value prob- 
lem x! — 2tx = 0, x(0) =1. 

Use the infinite series method to solve the initial value problem x” + tx’ - 3x = 0, 
x(0) = 0, x'(0) =1. 

Find the general series solution of x” — tx’ = 0. 

Find two linearly independent solutions of z” — tz = 0 (see Example 11.4). 


. Find the infinite series solution for (1—t)x’—x = 0, x(0) = 1 and identify the function 


represented by the series. 


. Find the infinite series solution for (1+t)x’ +x = 0,x(0) = 1 and identify the function 


represented by the series. 

Show that t = 0 is a strict maximum of Jp. 

Describe the behavior of J,(t) as t — 0. 

Show that if a # 0 is such that J)(a) = 0 then J’(a) + 0. 
Show that J}(t) = -J;(t). 


. Show that (¢/;(t))’ = Jo(t). 


Using that Jj(t) = —J;(t) (see Exercise n. 7), show that between two consecutive zeros 
of J)(t) there is one zero of J,(t). 
Show that x(t) = tJ,(t) solves tx’ — x’ + tx = 0. 


. Find the general solution of tx"’ + x’ + w*tx = 0, w #0. 
. Find the equation satisfied by Jo(5t’). 
. Find m € N such that the Bessel equation (B,,,) t 


2x" 4 tx! + (t? — m’)x = Ohasa 


solution satisfying x(0) = 0, x'(0) # 0. 


. Solve the problem ¢2x"’ + tx’ + tx = 0 such that x(0) = b and x(a) = 0, where a > 0 


is a zero of Jy. 


. Solve the ivp t2x"’ + tx’ + (t? —1)x = 0, x(0) = 0, x'(0) =1. 


Solve the Euler equation t?x” — 2x = 0 by means of the Frobenius method. 


2" _ 3tx! + x = 0 by means of the Frobenius method. 


12 Laplace transform 


12.1 Definition 


Let @ denote the class of real valued continuous functions f(t), t € IR, such that there 
exist numbers a and C,C > 0, satisfying the inequality 


If) < Ce", WeeR (12.1) 


Such functions are said to be of exponential order. For example, continuous bounded 
2 
functions are of exponential order (with a = 0), while e’ is not. 


Example 12.1. If f ¢ @, then t"f ¢ @fort>OandneN. 
To verify the assertion, let c > 0 be such that t” < ce“. Then |t"f(t)| < ce“.ce“ = 
C,e" (C, = cC, t > 0). 


Let us note that if f ¢ #, then there exist numbers a and C such that |f(0)| < Ce, 
Hence the function le “Ff (t)| is integrable on (0, +o) for s > a, since 


le “F(o)| < Cost ett - Cole syt 


and eS” decays exponentially to 0 as t > +00 provided a-s < 0. We know from 
Calculus that if |g| is integrable, then so is g. Thus, if s > a, the integral 


| e “F(t) dt 
0 


exists and is finite. 
Now we define the Laplace transform of f, f € @, to be the function 


+00 


ifs = | erode. 


0 


Notice that the value of f for t < 0 is irrelevant. The Laplace transform is a function 
of s defined for all s > a, for some real number a ((|f(t)| < Ce“), called the domain of 
convergence of f. For convenience of notation, we let 


L[f\(s)=F(s), -Zigl(s) = G(s), -lj](s) =J(s), ete. 


Remark 12.1. Although here we are mainly interested in real valued continuous func- 
tions, the definition of Laplace transform can be extended to include functions such as 
piecewise continuous functions and functions of complex numbers. Recall that f(t) is 
piecewise continuous on (0, co) if for any number c > 0, it has at most a finite number 
of jump discontinuities on the interval [0, c]. 


https://doi.org/10.1515/9783111185675-012 
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As an example, let us consider the shifted Heaviside function (b > 0) 


1 ift=b, 


H,(t) = 
o() 16 if0<t<b. 


It is clear that H,, being bounded, satisfies (12.1) for any a > 0. One has 


+00 +00 evst +00 _bs 

| H,(t)e * dt = | ev dt=-——| = , s>o 
S |b Ss 

0 b 


and thus /[H,] = = s>0. 


12.2 Properties of 7 


In the sequel we will assume, unless stated otherwise, that the functions we deal with 
belong to the class @. 
(A) Linearity property. 


La f+ fo +--+ fp) =ULifil+@Zifil+---+aq,f%hl)aqeR fre. 
Proof. We give the proof for n = 2, which can be extended similarly to any number of 


functions. 


+00 


Ll arfy + oof] = | e-"(ayfi(t) + agf,(t)) dt 


0 


+00 +00 
ae | ef (t) dt +a, | ef (t)dt =a, Zifil+aZ If. 
0 0 


(B) Iff ®Mo<k<n belong to %, then 
Lif} = s" [fo] -s™ FO -s"7f' 0) ----- Ff" PO). (12.2) 


Proof. We will show the assertion for n = 1, 2, 3. It will then be clear that the general 
statement easily follows by mathematical induction. 
Using integration by parts, we have 


+00 


if'|= | ef! (t) dt = eso} +5 | e-“'f(t) dt = -f(0) +s. If) 
0 


0 


Lif") = L[(f')] = sZ[f'] —f') = s(s- LIF] —f0)) - f'(0) = s*.Z[f] - sf (0) — f' (0). 
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Similarly, “[f"”’] can be treated as 


L((f")'] = s¥[f"] - £0) = s(s”- If] - sf(0) - f'(0)) - f’"(0) 
= s°Y{f] - s?f(0) - sf'(0) -f""(0). 


(©) If¢(t) = [fy arf ¢@, then g ¢ @ and 
£191 = = 2) (123) 


Proof. One has 


t t 


|O(t)| < | lf(r)|dr< Cc | e“" dr = “(et -l)< 


0 0 


at 


C 
—|e 


a 


whereby ¢ ¢ @. Furthermore, since ¢' = f and @(0) = 0, an application of (B) yields 


Lif) = £[¢'] =s. 219] 


from which (12.3) follows. 


(D) For t > 0 one has 
L[t"f(o] = 9" S Lifl. (12.4) 


Proof: Notice that for t > 0 one has tf € @ (see Example 12.1). Setting 


+00 


F(s)= Z1f\s)= | "sat, 


0 


it follows that 
d Tt -st Pa -st x i -st eg 
£15) = rR e “f(t) dt = | nee f(t) dt =- e “tf (t) dt = -L[tf(t)]. 


This shows that the statement is true for n = 1. 


By using mathematical induction, one can easily show that for any n € N, 


gepol-cy Sv [f]. 


As we will see below, properties (A)—(D) are useful in determining the Laplace trans- 
forms of some other elementary functions. 
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(11) [kK] = as > 0. 
Proof. 


Oo —st ;+oo —st 
| ke“ at =k -— Tear eae 


0 T->0o S 


In particular, #[1] = x, 


(L2) Y[e“] = — s>a. 


Proof. Notice that e“ ¢ %, and 


+00 +00 +00 —s)t ,T 
| eet dt = | ee at = 1 fas = lim oe = me >a. 
a-s 0 T>00 (A-S)|go S-a 
0 0 
n! 
(3) L(t") = gens > 0 
Proof. Using (D), with f(t) = 1, we see that 
a" [1] 
£{t") =(-1" : 
[e"} = cy SS 


Since #[1] = i see (LJ), it follows that 


~s 
: d" (1 n! 
# it") = “a(;) = gttt’ 
(L4) Y[t"e] = nl(s— 1)", 
Proof. By (D), 


Lit" -e'] = cay Lie] = (-1)"" a = n(s—1- 
ds" ds*s-1 ; 
(5) ¥[sinwt] = ———. 
S*+W 
(L6) &[cos wt] = — 
S*+W 


Proofs of (L5) and (L6). We use (B) with f(t) = sin wt to infer 


L[wcos wt] = sf[sin wt]. 
f* 


Similarly, using (B) with f(t) = cos wt we get 


L{[-wsin wt] = s¥ [cos wt] - 1. 
vid 


(L7) 


(L8) 
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Since “[wf] = w#[f], see (A), then 
wL{[cos wt] =sZ[sinwt], —-w/[sin wt] = s¥[cos wt] -1. 


Form the above we find 


{cos wt] = as (12.5) 


Substituting into the second equation, it follows that 


sL [sin wt] sx’ Y{sin wt] 


W 


-w.Zf[sin wt] = s -1>0 [sin wt] = - +1. 


Rearranging, (w” + s*)Y[sin wt] = w and finally solving for Y[sin wt], we obtain 
(L5). 
On the other hand, (12.5) yields 


sZL [sin wt S 7) S 
L cos wt] = ie ee 5 =a a 
W W S*+W sé + 


L{sinh wt] = 


ie S>W 
52 — y2’ 


Proof. Since sinh wt = s(e" —e “*) we use the linearity of Y and (L2) to infer 


me ee] 2) pect “at = 1 ) ( 1 )- W 
z|5e : age le | 77le Le s-W) 2\s+w] st—w’ 


S> WW. 


L {cosh wt] = Fae 


Proof. 


a: ee es 
2s-w 2stw § s*—w’ 


| 5(e se)| = 5. 2le] + 5-2le“) = 


(L9) Lle“f(0)] = ZIf\(s- a). 


Proof. 


CO 


Lie" f(t)] = | et. ef (t) dt = | eSOte(t) dt = YIf\(s—a). 
0 


0 
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Example 12.2. (a) Evaluate /[t sin t]. Using (D) (12.4) with n = 1 and f = sint we infer 
L(tsint] = -4 Y{sint]. Then (L5) yields 


1 ~— as 
ds1+s* (1+3s7)*” 


Y{tsint] = 


(b) Evaluate [e” sin t]. Using (L9) and (L5) we find 


ate 
14+ (s—2)2" 


Lie" sin t] = L[sint](s - 2) = 


12.3 Inverse Laplace transform 


The Laplace transform is unique in the sense that if f and g are piecewise continuous 
functions of exponential order then “[f] = “[g] implies that f(t) = g(t) onany interval 
[0, T] except possibly for a finite number of points. So, we will assume that the Laplace 
transform has an inverse. 

Under the assumption that the definition makes sense, that is 7[f] = ¢[g] <= 
f = g,\t = 0, we define the inverse Laplace transform £"' by 


g(t)= 2(F) — F = 21g] 
It is easy to see that the linearity of 7 implies that + is also linear, that is 
L[ayF, + pF, + +++ + OpEy] = Oy-L (Ey) + Oy L (Fy) + ++ + Og ZL (Ep). 


Example 12.3. Find 


pet 1 
= lecaecn aoe 


Using partial fractions, we seek a, 8 such that 


1 _ a B 
(s—a)(s—b) s a sob 


1 1 
We find a = —, and B = —_,. Thus 


a-b a-b 


a 1 a a ie a isfAP 3 
aa | aecn | - 5” I ar a | 
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When F(s) is of the type S where P(s) is a quadratic polynomial with no real roots, 


it is not convenient to use the partial fraction method. In the next example we show how 
to overcome this difficulty by completing squares 


Example 12.4. Find 7 {+}. 


s?+2s+2 
Writing s” + 2s + 2 = (9? +254+1)4+1= (s +1)? +1, we find 


saree latipes rel 
s24+254+2 (s+1)241] 


We can now use (L9) to infer 


2|s | =e 'sint. 


s74+254+2 


Below is a brief list of few more common Laplace and Laplace inverse transforms: 


f if) = F LF] 
k k 

k ral = - k 
5 5 

1 1 

ent = et 

s-a s-a 
n! n! 

t" pues = = t? 

git git 
in wt a a in wt 

sin wi = sinw 
nye tw 

cos wt 3 = = cos wt 
s2 + w2 s2 + w2 

; wW wW ; 

sinh wt 5 5 = 55 5 sinh wt 

s*-W s*-W 
5 5 

cosh wt 5 5 = 7 5 cosh wt 

s*-W s*-W 


12.4 Solving differential equations by Laplace transform 


One of the main features of the Laplace transform is that it is suitable for solving initial 
value problems of linear differential equations. 

Here we give some examples in detail, which show how to use the Laplace transform 
in general. Below we proceed formally, first assuming x € @, and at the end the reader 
can easily verify that this is indeed the case. We prescribe the initial values at ty = 0, 
only for simplicity. When the initial value problem is prescribed at t = ty) # 0 it suffices 
to perform the change of independent variable t + t - tp. 


(1) Solve x' + x =0,x(0) =k. 
Taking the Laplace transform of both sides of the equation, we find 


Lx! +x] = ¢[x']+¥>x] =0 > s¥[x]—x(0) + Sx] =0. 
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Letting X = “[x], we infer 
k 
sX -k+X=0 = (s+1)X=k => X = —. 
s+1 


Taking the inverse Laplace transform we get 


| “ ncaa z | =e 
s+l s+ 


It is clear that in this example we could have found the same result by using the inte- 
grating factor method. But then we would have to find the general solution first and 
then solve a pair of algebraic equations to get the solution satisfying the initial values. 
However, the solution obtained by using the Laplace Transform automatically satisfies 
the required initial values. 


(2A) Solve the initial value problem 
x" -x'-2x=0, x(0)=1, x’(0) =2. 


(2B) Find the general solution of x’’ — x’ — 2x = 0. 


Solution (2A). Taking Laplace of both sides, we obtain 


Lx") - Y[x'] -2Y[x] = (s’X —s-2)-(sX-1)-2X=0 = (s*-s-2)X=s41. 


Therefore, 


st+l1 _ st+1 _ 1 
(s?-s-2) (s—2)(s+1) s-2 


which implies that x(t) = .2~*[X] = e”* (see (L2)). 


Solution (2B). In order to find the general solution, let us find a second solution lin- 
early independent with the one in part (2A). There is more than one way to accomplish 
this. One convenient way may be to find the solution to the initial value problem 


y"-y'-2y=0, y(0)=0, y'(0)=1. 
To find such a solution, we proceed as above and obtain 
Lly"]- ¢ly']- 22] = (s’°¥ -1)-(sY)-2Y =0 => (s’-s-2)Y=1 
yielding 


1 
ae (s—2)(s+1) 
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Using partial fractions, we write 


oe are coe 
~3 s-2 3 s4+1 


which yields the solution 


y(t) = £'[Y] = xe . set. 


It is clear that x(t) and y(t) are linearly independent, since W(0) # 0, where W(t) rep- 
resents their Wronskian. Consequently, the general solution can be expressed as 


x(t) = qe! + c,e", 


The next example deals with an equation with non constant coefficients. 

For equations with variable coefficients, the Laplace Transform method is not, in 
general, a practical way to solve them. However, occasionally it can be used, as the fol- 
lowing example shows. 


(3) Solve the initial value problem 
tx” +tx'+x=0, x(0)=0, x/(O)=1 


Proof. We note that 


Gg PED i my d 2 ! =a 2 dX 
L[tx"] = asl t= FAG ‘X(s) — sx(0) — x'(0)) = -s ds + 2sX. 
L(t’) = -£ 2K] = -£(sx(s) ~ x(0)) = -sX'(s) — X(s). 


Therefore, /[tx" + tx’ + x] = 0 implies —s2X’ + 2sX - sx’ — X(s) + X(s) = 0. Solving for 
X', we obtain 


x's dX 7 —2s = 2 
ds  -(s?+8) s+1 
Therefore, 
dx _ 2ds 
xX sei 


which yields InX = Ink(s +1), or X = k(s + 1)’. Therefore, it follows from (L4) that 
x(t) = te (the initial conditions imply that k = 1.) 


The above example leads to some observations. First, concerning example (3), we 
notice that, unlike the constant coefficients case, we did not get an algebraic equation 
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in X = [x]; instead we got a first order linear differential equation with constant co- 
efficients, which we had to solve for X = [x] independently. Moreover, solving for 
X = &|x], we picked up a constant of integration. So, in order to get an answer to 
the initial value problem, we had to substitute the initial values and solve for the con- 
stant k. 

When solving non-homogeneous linear equations by means of the Laplace trans- 
form, it is convenient to define the convolution operator «. The convolution f « g is 
defined as 


+00 


ff * g)(t) = | f(t-r)g(r) dr, (12.6) 


—0Co 


provided the integral on the right hand side makes sense. 

Notice that the convolution is commutative namely f « g =g *f. 

The main property of the convolution we will use here is the following one: 
(+) Iff.g ¢@thenf *«ge¢@and 


Lif *g) = Lf]. Zig. 


From (f) it follows immediately that: 
(t) Iff = Z1[F(s)] and g = Y 1[G(s)] then (f * g makes sense and) one has 


L"[F(s) -G(s)] =f * g\(0. 
Remark 12.2. Using (+) we notice that the values of f and g for t < 0 are not relevant 


and can be set equal to zero. Therefore (12.6) becomes 


+00 


ff * g)(t) = | fe-ngcar. 
0 


For a broader discussion on convolutions we refer, e.g., to the books by W. Rudin, 
Real and Complex Analysis, McGraw-Hill, 1970 or H. Brezis, Functional Analysis, Sobolev 
Spaces and Partial Differential Equations, Springer V., 2010. 

We will use convolutions in the next examples. 


(4) Given f ¢ @, solve the ivp for a general first order linear equation with constant 
coefficients 


x'+ke=f, xO)=xs KER 


Setting X = Y[x] and F = /[f], we find 


F+Xpo 
st+k 


SX —Xp t+kX =F>xX= 
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Thus 
x= g|-*| S ald +e =o : e| = + xe, 
Setting G = =p then + = F-Gand hence 
|| = ¥[F-G]. 
Using (+) we find 
LF-Gl=f«g, where g(t) = 2 [G] 
Since 
£6) - || _ kt 
stk 

then (f * g)(t) = [fet -r)e* dr and finally 

t 

x(t) =xye" + | f(it-rne™ ar, (12.7) 


0 
which provides a solution for a general forcing term f € @. 


Remark 12.3. The formula (12.7) can be seen as the general solution of x’ + kx = f, 
depending on the parameter xX, = x(0) € R. 

Moreover, let us notice that in the preceding calculations it is not necessary to know 
what Y[/] is. 


It is also worth pointing out that in the last example we could have also handled a 
function f ¢ @ with a finite number of discontinuities t,,..., t,. In such a case we would 
say that x(t) is a generalized solution. By this we mean that: 

1. x(t) is continuous on R; 
2. X(t) is differentiable on R \ {ty,..., ty} 
3. x(t) solves the differential equation on R \ {t,,..., ty}. 


Consider once again example (4) with k = 1,andf = H,, where H, is the shifted Heaviside 
function introduced in remark 12.1. 


(4') Solve the ivp x’ + x = Hy, x(0) = Xo. 
Here (12.7) becomes 


t t 
x(t) =X e+ | Hue -rje‘dr=x)e'+ | e Hr) dr. 
0 0 
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From the definition of H, it follows that 


t 
| ep (r) dr = 
0 


t 


0 ift<1 
(¢ draise™ ift>1 


and thus 


Xye! ift<1 
He reine ifts1 


x(t) = | 


We see that x is a generalized solution since x’ has a simple discontinuity at t = 1, 
which is a consequence of the discontinuity of the forcing term H;; see Fig. 12.1. 


Xo 


Figure 12.1: Solution of x’ + x = Hy, x(0) = Xo. 


(5) Solve x” +x = f(t), x(0) = 0, x'(0) =1, with f ¢ @. 
Again, setting X = “[x], F = #[f], we find s°X(s) —sx(0) —x’(0) +X(s) = F(s). Since 
x(0) = 0, x'(0) = 1 it follows that 


F(s)+1__ F(s) + 1 


2 
SX -14+X=F>X(s)= = : 
(s) 1+ s2 1+s2 14382 


We now take the inverse Laplace transform, yielding 


_. gel _ otf Fs) v1 1 ]_ val FS) ‘ 
x() = Z[X(s)] = f Feedba Feed L [oS] +sine 
Since 
gui F(s) _ * _— gul = 
L | =(f «g)(t), where g(t)=2 | = sint 
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we find 
t 
x(t) = sint + (sin #f)(t) = sint + [ sine —r)f(r) dr. 
0 


Dealing with second order equations, if f has a finite number of discontinuities a 
generalized solution can have discontinuous first and/or second order derivatives. 


(5') In the previous example, if f = H, we get 


t 
x(t) = sint + (sin *H,)(t) = sint + | sin(t — r)H,(r) dr. 
0 


Since 


fin r)H,(r)dr = | ? if0<t<1 
0 : - f; sin(t - r) dr = 1 -cos(t — 1) ift>1, 


we infer 


sint if0<t<1, 


x= | sint+1-—cos(t—1) ift>1. 


In this case, although x is continuously differentiable, x is a generalized solution 
since x” has a discontinuity at t = 1. Actually, x” (1-) = — sin1, whereas x” (1+) = —sin1+ 
cos 0 = 1-sin1; see Fig. 12.2. 


Figure 12.2: In red x = sint, (0 < t < 1), in bluex = sint + 1— cos(t — 1), (t > 1). 
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12.5 Exercises 


1. Find Y[{e' - sint]. 

2. Find Y[e2']. 

3. Find Y[e*] by using the definition of Laplace transform. 
4. Find Y[e* sinh t]. 

5. Find Y[te“). 

6. Find Y[e* cos 2t]. 

7. Letf ¢ @besuchthattf’ ¢ Y.Show that Y[tf’] = —F(s)—sF'(s), where F(s) = Y[f]. 
8. If Lif(t)] = F(s) = a4, find f(t) = 2"'[F(S)]. 

9. Find f(t) = 2" [F(s)] if Z[f(O] = F(s) = $4. 

10. Find Y[e“ sin 3¢]. 

11. Find [t?e'] = in two ways: 


(a) by using property (D) 
(b) by using property (L9). 
12, Find f(t) that such that .7[f(t)] = > = 
13. Find Y[e~ cos t]. 
* CG = ss : ‘ 
14. * Show that .7[J)] = Ta? where Jo is the Bessel function of order 0, such that 
Jo(0) = 1, Jo(0) = 0. 


15. Find # [4]. 
s°-2 
16. Find 4 1[283]. 
S 
: 1 s?+s41 
17. Find 2'[4). 
18. Find Y"[s45]. 
19. Find. 4 *[+—]. 


s?—2s+5 


20. Using the Laplace transform, solve the ivp x’ — x = 1, x(0) = 2. 

21. Using the Laplace transform, solve the ivp x’ + 3x = 0, x(1) = -1. 

22. Use the Laplace transform to solve x” — 2x’ + x = 0, x(0) = 0, x'(0) =1. 

23. Use the Laplace transform to solve x" + x = t, x(0) = 0, x'(0) = 1. 

24. Using the Laplace transform solve the ivp x” + x = 0, x(0) = x'(0) =1. 

25. Using the Laplace transform solve the ivp x” + 3x’ = 0, x(0) = -1, x'(0) = -2. 

26. Using the Laplace transform, solve the ivp 4x” — 12x’ + 5x = 0, x(0) = 1, x'(0) =k, 


depending upon k € R. 
27. Solve tx’ + 2tx’ + 2x = 0, x(0) = 0, x’(0) = 1 by the Laplace method. 
28. Use the Laplace method to solve x” — x = f(t), x(0) = 1, x'(0) = 0, where f ¢ @. 
29. Find the generalized solution of x’’ — 4x = H(t), x(0) = x'(0) = 0. 
30. Find the generalized solution of x’’ + x = f(t), x(0) = 0, x'(0) = 1, where 


1 ifO0<t<a, 
0 ift>a, 


fo = | 


13 A primer on equations of Sturm-Liouville type 


Some of the topics we are going to present in this chapter are more advanced, but we 
make an effort to make the level of presentation simple. The topic is important in areas 
such as mechanics, the sciences, and the calculus of variations. Of course, we do not 
pretend to give a complete and exhaustive treatment of the subject. 


13.1 Preliminaries 


We are interested in studying the class of linear second order equations of the form 


def 
= ( 


L[x] = rx')! + px = 0. (13.1) 


Here and throughout in the sequel it is understood that p,r € C(R), r(t) > 0 and x and 
rx' are continuously differentiable on IR. For example, this is the case for any r € C1(IR) 
and x € C(I). 

First, some preliminary lemmas are in order. 


Lemma 13.1. For every a,b € Rand every x,y € C([a, b]) such that x(a) = x(b) = 0, 
y(a) = y(b) = 0 one has 


b b 
| L[xlyat = | xL[y] dt. (13.2) 


Proof. Recalling that x,y vanish at t = a, b, integration by parts yields 


b b b b b 


| Ebay at = [(ey'yae + | pat = [rey dt + | pat 

a a a a a 
Similarly, 

b b b b b 

| Epixae = [ov)'xae + | pat = [rey dt + | eva, 

a a a a a 


yielding the conclusion of the lemma. 


In view of the symmetry property (13.2) the operator L is called self-adjoint, and the 
equation (13.1) a self-adjoint equation. 


Lemma 13.2. Any equation 
x! +4.a,(t)x' + ag(t)x =0, a,(t), a(t) continuous, 
can be transformed to self-adjoint form L[x] = 0. 


https://doi.org/10.1515/9783111185675-013 
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Proof, If we multiply the equation by e/ “*, then it can be written as 


(e! Oey ay(tye! Nem IP 


which is in self-adjoint form with r(t) = oe) a dt ang p(t) = ay(t)e! teat 


Example 13.1. In order to write the equation x” + tx’ + t2x = 0 in self-adjoint form, we 
let 


1,2 
pig) PAP eat 


obtaining (r(t)x')! + t?r(t)x = 0. 


Lemma 13.3. The self-adjoint equation (13.1) possesses the existence and uniqueness 
property. 


Proof. One way to see this is to note that 
(rx')' +p(D)x =0, X(t) =Xq,-X'(ty) = Xs 


is equivalent to the system 


v.(%a)_( 9 ro \( * 3 : - ( sit) -( Xo 
(1 )=( oto oF ged ee Me) aoe) 


where x, = x and x, = rx;. The coefficient matrix is continuous and the existence and 
uniqueness property holds. 


Lemma 13.4. Ifx(t) is a nontrivial solution of (13.1), then no finite interval [a,b] c Rean 
contain more than a finite number of zeros of x(t); in other words, the zeros of x(t) are 
isolated. 


Proof. Let S be the set of zeros of x(t). Suppose that S c [a, b] for some bounded interval 
[a, b]. We will show that S cannot be an infinite set. Suppose that, on the contrary, it is 
infinite. Then, by the Bolzano—Weierstrass theorem, S has a limit point s in the interval 
[a,b]. Lets, € Sn [s— 4,5 + +],n = 1,2,3,... Clearly, lim, ,.. S, = S. Since, x(t) is 
continuous, lim,_,,, X(S,) = X(s). Since x(s,) = 0 for each n, we conclude that x(s) = 0. 

Next, we show that x’(s) = 0. But this follows from the fact that, by Rolle’s lemma, 
for any natural number n, there is a number t, between s, and s,,,, such that x'(t,) = 0. 
Since s,, — s, we must also have t, — s. By continuity of x’(t), we have x'(t,) — x'(s), 
and hence x’(s) = 0. 

We have shown that x(s) = x’(s) = 0 and hence, by uniqueness, x(t) = 0, contradict- 
ing the assumption that x(t) is a nontrivial solution. 
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The above lemma justifies the assumption we will make in the sequel: that con- 
secutive zeros of solutions of L[x] = 0 exist. This is important; otherwise discussing 
consecutive zeros is fruitless. 


13.2 Oscillation for self-adjoint equations 


A function x(t) is said to be oscillatory on an interval (a, oo), if Vt dt) > tT such that such 
that x(to) = 0, or equivalently, if VT > a, x(t) has infinitely many zeros in (T, +00). 

A function x(t) is nonoscillatory if it is not oscillatory, namely if t > a such that 
x(t) # 0 fort > t. A second order linear equation is called oscillatory if it has one 
oscillatory solution. 

In the sequel we will focus on the oscillatory properties of the self-adjoint equation 


L[x] = (rx’)! + px = 0. (13.1) 


Lemma 13.5 (Abel’s identity for self-adjoint equations). If x(t) and y(t) are solutions of 
(13.1), then 


r(t)[xy’ —x'y] =k, k aconstant. 


Proof. Notice that corresponding to the scalar solutions x and y, 


(0 = ( - ) and we) = ( ! ) 


are solutions of the vector equation 


\e 


Therefore, by Theorem 8.2 of Chapter 8, the Wronskian of x and y is given by 


OntlF 


z' = A(t)z = ( 


W(x, 9) = W(t)e! trace A(s) ds 


Since the trace of A is 0, we have W(x, y) = W(t)). Renaming W(t,) as W(t,) = k, we 
have W(x, y) = k. Since, by definition of the Wronskian of two vector x and y we have 


= 1r(xy’ — yx’), 


it follows that r(xy’ — yx’) = k. 


The following two simple and elegant results, due to the French mathematician 
J.C. F. Sturm, play an important role in the theory of oscillation. 
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13.2.1 Sturm separation and comparison theorems 


Theorem 13.1 (Sturm separation theorem). Let x(t) be a nontrivial solution of (13.1) such 
that x(t,) = 0 = x(t.) and assume that t, and t, are consecutive zeros (t, < t,). If y(t) 
is any solution such that x and y are linearly independent, then y(t) has exactly one zero 
between t, and t,; see Fig. 13.1. 


y(t) a) 


Figure 13.1: Sturm separation theorem. 


Proof. Assume that y(t) does not vanish in the interval (t,, t,). We will show that this 
leads to a contradiction. Since x and y are linearly independent, they cannot have a 
common zero; otherwise their wronskian would vanish at that point, which would imply 
that they are linearly dependent; this would be contrary to the hypothesis. Since t, and t, 
are consecutive zeros of x(t), x(t) does not change sign in (t,, t,), say x(t) > 0, Vt € (t,, t,) 
(if x(t) < 0 we simply replace x(t) by —x(t)). Similarly, we can assume that y(t) > 0 
between t, and t,. 

Using Abel’s identity (see Lemma 13.5) and the hypothesis x(t,) = 0, we have 
r(t))[x(t)y'(t,) — x'(t)y(t)] = —-r(t)x'(t)y(t) = k. Since x(t) > 0 to the right of ¢, 
and x(t,) = 0, we must have x'(t,) > 0. This implies that —r(t)x’(t,)y(t,) = k < 0. 
Now, let us examine Abel’s identity at t = t,. We have r(t,)[x(t,)y’ (t,) — x' (t))y(t))] = 
-r(ty)x' (ty) y(t.) = k. Since x(t)) = 0 and x(t) > 0 to the immediate left of t,, we must 
have x'(t,) < 0. Consequently, —r(t,)x'(t,)y(t,) = k < 0 implies that y(t,) < 0. Since 
y(t,) > Oand y(t.) < 0, it follows from the intermediate value theorem that y(t) vanishes 
somewhere between t, and ty. 

To prove that y(t) cannot have more than one zero between the two consecutive 
zeros of x(t), we simply note that if y(t) vanished at two points between t, and t,, then, 
by the argument we just gave, switching the roles of x and y, we would have x(t) van- 
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ishing at some point between ¢, and t,, contradicting the assumption that t, and t, are 
consecutive zeros of x(t). 


Corollary 13.1. If (13.1) has one oscillatory solution, then all solutions are oscillatory. 


Theorem 13.2 (Sturm comparison theorem). Let x(t) and y(t) be nontrivial solutions sat- 
isfying the equations 


() (r(t)x')' +p@x=0, UD (r(by')' +q(by =0, 


respectively. 

Suppose that t, and t, inI are consecutive zeros of x(t), t; < ty, and y(t,) = 0. Further- 
more, assume that p(t) and q(t) are continuous in the interval [t,, t,] with q(t) = p(t), and 
strict inequality holding at some point in the interval [t,, t,]. Then y(t) will vanish again 
somewhere between t, and ty. 


Proof. Suppose that y(t) > 0 for t; < t < t,, which would imply y’(t,) > 0. We will 
show that this leads to a contradiction. As in the proof of Theorem 13.1, we may assume, 
without loss of generality, that x(t) > 0 in the open interval (t,, t,) which would imply 
x'(t,) > 0, x"(t,) < 0. 

Multiplying (I by -y and (II) by x and adding, we obtain 


x(ry’)! —y(rx')' = (PO - qo). 
Integrating the above equation from t, to t, yields 
ty ty ty 
rxy' | = [ry - yrx'|? + o'r = [ow — q(t))xy dt. 
t, t t 
Now, since x(t,) = x(t.) = y(t,) = 0, simplifying the above equation we obtain 


t 


r(ty)y(ty)x" (ty) = Jaw — p(t))xy at. 


T 
Since q(t) — p(t) = 0 with strict inequality at some point in the interval (t,, t,), on the 
right side we have 
t 


Jaw — p(t))xy dt > 0, 


q 


while on the left side we have 


r(ty)x' (ty)y(ty) < 0, 


a contradiction. 
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Theorem 13.3. Under the same assumptions as the Sturm comparison theorem above, 
any solution z(t) of (II) vanishes between any two consecutive, and hence between any 
two, zeros of x(t). 


Proof. We can use the existence theorem to obtain a nontrivial solution y(t) of IT such 
that y(t,) = 0, y’(t) = y,, for any y, # 0. Then it follows from the Sturm comparison the- 
orem that y(t) = 0, for some ¢ between t, and ¢,. If z(t) and y(t) are linearly dependent, 
then the assertion follows since they have the same zeros. If they are linearly indepen- 
dent, then, by the Sturm separation theorem, z(t) vanishes somewhere between t, and 
t and hence between t, and ty. 


Example 13.2. As an application of the preceding theorem, we can show a property of 
the zeros of Bessel functions (Bessel equations and Bessel functions are discussed in 
Chapter 11, section 11.3). Precisely, let us consider, e. g., a Bessel function of the first kind 
Jm(t) (the arguments to deal with the Bessel functions of the second kind Y,,(t) are sim- 
ilar). We will show that if m, # m, then between two zeros of J,,,(t) there is a zero of 
Im,(t). 


First of all, for t > 0 we can write the Bessel equation t?x” + tx! + (t? — m”)x = Oas 
i 
wi" sx'+(t- xno. (By) 
Since tx’ + x’ = (tx’)’, (B,,) is in the self-adjoint form (13.1) with r(t) = t. Let, e.g., 


My < m,. Taking p(t) = t- ua and q(t) =t- me we get q(t) > p(t) for t > 0. Hence we can 
apply Theorem 13.3 and the claim follows. 


Corollary 13.2. If there exists anumber T > 0 such that, for t = T, p(t) > k > 0, then 
the equation x" + p(t)x = 0 is oscillatory. In particular, if lim,_,,,, p(t) = k > 0, then 
x" + p(t)x = 0 is oscillatory. 


Proof. A solution of y” + ky = 0 is given by y = sin(Vkt). Thus, an application of the 
Sturm comparison theorem shows that x” + p(t)x = 0 is oscillatory. The last assertion 
follows since lim,_,,,, p(t) = k > 0 implies that p(t) > k for t larger than some num- 
ber T. 


On the other hand we have the following nonoscillatory result. 


Theorem 13.4. If for t > T, p(t) < 0, p(t) # 0, then no nontrivial solution of (13.1) can 
have more than one zero in [T, oo). 


Proof: By way of contradiction, let t,, t, be zeroes of x(t) such that t, > t; > T. Then 


0) i) 


q q 
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An integration by parts yields 


a contradiction, for r > 0. 


Next, we prove a theorem that provides sufficient conditions for oscillation. It pro- 
vides an efficient and fairly simple mechanism for checking oscillation, when applicable. 
There are several proofs of this theorem in the literature; we give the one by W.]J. Cole.’ 


Theorem 13.5. If 


ie dt = +00 = [oo dt 
1 1 


then (13.1) is oscillatory. 


Proof. Suppose that (13.1) is nonoscillatory. Then all of its nontrivial solutions are 
nonoscillatory. Let x(t) be any nontrivial solution. Then there exists a number c > 1 
such that x(t) # 0 for t > c. Let 


_ r(t)x'(t) 
z(t) = x) >C. 
Then 
Nr Ny! r ir ‘ 
7 = XX) = (rx’) ze Ue =-p r(* ) = (2) 
x x x 7 
and hence 


Integrating from c to t, we have 


t 2 t 
z(t) - 2(c) + | ds + | p(s) ds = 0. 


c 


Hence 


1 WJ. Cole, A simple proof of a well known oscillation theorem, Proc. AMS 19, 1968. 
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i) 


t t 
z(t) + | 2 ds = z(c) - | p(s) ds. 


r 


We can choose a number d > c such that, for t > d, the right side of the preceding 
equation is negative. Therefore, for t > d, 


N 


t 
zt) <-| Sas, 
Jr 


which yields 
t » 2 
ZS | a | 
r 
¢€ 
Letting 
t 
2 
Z 
= —_— d ‘ 
=e 
Cc 


we find . (t) = a0) and thus y'(t) > xo for t > d. Notice that y(t) > 0 for t > c. Then 
YO, 


Fo > 5 5? , whereby 


Integrating the left side, we obtain 


1 7 1 >| ds 
y(t) yd) 4 r(s)’ 


which implies that 


1 " 1 | ds 
y(d) ~ y(t) J r(s)’ 


co ds 
r(s) 


which is clearly a contradiction, since y(t) > 0 and [ = +00. 


Example 13.3. Determine the oscillation status of the equation 


| 


(=) + 2 x=0. 
3t-—6 2t—7 
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Using Theorem 13.5, it is easy to see that it is oscillatory, since 


2t—7 


oH 


~at = | (3t-6)dt = +00 = | at = | pat. 
10 10 10 


13.2.2 Checking the oscillatory status of equations 


Below we describe some useful transformations that may be used to change the form 
of an equation to one that is more convenient for using certain theorems and known 
results, in order to determine the oscillatory behavior of solutions. 


1. Eliminating Second Highest Derivative. Consider 
a(t)x" + b(t)x’ + c(t)x = 0 (13.3) 


where a(t), b(t) and c(t) are continuous, a(t) > 0. We substitute x(t) = u(t)y(t) in the 
equation and determine u so that the x’-term gets eliminated. 
Substituting x’ = uy’ + u’y, x" = uy” + 2u'y! + w'’y, we obtain 


a(t)[uy” + 2u’y’ + u!y] + b(t)[uy’ + u'y] + c(t)uy = 0. 
Rearranging terms, we have 
auy" + (2au' + bu)y’ + (au" + bu' + cu)y = 0. 


Now if we set 2au' + bu = 0 and solve for u (holding the constant of integration to be 1), 
we obtain 


uzeisa@t (13.4) 
thus transforming (13.3) into 
auy" + (au"’ + bu’ + cu)y = 0. 
We point out that a similar transformation will also eliminate the second highest deriva- 


tive in higher order equations. More precisely, substituting 


-1 ¢ a(t) 


xX =y.er 0 


will eliminate the x") -term in 


ay(t)x™ + a,x" + ax +...44,x = 0. 
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Example 13.4. (a) In order to determine the oscillatory status of the equation 
tx" +x! —tx =0, (13.5) 
we first write it in selfadjoint form 
(tx’)' — tx =0. 


However, this does not seem to be helpful; r(t) = t goes to +oo and p(t) = -t goes to —co, 
so that Theorem 13.5 is not applicable. Now let us see if eliminating the x’-term can help. 
To this end, we substitute 


1 
xX=t?y, t>1 x 


obtaining 


which is again nonoscillatory. 


(b) Consider the equation 
x" x’ +t =0. 
Writing it in self-adjoint form, we obtain 
(e'x')' + tex =0, 


which is not helpful since p(t) and r(t) are positive but approach zero as t approaches 
1 
oo. Now, let us eliminate the x’-term by letting x(t) = e2'u. Then we obtain 


which is clearly oscillatory. 


2. A Useful Transformation of x” + p(t)x = 0. As we will see later, in studying the oscil- 
latory status of this seemingly simple equation, sometimes it is convenient to transform 
it to a self-adjoint form as follows. Let 


X(t) = ty. 


Then 


x" + p(Ox = tty" + zy! + (ve! = iy =0. 
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Multiplying the last equation by t2, we obtain 


(ty')' + (ox = a) =0. 


The various transformations and methods discussed above sometimes allow us to use 
Theorem 13.5 in cases when, at first glance, it may not seem applicable. See the following 
example. 


Example 13.5. Consider 
ea ee 
x" +t 2x =0. (13.6) 


We see that p(t) = ti approaches 0 as t approaches infinity, and 


[o-@) 

_3 
[era 
1 


is finite. So, it is not obvious that any of the methods and discussions above can be ap- 
plied directly. 
1 
However, using the transformation x = t2y changes the equation to the selfadjoint 
form 


(ty’)' + (= = z) =0. (13.7) 


We notice that for t > 1, 


ae ee ee ee 
vt 4t° t 4t 4t 


Since a z = oo, equation (13.7), and hence (13.6), is oscillatory by Theorem 13.5. 


In general, if the equation is given in the form 
a(t)x" + b(t)x’ + c(t)x = 0 


then we may either eliminate the x’-term or transform it into a self-adjoint form; and 
then either use Theorem 13.5 or try to find another way of resolving the issue. Of course, 
this is not always easy, even for some simple equations, as we will see in the following 
example. 

Consider 


x" + p(t)x = 0 
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where p(t) is some continuous function. We know that if p(t) => k > 0, k a constant, 
then the solutions are oscillatory, and if p(t) < 0, they are nonoscillatory. The dif- 
ficult cases are among those where neither of these conditions holds. For example, 
p(t) may be oscillatory, or p(t) may be positive but such that it approaches 0 as t ap- 
proaches co. 


Example 13.6. Consider the equation 
x" + (8cost)x = 0. (13.8) 


In this simple looking example, none of the transformations seem to help. We will try to 
find a convenient equation so that we can use the Sturm comparison theorem directly. 


We note that on the interval [- tal 


Bcost = 8 >A4. 


So, we consider the equation 
y" + 4y =0. (13.9) 


We know that y(t) = cos 2t is a solution of (13.9) and 


oA) -eo(-4)-0-s()-eo(8) 


Now, since 
8cost>4 


on the interval [- i al it follows from the Sturm comparison theorem that x(t) vanishes 
at some point t = ¢ between —7 and 4. Therefore, x(t) vanishes in the interval [-7 + 
2nn, 7 + 2nm] for all natural numbers n. 


Unfortunately, there does not seem to be a general pattern for such problems. One 
has to cope with each such problem individually. In fact, the hardest problem of this 
type seems to be determining the oscillation status of 


x" + (sint)x = 0. 


As one might expect, this equation is oscillatory. A proof can be given using a more ad- 
vanced theorem, which is out of the scope of this book. 


13.3 Sturm-Liouville eigenvalue problems —— 233 


13.3 Sturm-Liouville eigenvalue problems 


By a Sturm-Liouville eigenvalue problem we mean a boundary value problem as 


(rx')! + Apx = 0, 
| x(a) = x(b) = 0, i 
where A is a real parameter. Clearly one solution of (EP) is the trivial function x = 0 for 
allA € R. 
We say that A is an eigenvalue for (EP) if for A = A problem (EP) has a nontrivial 
solution @. Such a @ is called an eigenfunction corresponding to the eigenvalue A. Of 
course, if @ is an eigenfunction, so is cd, Vc € R, c # 0. 


Theorem 13.6. 

(i) Ifp > 0 then the eigenvalues of (EP) are strictly positive. 

(ii) Let 6; be eigenfunctions of (EP) corresponding to eigenvalues A,, i = 1,2. IfA, # A, 
then 


b 
| pooos.) dt = 0. 


Proof. (i) Let ¢ be an eigenfunction of (EP) corresponding to the eigenvalue A. Multiply- 
ing (r')! + Ap = 0 by ¢ and integrating on (a, b) we find 


Db b 
[(ro'y'o+2 | po? =o. 


Integrating by parts the integral on the left hand side (recall that ¢(a) = @(b) = 0) we 
infer 


b b 
-|rg'g' + | pg” 20 
Thus 
b b 
A v9’ ~ re” 


Since r > 0, p > Oand ¢ ¢ O, it follows that A > 0. 
(ii) Multiplying (rd{)’ + A,p, = 0 by @, and (rd})' + Apo, = 0 by ¢, and integrating 
by parts as before we find 
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b b b b 
[reie,=A | pd.8. | rose} =A. | pbao, 
a a a a 
Then 
b b 
A | Pdid2= 22 | Po. 
a a 
whereby 


b 
Cae | p66. = 0. 


a 


Since A, # A, the result follows. 


Corollary 13.3. If p does not change sign in (a, b) then @,, @» are linearly independent. 


Proof. Otherwise, if ¢, = cd, we get [- pg, dt = cf. pdzdt. Using (ii) we find 


c (fe poy dt = 0. Since p does not change sign in (a, b) this implies c = 0. 


Next, let us consider the case in which r,p > 0 are real numbers in more detail. 
Dividing by r and setting m? = 2 > 0, (EP) becomes 


” De 
| x" +Am*x = 0, (EP') 
x(a) = x(b) = 0. 
It is convenient to perform the change of the independent variable 
W(t — a) 
t hal > 
= b-a 
which maps the interval [a, b] into [0, 77]. 
Since ds = ar dt, the equation dx +Am?x = 0 becomes 
2 2 
mw ax 2 
A = 0; 
(b-a? ase 7" * 
namely 
d*x(s). <(b=ay 5 
782 +A = m°x(s) = 0. 
Setting m’? = Oa? > 0, (EP’) gets transformed into 
” =—2 = 
| x''(s) + Am°x(s) = 0, (EP") 
x(0) = x(z) = 0. 
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If x(s) solves (EP’’) then 


y(t) = (322) 


solves (EP’). 
Lemma 13.6. The eigenvalues of (EP’’) are given by 


k2 
An = = k =1,2,... 
with corresponding eigenfunctions @,(s) = sin(ks). 


Proof. The general solution of x!’(s) + Am?x(s) = 0 is given by x = Asin(mvAs + 6). 
Without loss of generality we can assume that A # 0 otherwise x = 0. The boundary 
conditions x(0) = x(z) = 0 imply 


sin(mVA-0+6)=0, sin(mVA-m +0) =0. 


The former yields 6 = 0, the latter mim VA - 1 = kn whereby VA = £, namely A, = is 
k = 1,2,.... To find the eigenfunctions ¢, we simply notice that VA, = x and hence 
(taking A = 1 and @ = 0) @;(s) = sin(m yA; s) = sinks as claimed. 


Theorem 13.7. The eigenvalues of (EP’) and the corresponding eigenfunctions are given 
by 


ken? . k(t —a) 
A,[m] = ————., t) = sin ———. 
xl] eb =a y(t) ar 
Proof. It suffices to use Lemma 13.6, taking into account that m”? = Coa mn? and that 
_ mt-a) 
~ ba 


Example 13.7. The eigenvalues of 2x’ + 3Ax = 0, x(0) = x(2m) = 0 are given by A, = 
Feit. ie 


5 =—, 
5(2m)* 6 


Corollary 13.4. 

(i) Letm > 0. ThendA,[m] — +00 as k > +00; 

(ii) if0 < m, < mM, then A,[m,] = A,[m)]; 

(iii) @,(t) > 0 in the open interval (a, b), whereas $;(t), kK = 2,3,... has precisely k - 1 
zeros in (a, b). 


Theorem 13.7 and Corollary 13.4 hold in general. 


Theorem 13.8. Ifr,p > 0 then (EP) has infinitely many positive eigenvalues A, such that 
0 <A, < Az < Az < ---. Moreover, 
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(i) Ay, — +00 as k > +00. 

(ii) For fixedr > 0, the eigenvalues A,[p] satisfy the following comparison property: if 
Pi < Pz on [a, b], then A;,[py] = Ax [P2] for any k = 1,2,... 

(iii) Any eigenfunction ; associated to A; has exactly k — 1 zeros in the open interval 
(a, b). 


An outline of the proof of these results is based on several steps; it is given below 
for completeness. 


Proof. For simplicity, we let r = 1. The general case requires only some more cumber- 
some notations. 


Step 1. Problem (EP) is equivalent to the first order system 


x' =y, 
13.10 
y! = -Apx. 10) 


Let us introduce new coordinates r = r(t) and 6 = 0(t) by setting 


| x=rsind@, 
y=rcos6, 


where r, 6 verify 


x 
r= x? +y’, ene 


Differentiating the former we find 2rr’ = 2xx' + 2yy’. Using the equation it follows that 
rr! = xy — Apxy = (1 - Ap)xy. Taking into account that xy = r’ sin @ cos @ = r’ sin20 and 
dividing by r” ifr + 0 (ifr = 0 we get x = y = 0, which gives the trivial solution) we get 


r' = (1-Ap) -rsin20. 
Similarly, from tan @ = 5 we infer 


1 jk VAY 


cos? @ y? r2 cos? 0 | 


Since x'y - y’x = y* + Apx? = r? cos” @ + Apr’ sin? @ we find, after simplifications, 6’ = 
Ap sin? 6 + cos” @. In conclusion we have shown that the equation x" + Apx = 0 has been 
transformed into the system 


r = . . 
| r =(1-Ap)-rsin26, (13.11) 


0! = Apsin’ 0 + cos” 0. 
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The advantage of this system is that the second equation is independent of r and hence 
it can be integrated separately, as we are going to do in the next step. 


Step 2. Consider the initial value problem 


| 0! = Apsin’ 6 + cos” , 


9(a) = 0, (13.12) 


and let @(A;t) denote its solution. Let us remark that if 0 solves (13.12) then the corre- 
sponding nontrivial solution of (EP) x(t) = r(t) sin @(t) is such that x'(a) = r(a) cos 0(a) = 
r(a) > 0. 

We claim: 
(+) Any solution A, of 0(A; b) = kr, k = 1,2,..., is an eigenvalue of (EP). 


Actually, from x = rsin@ it follows that x(a) = r(a)sin @(A;;a) = 0 as well as x(b) = 
r(b) sin 0(A;;b) = 0. 

Notice that 0(0, t) satisfies 6’ = cos” 6, O(a) = 0. Integrating, we get tan 0(0, t) = t-a 
whereby @(0, t) = arctan(t — a). In particular one has 6(0, b) = arctan(b — a) and hence 


0 < @(0,b) < = (13.13) 


Moreover, using the equation 6’ = Ap sin’ 6 + cos” @, it is possible to show that @(A, b) is 
an increasing function of A and that lim,_,,,, 0(A, b) = +00. See Fig. 13.2. 


Figure 13.2: Plot of 8 = @(A, b). 


From these properties and (13.13) it follows that the equation 0(A;b) = km has a 
solution A = A, for any k = 1,2,...and A, — +oo as k — +oo. According to (t+) this 
suffices to prove the existence of infinitely many eigenvalues as well as (i). 
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As for the comparison property (ii), we denote by 6;(A; t), i = 1,2, the solution of Q! = 
Ap; sin” @ + cos” @. Using the equation, one shows that P; < Pz implies 6,(A;b) < 8,(A;b). 
Solving 6;(A; b) = km and 6,(A; b)ka we infer that A,[p;] = A;[p2]; see Fig. 13.3. 


kt 


6i(0;b) 


rxlp2] dx(pal x 


Figure 13.3: Plot of 0,(A, b) < 82(A, b). 


Finally, to prove (iii) we recall that @,(t) = r,(t)sin@,(t), where r;,(t), A,(t) solve 
(13.11) with A = A,. Thus the zeros of ¢,(t) are found by solving sin 6,(t) = 0 for t, which 
yields 6,(t) = hz, h € N. Notice that 6; = A,p sin? @ + cos?@ > 0 implies that 6,(t) is 
increasing as a function of t. Moreover, 0,(a) = O0(A;;a) = 0 and 0,(b) = O0(A,;b) = kn; 
see Fig. 13.4. 


ot 


kt 


htt 


Figure 13.4: Plot of 0,(t). 


(1) 
(2) 
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From these facts we infer the following information: 

ifk =1, then 0 < 6,(t) < 7, Vt € (a,b) and hence ¢,(t) = r,(t) sin 6,(t) > 0 in (a,b); 
if k > 1, then for each h = 1,2,...,k - 1 we can find t, € (a,b) solving 6,(t) = hr. 
These t,,h = 1,2,...,k—1, are exactly the k —- 1 zeros of @; we were looking for. 


13.4 Exercises 


1. 


11. 
12. 


Write the following in selfadjoint form: 
2x" —4x' +x =0. 
Write the following in selfadjoint form: 
t?x" +tx'-x=0, t>0. 
Write the following in selfadjoint form: 
tx" —x'-tw=0, t>0. 
Write the following in selfadjoint form: 
t?x" — tx! +x =0. 
Explain whether or not the following is oscillatory: 
(t Int) x" +x! +(t2 +1)x=0. 
Show that for any continuous function p(t), 
x" —x' + p(t)x =0 


is nonoscillatory if p(t) < 0. 

Show that the equation x” + ox = 0 is oscillatory. 

Let P(t) = dyt? +a, 40?) +--+ + at + dy and Q(t) = byt? +b, yt?! +--+ + byt + Dp. 
Show that the equation x” + ox = 0 is oscillatory provided i >0. 

Show that the nontrivial solutions of x’ — e'x = 0, x(0) = 0, never vanishes else- 


where. 


. Write the following in selfadjoint form and determine its oscillation status: Vix" + 


(t+1)x =0. 
Determine the oscillation status of x" +x’ + tx = 0. 
Write it in selfadjoint form in order to determine a condition on c(t) so that 


1 
x" x +c(t)x =0 


is nonoscillatory. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
21. 
22. 
23. 


24. 


25. 


Eliminate the x’ term in order to determine a condition on c(t) so that x" — x! + 


t 
c(t)x = 0 is oscillatory. 
Determine the oscillation status of 


! 
( E x) 4 bs x=0, tol («) 
3t+2 (2+ sint 


Determine the oscillation status of 


x" — 2tx' + 4x = 0. 
Determine the values of the constant a for which 
tx” —x'+atx=0, t>1, 


is oscillatory. Are there values of a that will make it nonoscillatory? 
* Prove that 


x" +20(sin t)x = 0 


is oscillatory. 
Determine the oscillation status of 


x! Ie! 49P x= 0 


* Consider the two equations 


Ul Uy 


(I) (=) +x=0, and (I) (Fx") +ex=0, t>0. 


It is easy to see that both are oscillatory, by Theorem 13.5. Which one oscillates 
faster? 

[Hint: Expand each equation and write it in the form z”’ +p(t)z’ +q(t)z = 0, eliminate 
the z’-term and then compare the two equations of the form Z” + P(t)Z = 0, using 
the Sturm comparison theorem.] 

Prove (i) and (ii) of Corollary 13.4. 

Find b > 0 such that the eigenvalues of x’ + 8Ax = 0, x(0) = x(b) = 0, are A, = 2k’. 
Show that the eigenvalues A;, of (1 + t)x" + Ax = 0, x(0) = x(z) = 0, satisfy A, > k?. 
Show that the eigenvalues A, of x" + A(2 + cost)x = 0, x(0) = x(1) = 0, satisfy 
ake < Ay < k?x’. 

Let A, [r;], i = 1,2, denote the eigenvalues of r;x” + Apx = 0, x(a) = x(b) = 0. If 
1, > > 0, show that A, [r,] = A;,[re]- 

Make the appropriate transformation to eliminate the x’’-term in the equation 


x" 3x" +x =0. 
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14.1 First order linear equations in 2D 


A general first order PDE in two dimensions is an equation such as 


F(x, y,Up,q)=0, p=uy= , gq = Uy = a (14.1) 
where (x,y) € IR’ and F is a function defined on aset S ¢ R°. 

Notation: we are using (x,y) € IR’ as independent variables, but they can be labeled 
differently, depending on their physical meaning. 

Equation (14.1) is a partial differential equation since it involves the partial deriva- 
tives u,, Uy of the unknown function u = u(x, y); it is of first order since there are only 
first order partial derivatives. 

A solution of (14.1) is a function u = u(x, y) defined ona set D ¢ R’ such that 


F(x y, u(x, y), UG), Uy(X,Y)) =0, V(x,y) €D. 


If F is linear with respect to u,p,q we say that the equation is linear. If 
F(x, y,0,0,0) = 0, the equation is said to be homogeneous. So, a general first order 
linear PDE is 


Ay(X, Y)Uy + Ay(X,y)Uy + 43(% y)U + Ay(x,y) = 0, 
and a general first order linear homogeneous PDE is 
AGY)Uy + Ay(XY)Uy + A30Gy)U = 0. 


The main feature of a linear homogeneous equation is that if u(x, y), v(x, y) are two so- 
lutions, then, as in the ODE case, w(x, y) = au(x, y) + Bv(x, y) is also a solution, for any 
a, B € R. Actually (the dependence on (x, y) is understood) 
AW, + A,Wy + AgW = ay - (au + BV), + Ay - (aU + BV), + ag - (au + Bv) 
= AAU, + Pv, + AyAUy + A,BVy + a3au + azBVv 


y Jy 
=0 =0 


= A(AyUy + AgUy + A,U) +B (A,Vy + AyVy + A3V) = 0. 
SSRN RERRERRREREeET Senn EERRREE GRRERRRERERREEEE 


14.1.1 Linear transport equations 


Given continuous functions a(x, y), b(x, y), f(x,y), a general transport equation has the 
form 


https://doi.org/10.1515/9783111185675-014 
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a(x, yu, + D(x, y)Uy = f(xy). 


The simplest linear transport equation is the case in which a(x, y), b(x, y) are constant 
and f = 0, namely 


ayu, + anUy = 0, ay, ay eR. 


Ifa, = 0 and a, # 0, the equation becomes uy = 0 whose solutions are u = $(x) for any 
a 


Cc! function @. If a, # 0, dividing by a, and setting b = “, we obtain the equation 


a 
uy+buy=0, beR. (14.2) 
In the sequel it is always understood that b + 0, otherwise we find u, = 0 which is 
trivially solved by u = @(y), for any C’ function ¢. 
The transport equation (14.2) arises in many physical applications. For example, con- 


sider a fluid, moving with constant speed b, (see Fig. 14.1) in a thin cylindrical channel 
parallel to x axis, which can be assimilated to a one dimensional line. 


pj} tof 


Figure 14.1: A part of the channel and the speed b. 


If u(t, x) stands for the density at time ¢t and position x of the fluid, the principle of 
mass conservation implies that u satisfies u, + bu, = 0, which is nothing but (14.2), with 
independent variables (t, x). 

One solution of (14.2) is the function identically equal to zero. To find all the solu- 
tions, let us consider the linear change of variable 


toe _ x= 4(n-&), 
n=y+bx, y=35(n +8), 


and set 


1 1 
v(én) = uly) = u( 5500 8.5(0+ »). 


One has 


ov _ duox | du dy _ 1 ,i 
on oxdn odyon 2b* 2 


1 
Uy = ap Ux + buy) = 0, 


because u solves (14.2). This means that v is independent of n, namely that v = ¢(€) for 
some C! function @ : R > R. Since & = y — bx we find that v(é, n) = @(y — bx) and hence 


14.1 First order linear equations in2D —— 243 


u(x, y) = Ply — bx). 
On the other hand, for any C' function (s), letting u(x, y) = @(y — bx) one has 
u, = bo" (y— bx), uy = o'(y-bx) 
whereby 
Uy + buy = —bg' (y - bx) + bd’ (y - bx) = 0. 


In conclusion we have shown the following. 


Theorem 14.1. The function u(x, y) is a solution of (14.2) if and only ifu(x,y) = @(y — bx), 
where @ : R > Ris some C! function. 


We will call u = $(y — bx) the general solution of (14.2). 

Notice that from the preceding result it follows that along any straight line y—bx = c, 
c € R, the solution u(x, y) is constant: actually, one has u(x, y) = @(y — bx) = @(c). The 
straight lines y — bx = c are called the characteristics of (14.2). They have the specific 
property that solutions are constant along them. 


14.1.1.1 Homogeneous transport equations 
Let us first deal with the homogeneous transport equation 


A(X, Y)Ux + D(X, y)Uy = 0, (14.3) 


where we assume a(x, y), b(x, y) are defined on RR’. The case when a, b are defined ona 
subset D ¢ R’ requires minor changes. 
Let us define the characteristics of (14.3). 


Definition 14.1. The characteristics of (14.3) are the curves € = &(s), n = n(s) inthe plane 
(x,y) on which the solutions u(x, y) of (14.3) are constant. 


Let &(s), n(s) satisfy the (autonomous) system of ordinary differential equations 


i (s) = a(&(s), n(s)), (14.4) 


n'(s) = b(&(s),n(s)). 
If u(x, y) is any solution of (14.4), then one has 
d 
ae u(&(s), n(s)) = Ug! + Uyn’ = a(x y)U, + bX, y)uy = 0 


and hence u(é(s), n(s)) is constant. We have shown the following. 


Lemma 14.1. The characteristics of (14.3) are solutions of (14.4). 
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If a(x, y) = 1 and b(x,y) = b € R, namely if (14.3) is the equation with constant 
coefficients (14.2), system (14.4) becomes 
T ay 1, 
e() (14.5) 
n'(s) =D. 


Solving, we find € = s + c,,n = bs + Cy. Eliminating the parameter s we get 
n=Db(E-c1)+@ =bé+c, c=, -bdey. 


We recognize that x = &(s), y = n(s) are nothing but the parametric equations of 
y — bx =c. This justifies having given the name characteristics to y — bx = c earlier. 

According to Theorem 14.1, the transport equation u, + bu, = 0 has infinitely many 
solutions. How can we single out a unique solution? 

To have an idea of a possible answer, it is convenient to recall what happens in the 
case of the ODE y’ = f(x,y), which also has infinitely many solutions, depending on an 
arbitrary real constant. As is well known, to single out a unique solution of y’ = f(x,y) 
we can require that y(Xp) = Yo, for some (X, yg) in the domain of f. In other words, we 
look for a differentiable function y = y(x) satisfying the Cauchy problem 


| y' =f(xy), 
Y(X%) = Yo- 


Dealing with a partial differential equation as (14.2), the initial value problem, or Cauchy 
problem, amounts to requiring that a solution u of (14.2) equals a given function h ona 
given curve y in the plane. We shall see that, in analogy of the Cauchy problem for ODE, 
this requirement allows one to single out a unique solution of the transport equation. 
Though in general we can prescribe an initial condition on any curve but the char- 
acteristics, in the next theorem we deal, for brevity, with the specific case in which y is 
defined by y = g(x). The corresponding initial value problem is equivalent to finding a 
differentiable function u(x, y) such that 
bees + DOGy)Uy = 0, (14.6) 
u(x,y) = hoy), for y = g(x). 


The case in which y is defined by x = g(y) is briefly discussed later. 
We will use the characteristics to solve (14.6). Given P = (x,y) € IR’, we consider the 
characteristic passing through P, namely we consider the Cauchy problem 


{ (s) = a(&(s),n(s)), &(0) = x, (14.7) 


n'(s) = B(E(s),n(s)), (0) = y. 
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It is worth pointing out that, even though the transport equation (14.3) is linear, system 
(14.7) might possibly be nonlinear. However, if we assume: 
(H1) aand bare C' functions; 


then (14.7) has a unique solution &(s; x, y), n(s; xX, y). Furthermore, for the sake of simplic- 
ity, we will also suppose that &(s; x, y), n(s; x,y) are defined for all s. 

Recall that the solution of (14.7) depends on the initial data (x, y) and form a family 
of curves filling up the plane. It is also known that, if (H1) holds then the map (x,y) 
(&(s; x,y), n(S;X,y)) is continuously differentiable. 

Next, we seek a point Q where this characteristic meets y; see Fig. 14.2. 


Figure 14.2: The characteristic through P (the blue line) that meets y at Q. 


This amounts to considering the system 


y= g(x), 
x = &(s;x,y), 
y=n(s;x,y); 
which yields the equation 
In(s3X,Y) = &(E(S; x,y). (14.8) 


Let us suppose: 
(H2) For all (x,y) equation (14.8) has a unique solution s = so(x,y). Moreover, the map 
(x,y)  So(x, y) is continuously differentiable. 


Notice that assumption (H2) rules out the case in which y = g(x) is itself a characteristic. 
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After these preliminaries, we are ina position to find the solution of the initial value 
problem (14.6). 


Theorem 14.2. Suppose that (H1)-(H2) hold and let h = h(x,y) be a given C' function. 
Then there exists one and only one solution of the initial value problem (14.6) which is 
given by 


u(x,y) = A(E(So(xy)3 x,y), 1(So(XY)3 X,Y). 


Remark on notation: To simplify notation, hereafter we will often write ¢(s), n(s) 
instead of €(s;x, y), n(S;X,y). 


Proof. Since u(é(s), n(s)) is constant, then taking s = 0 and s = Sy we find 
u(x,y) = u(&(0), n(0)) = u(E(Sp), (S)). 


Now (&(Sq), (Sp) = Q € y. So, using the initial condition u(x, y) = h(x, y) for y = go), 
we find u(&(sq), N(S9)) = A(E(So), N(So)). Finally, recall that, by assumption, h and the 
function (x,y)  (&(S9(X,y); X,Y), (Sq (XY); X,y)) are c' and hence so is 


U(X y) = h(F(So(x,y)s XY) M(SoGY)sXY)). 


In conclusion, it follows that such a u is the solution we were looking for. 


If the curve y is defined by x = g(y), (H2) will be substituted by: 
(H2) for all (x,y) the equation &(s;x,y) = &(n(s;x,y)) a unique solution s = S9(x,y). 
Moreover, the map (x,y) + S(x,y) is continuously differentiable. 


Repeating the previous calculations, we find that the solution is given by 
u(x,y) = A(§ (So), No). (14.9) 
Summarizing, to find the solution u(x, y) to the ivp 
A(X, y)Uy + D(X, y)Uy = 0, u(x, y) = A y) on y, 


the following steps are in order. 


Step 1. One finds the characteristic ¢, by solving the ODE system 


8 =a(é,n), &(0) =x, 
n' = b(n), (0) =y. 


Step 2. One finds so, resp. Sy (depending on x, y) by solving n(s) = g((s)), resp. &(s) = 
&(n(s)). 
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Step 3. Since wis constant along the characteristic, we have u(x, y) = h(é(Sq), N(Sp)), resp. 
u(x, y) = h(F (So), N(Sp)). 


It might be helpful to consider the constant coefficients case in more detail, where 
the equation becomes u, + bu, = 0 with b € R. Since a(x,y) = land b(x,y) = b € R, 
it is clear that (H1) holds. As for (H2), this assumption can be formulated here in an 
analytical way. For brevity, we focus on the case where the initial condition is given by 
u(x, §(x)) = A(x). 

Recall that here the characteristics €(s), n(s) satisfy (14.5) and thus are straight lines; 
see Fig. 14.3. In particular, the characteristic passing through P = (x,y), marked in blue 
in Fig. 14.3, is given by 


&(s)=S+x, n(s)=bs+y. 


This line meets y = g(x) at a unique point Q provided n(s) = g(&(s)), namely bs + y = 
g(s+x) has a unique solution. If we set r = s + x, the equation bs + y = g(s + x) becomes 
b-(r-x)+y = g(r) or g(r) — br = y — bx. Let us assume that: 


(*) themapr + g(r) -br has aC’! inverse yp. 


Figure 14.3: The characteristics of uy + buy = 0. 


If (*) holds, then for all x, y the equation g(r) — br = y — bx has a unique solution r9(x, y) 
and the map (x,y) + ro(x,y) is C’. It follows that, in such a case, the equation n(s) = 
g(&(s)) also has a unique solution given by sy = So(x,y) = ro(x,y) — x, and the map 
(x,y)  So(x,y) is C!. This proves that (H2) holds. Since the converse is also true, we can 
conclude that (H2) is equivalent to (*). 

Next, let us show a second method to find the solution of the ivp u, + bu, = 0, 
u(x, g(x)) = A(x), by using Theorem 14.1 directly. Substituting y = g(x) in the general 
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solution u = $(y — bx) of u, + bu, = 0, and taking into account the initial condition 
u(x, g(x)) = h(x), we find @(g(x) — bx) = h(x). Since g(x) - bx = r if and only if x = W(r), 
we infer @(r) = h(W(r)), which means that ¢ = h  w. In this way we have singled out a 
unique @ such that u(x, y) = @(y — bx) = h(W(y — b)) is the solution of our ivp. 

Of course, we could also have used the general method, which in this case yields 


u(x,y) = h(E(So)) = Also + x), 


and the two solutions clearly coincide. 

When we deal with equations with constant coefficients, it can be convenient to 
use the general or the second method indicated before, depending on the data g and h. 
However, in the following examples, (a) and (b), we will carry out the calculations using 
both the methods, leaving it to the reader to choose the one that seems more convenient. 


Example 14.1. 

(a) Solve the ivp u, — Uy = 0, u(x, 0) = sinx. Here g(x) = 0 and A(x) = sinx. 
1. The characteristics through (x,y) are =s+x,n=-S+y. 
2. Solving n(s) = g(&(s)) = 0 yields -s + y = O namely sy = y. 
3. One has 


u(x, y) = h(E(Sg)) = h(Sq + x) = sin(y + X). 


Alternatively we can use the second method: from u = @(y + x) and using the 
initial condition u = sin x for y = 0, we find (x) = sin x. Thus u = sin(y + x) as 
before. 
(b) Solve the ivp u, + Uy = 0, u(x, 3x) = e*. Here b = 1, g(x) = 3x and h(x) = e*. 
1. The characteristics through (x,y) are =s+x,n=St+y. 
2. Solving n(s) = g(&s)) yields s + y = 3(s + x) and we find sp = $(y — 3x). 
3. One has 


u(x, y) = h(E(Sg)) = h(sp +x) = °° = e20-304X _ 30-9), 
If we use the second method then from u = @(y — x) and the initial condition, 


we infer @(3x — x) = e*, i.e, @(2x) = e*. Thus @(r) = e2’ and we find u(x, y) = 
5 | 
o(y — x) = e2°) as before. 


In the following examples we deal with the general ivp (14.6). 


Example 14.2. 
(a) Solve the ivp xu, - Uy = 0, u(x, 0) = A(x) = 2x. 
1. The characteristics are the solutions of the system é’ = &,n' = -1, namely 


& = cye* and n = —s + C). The characteristics such that €(0) = x, n(0) = y are 
found by setting £(0) = c,e° = x, n(0) = c, = y. Then we find c, = x, c, = y and 
hence 
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E(s;x,y) = xe°, n(s3x,y) =—-S+y. 
2. The value sy is found by solving n(s;x,y) = 0 for s, namely —-s + y = 0, yielding 
So =y. 
3. The solution is given by 


u(x, y) = h(E(Sq)) = 2&(Sg) = 2xe* = 2xe”. 


(b) Solve u, — yu, = 0, u(x, e*) = h(x) = so 


1. The characteristics are the solutions of the system &’ = 1, yn’ = —n, namely 
€ =s+c,andn = c,e°. The characteristics such that €(0) = x, n(0) = y are 
given by 


E(sisX,y) =S+X, m(six,y) =ye. 


2. To find sy we solve n(s) = h(E(s)) = e* for s, namely 


-s S+X X+2S 


ye e >y=e >x+2s=Iny, y>O, 


and thus sy = : [In y— x], (y > 0). Notice that (H2) holds. Let us also remark that 
for y < 0 the preceding equation y = e**”5 has no solution at all and hence the 
characteristics do not meet y. 

3. The solution u(x, y) is given by 


1 2 
u(x, y) = h(E(Sg)) = (So +x) = (x+ sliny-x1) F 


(c) Solve u, + yuy = 0, u(0,y) = h(y) = 2-y. 
1. The system (14.4) becomes é'(s) = 1, n’(s) = n(s), whose general solution is 
&(s) = $ + Gy, n(S) = c,e*. The characteristic through (x, y) is given by 


E(ssxX,y)=s4+x, n(s;x,y) = ye’. 
2. The value Sp is found by solving é(s) = 0, yielding Sy = —x and n(Sq) = yes = 


ye *. Notice that (H2) is satisfied. 
3. The solution is given by 


u(x, y) = A(np)) = 2-ye™. 


14.1.1.2 Transport equations with forcing term 
Given a continuous function f(x, y), we want to solve a class of non-homogeneous trans- 
port equations such as 


uy + bu, =f(xy), DeER. (14.10) 
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As for every linear differential equation, the general solution of (14.10) is the sum of 
the general solution of the corresponding homogeneous equation u, + buy = 0, anda 
particular solution u* of (14.10). 

Repeating the arguments discussed in the previous section we set 


i a eee a - 8), 
n=y+bx, y=4(n +), 


and 
1 1 
v(é,n) = u(x, y) = u( 50 - &), Ad + )); 


One has 


ov _duox dudy_ 1) 1 
on. oxon oyon 2b* 2 


1 1 
Uy = 5p (Ux + buy) = FE), 


because u solves (14.10). One particular solution of this equation is 


” 


vm) = 5 [SGmdn. 


0 


Integrating and going back to the variables x, y, we find u* (x, y). 


Example 14.3. Solve u, + Wy = 4xy. 


To use the preceding formula, we first notice that 


f (En) = 8x(E my(& m) = Un - O(n + & = An’ - 2). 


Then we find 
1( ( 1 
VEM=5 [re n) dn = Gi -&)dy = 30 -n&. 
0 0 


Going back to the variables x, y we find 
* = 1 3 2 
Ue OGY) = s+ — (K+ WY — XY". 


Thus the general solution is given by u = @(y — x) + u*, for some C! function ¢. 


In some cases, finding a particular solution is easier and can be done ina more direct 


way. For example, let us solve u, + uy = f(x). Looking for a solution independent of y, 


u* = u"(x), we find uy = f(x) whereby u*(x) = | f(< dx. Similarly, to find a particular 
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solution of u, + u, = f(y) we can search for a solution independent of x, u" = u"(y), 
yielding uy = f(y) whereby u*(y) = J f(y) dy. 


Example 14.4. Solve u, + UW, = 2x. One finds u"(x) = x, Then the general solution is 


given by u = $(y — x) + x”. 


14.2 Appendix: an introduction to inviscid Burgers’ equation 


So far we have studied linear transport equations using the method of the characteris- 
tics. This method can be extended to solve some non-linear equations as well. A general 
study of this topic is out of the scope of this book. We will only briefly discuss the inviscid 
Burger’s equation 


u, + bully =0, beR, D0, (14.11) 


which is important in fluid dynamics as an approximation of the classical Euler equation 
of an incompressible, inviscid fluid. 

We first consider the initial value problem of finding a function u = u(x, y) which 
solves Burger’s equation (14.11) and satisfies the initial condition 


u(0,y) = y. (14.12) 


In the case of the linear transport equation we have seen that the solutions of u, +bu, = 0 


are constant along the characteristics y — bx = c or y = n(x) “ bx +c. Notice that n(x) 
solves the trivial ordinary differential equation n’(x) = b. 

In Burger’s equation, where the coefficient b is replaced by bu, it is natural to guess 
that the characteristics are the solution n(x) satisfying 


n' (x) = bu(x, nO). 


Notice that this is a nonlinear ordinary differential equation, in contrast to the case of 
u, + buy = 0 when the characteristics solved a linear ODE. 

Recall that, for all given z, the above equation has a unique solution n(x) such that 
n(0) = z. This follows from the theory of ODE, because u, being a solution of (14.11), is of 
class C’. For the sake of simplicity, we assume that n(x) is defined for all x. 

To see that the solution n(x; z) of the Cauchy problem 
Uy 
FE eal: (14.13) 

n(0) = Z, 


is a characteristic, we have to check that 
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u(x, n(x)) = const. 


For this purpose, it suffices to evaluate 


d 
a u(x, n(x)) = Uy + Uyn' (x) = Uy + buuy = 0, 


which implies that u(x, n(x)) is constant, as we wanted. Next, we can use this feature to 
solve (14.13). Since u(x, n(x)) is constant w. rt. x, 


u(x, n(x)) = u(0, 7(0)) = u(0, z), 
namely, using (14.12), 
u(x, n(x)) = Z. (14.14) 


Hence, the equation n’(x) = bu(x, n(x)) becomes simply n'(x) = bz, whose general solu- 
tion is 


n(x) = bxzt+c, ceR. 


Taking into account the initial condition n(0) = z, it follows that c = z and hence the 
solution of the Cauchy problem (14.13), namely the characteristics of the Burger equation 
(14.11), are given by 


n(x) = bxz + Z. 


They are straight lines as in the linear case, but now their slope is variable. In particular 
they are not parallel, but have a common intersection point at (-, 0). We will see a 
consequence of this new feature. 

Coming back to the problem of solving (14.11)-(14.12), we substitute n(x) = bzx +z 
into (14.14), yielding 


u(x, bxz + Z) = Z. (14.15) 
Changing the variable y = bxz +z, one finds z = ,~,, x # -;, and hence 
ihe ae 
LOIS gaa re 


A direct computation shows that, actually, u(x, y) solves (14.11)-(14.12). 


Remark 14.1. Notice that the solution found above is not defined for x = —1/b. This is 
closely related to the fact pointed out before, that the characteristics of (14.11) meet at 
the point (-1/b, 0). 
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Example 14.5. The solution of u, — pUlly = 0, u(0, y) = y is given by 


bey fo 
so aaa ee 


xX #2. 


The case in which h(y) = a + By can be handled in a quite similar way, as shown in 
the following example. 


Example 14.6. (a) Solve u, + uuy = 0, u(0, y) = A(y) = 2 + 3y. 

Here (14.14) becomes u(x, n(x)) = u(0,z) = 2+3z and hence n’ = u = 2 + 3z. Inte- 
grating and taking into account that n(0) = z, we find n(x) = 2x + (3x + 1)z. Now (14.15) 
is substituted by u(2x + (3x + 1)Z) =2 + 3z. 


. = _ y-2x . . 
Setting y = 2x + (3x + 1)z we get z = 4-7, yielding 
y-2x 3y+2 1 
,y) =24+3- = ; 
URNA, ageeat 3 


Next, let us consider the more general initial condition 


u(0,y) = Aty), (14.16) 


where his a C' function of one variable. For brevity we will be sketchy. 

As in the preceding case, the characteristics are the solutions of n’(x) = bu(x, n(x)), 
n(0) = z. Repeating the previous calculations one finds that u(x, n(x)) is constant and 
hence 


u(x, n(x)) = u(0, 7(0)) = u(0,z) = A(z), 


which is the counterpart of (14.14). It follows that the equation of characteristics is 
n'(x) = bh(z), n(0) = z. Therefore 


n(x) -— n(0) = fa'co dx = [ prez) dx = bxh(z) =~ n(x) = bxh(z) +z. 
0 0 


Inserting this into u(x, n(x)) = A(z) we find 
u(x, bxh(z) +z) = h(z). 
Repeating the preceding procedure, we set 
y = bxh(z) +z 


and solve the nonlinear equation bxh(z) + z = y for z. For this, we can use the implicit 
function theorem (see Theorem 1.2 in Chapter 1) which, in this specific case, states the 
following. 
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Theorem. Given (X,y,Z) and the C' function H(x,z), suppose that H(x,Z) = y and that 
H,(%,Z) # 0. Then there exists a neighborhood U of (x,y) and a unique C' function z = 
z(x,y), defined on U, such that z(x,y) = Z and 


H(x,z(%y)) =y, VOGy) €U. (14.17) 
In the present case we have H(x, z) = z + bxh(z). Hence H,(x,z) = 1+ bxh'(z). So, if 
1+ bxh'(z) #0, 
then we can solve z + bxh(z) = y for z, yielding z = z(x,y) such that 
2(x,y) + bxh(z(x,y)) = y. 


Notice that, in particular, z(0,y) = y. Inserting z(x, y) into u(x, y) = u(x, z + xh(z)) = h(z) 
we find 


u(x, y) = h(z(x, y)). 


Let us check that this is a solution of (14.11)—(14.16). 
As for (14.11) we evaluate u, + buiy. One has u, = h'(z)z, and Uy = h’ (z)zy. The par- 
tial derivatives z,,z, can be evaluated using the identity (14.17). Actually, differentiating 


‘y 
(14.17) we find 
A, (x, Z) + H,(%,2Z)Z, =0, H,(x,Z)Zy =1 


whereby (notice that, by continuity, H,(x, z) = 14+ bxh'(z) # 0ina neighborhood of (x, Z)) 


_ _Hy0oz) ___bh@) 
2x09) = Fz) ~ T+ Bx)’ 
Zy(X,y) = : = ° 
“y y= Hx, Z) = 1+ bxh'(z) , 
Thus 
a bh(z) Wiz) 
U, + buy = —h'(z) 1+ bxh'(z) + bh) 1+ bxh'(z) ? 


Moreover, u(x,0) = h(z(0,y)) = h(y). Then u = h(z(x,y)) is the solution of the initial 
value problem (14.11)—(14.16). 

In conclusion, the key point in solving (14.11)—-(14.16) is to find z = z(x,y) such that 
zZ + bxh(z) = y. Once we have z, the solution is given by 


u(x, y) = h(z(x,y)). 
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Let us check that in the case of Example 14.6 we recover the result therein. We have 
to solve z + xh(z) = y for z, namely z + x(2 + 3z) = y. Then one finds 


_ _ y-2x 1 
2 ES agg hag 
and thus, as before, the solution is given by 
y-2x 3y+2 1 
: =h 5 =2+4+3 5 =24+3 = > . 
UD MAY PAYS 8s ra ae a3 


Notice that x # -} is nothing but the condition 1+ xh'(z) # 0 in this specific case. 


14.3 Exercises 


1. Solve 3u, + 2uy = 0. 
Let ube a solution of u, — Uy = 0. Knowing that u(0,1) = 2, find u(1, 0). 

3. Givenr,s ¢ R, show that there are infinitely many u such that u, + uy = 0 and 
u(0,r) =s. 

. Solve the ivp u, + 2uy = 0, u(0,y) = y. 

5. Solve the ivp u, — 3u, = 0, u(0,y) = 2y. 
Note to the reader: in exercises 6-10 we give two different solutions. 

6. Solve the ivp 2u, - 3uy = 0, u(x, 0) = xe, 

7. Solve the ivp u, + 2uy = 0, u(x, 0) = e*. 

8. Solve the ivp 2u, - Uy = 0, u(x, x) =x-1. 

9. Solve the ivp u, — uy = 0, u = e”, on the curve y = e* — x. 

10. Solve u, + Uy = 0 such that u = x ony =Inx+x,x > 0. 

11. Solve the ivp u, — uy = 0, u(0, y) = y’, 

12. Solve the ivp 3u, + 2uy = 0, u(y, y) = 3y. 

13. Show that u(x, y) =k, k € R, is the only solution of a(x, y)u, + b(x, y)Uy = 0 such that 
u = k on any curve y transversal to the characteristics. 

14. Solve the ivp 2yu, — uy = 0, u(x, 0) = 2x. 

15. Solve the ivp yu, + XUy = 0, u(x,x +1) =x. 

16. Solve the ivp xu, + 2uy = 0, u(x, 1) = -x. 

17. Solve the ivp 2u, + yuy = 0, u(0,y) = -y. 

18. Solve the ivp u, — yuy = 0, u(0,y) =y", 

19. Solve the ivp u, + (1 +y)Uy = 0, u(x, 0) = 2x. 

20. Solve u, — UW, = y. 


‘y 
21. Solve the ivp u, + Uy = X, u(x, 0) = 3x. 
22. Solve the ivp u, — 2Uy =y’, u(0, y) =y?, 
23. Solve the ivp u, + Uy = 2x + 2y, u(0,y) =y. 
1 


24. Find the solution of Burger’s equation u, — 3uu, = 0 such that u(0,y) = 1- ay 
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A second order partial differential equation is an equation in which the higher partial 
derivatives are of second order. We will deal with linear second order PDE in two di- 
mensions, whose general form is 


Quy, + Duyy + CUlyy + du, + ely +fu=h(x,y), (xy) € R 


with a, b, cnot all zero. As usual the independent variables x, y can be labeled differently, 
such as t,x or t,y. The features of this equation essentially depend on the coefficients 
a,b, c of the second order partial derivatives. It is convenient to distinguish among three 
cases: 

1. b*-4ac > 0, elliptic equations; 

2. b* — 4ac = 0, parabolic equations; 

3. b* — 4ac < 0, hyperbolic equations. 


We focus on very specific classes of elliptic, parabolic and hyperbolic equations: 

1. the Laplace equation u,, + Uy, = 0, which is the simplest elliptic linear second order 
equation; 

2. the heat equation u, — u,, = 0, which is the simplest parabolic linear second order 
equation; 

3. the vibrating string equations u,,—c’U,, = 0, which is the simplest hyperbolic linear 
second order equation. 


15.1 The Laplace equation 


The Laplace equation, 


Au =u,, +U 


yy = 0, (L) 


is the prototype of elliptic equations. Its solutions are called harmonic functions. This 
equation arises in very many situations. For example, a solution of (L) can be the sta- 
tionary solution of an evolutionary equation, or it can be the electrostatic potential in a 
region with no charges. As another example, consider a holomorphic function f(x + ty) 
in complex analysis. If f(x + iy) = u(x, y) + v(x, y) is holomorphic then u, v (are C® and) 
satisfy the Cauchy—Riemann equations, 
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It follows that u,, = Vy,, Uyy = —Vxy and hence Au = vy, —V,y. Using the Schwarz theorem 
about mixed partial derivatives we infer that v,, = v,, and hence Au = 0. Similarly, 
Av = 0. Thus the components of a holomorphic function are harmonic functions. 

Given an open bounded set 2 ¢ R’ with boundary dQ and a function f(x,y) on 
0Q, the Dirichlet problem on the set ® associated to (L) consists of searching a function 


u = u(x, y) such that 


| Au(x, y) = 0, V%y) € Q, (D) 


u(x,y) =f y) Wxy) € 0Q. 


In the sequel we will prove some existence and uniqueness results for the Dirichlet prob- 
lem. 

We could also seek solutions satisfying other boundary conditions, such as the Neu- 
mann boundary conditions in which we prescribe the normal derivative of u on the 
boundary 0. We will briefly address this problem later. 


15.1.1 Dirichlet problem on a ball and the method of separation of variables 


We are now going to solve the Dirichlet problem on a ball. To start with, let us consider 
the unit ball B = {(x,y) € R?: x7 + y* < 1} and look for u satisfying 


Au=0,onB u=f onoB. (15.1) 


It is convenient to introduce polar coordinates in R, x = rcos@, y = rsin@, that is, 
r= yx*+y’, @ = arctan(~). Given u(x,y) we set u(r, @) = u(rcos 6,rsin @). Below we 
assume that u is twice differentiable. 


Lemma 15.1. The Laplacian in polar coordinates is given by 


Au = Uy, + U 


1 1 
Ly = Upp + pur + 72 U6 (r > 0). 


Proof. For r > 0 one has 


Cy = = cos 8, ry= = sin, 
Bop age Bmae 
\x +y \x +y 
y sin 0 xX cos 6 
eee eT ates ES eon 
x+y r xX*+y r 
Then 
sin 6 é cos 8 
Uy = U,Ty + UgO, = U, Cos O - Ug——> Uy = Uply + Ug4, = u, sin 8 + Ug——. 
r 


Moreover, we have 
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sin 6 sin@\ sin@ 
Uy, = ( U, COS O - Ug cos 6 — | u,. cos 8 — Ug —— } —— 
r J, r Jo 
2 sin 0 cos 8 sin 0 cos 8 
= U,, COS” 0 + Ug 5 Up, 
r r 
‘5 sin@cos@ sin’O sin’O sin 6 cos 8 
ré r r r 60 r2 6 r2 
2 sin 0 cos 0 sin 0 cos 0 sin’ 6 sin? 6 
= Upp COS’ O + 2Ug 5 2Urg + Uy + Ugg —5 
r r r r 
as well as 
; sin 6 : : sin 0 cos 6 
Uyy = ( U, sin@+ ——Up} sin@+ | u,sin@ + ——u, |} —— 
r 7 r 9 T 
ae: sin 0 cos 0 sin 0 cos 8 cos” 6 cos” 6 
= U,, sin” @ — 2Ug —,— + 2Uyg + U, PU gp =a 
r r r r 


Summing up and simplifying, we find Au = Uy + Uyy = Upp + cup + 7; Ugg- 


From the lemma it follows that if Au = 0 on the ball B then u(r, 8) satisfies 


1 1 
Urr + Uy + Ugg = 0, O<r<l, 0<6<2n. 
r 


(15.2) 


We solve this equation by separation of variables by setting u(r,@) = R(r)S(0). Then 


(15.2) becomes 
R" (r)S(0) + *R'()S(0) + SRS") =0. 


Rearranging, we find r?R"S + rR'S = -RS", that is 


PR" (r)+rR(r)_— S""(6) 
R(r) 5(0) * 


The left hand side is independent of 6 whereas the right hand side is independent of R. 
Thus the two quantities are constant, say = A, and hence we find the two independent 


eigenvalue problems 


r’R" (r) + rR'(r) = AR(r), 
S"(0) + AS(8) = 0. 


(15.3) 
(15.4) 


We first solve (15.4) together the natural periodicity boundary condition S(0 + 27) = 
S(8). Repeating the arguments carried out in the case of Sturm-Lioville problems (see 
Chapter 13, Section 13.3) it is easy to check that the eigenvalues of this problem are A, = 
n’,n=0,1,2,..., with eigenfunctions S,,(0) = A, sinn@ + B, cos né. Notice that for n = 0 


we simply find Sy = Bp. 
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For A = A, = n’, equation (15.3) becomes rR" (r) + rR'(r) — n?R(r) = 0. This is an 
Euler equation (see Chapter 6, Section 6.4) whose solutions are 


Ror)=cot+co mr, RAM =cyr"+er", n=1,2,... (15.5) 
AS a consequence, each 
u, (7, 6) = (A, sinné + B, cosn@)R,(r), n=0,1,2,..., 


is harmonic in {(x,y) € R?: 0 < x? +’ < 1}. Until now we have put r > 0. If we want 
that u, is bounded at r = 0 we shall take cj = c}, = 0 in (15.5). So we find R,(r) = Cyr", 
n= 0,1,2,... If we replace A, by c,A, and B, by c,B,, we find 


Up = By, Un = (A, sinnO+B,cosnd)-r", n=1,2,... 


We set 


u(r, 0) = )' u,(r, 0) = By + ) (A, sinnd + B, cosnd) -r”, 
0 T 


Since A, sinné + B, cosné < C, and the geometric series ) Cr” is uniformly convergent 
for 0 < r < 1, it follows that so is ) u, on 0 < r < 1 (notice that u,(0, 6) = By for any 
n = 0,1,2,...) Similarly, one shows that series obtained by differentiating } u, term by 
term twice, with respect to r and 0, are uniformly convergent on 0 < r < 1. Since the u, 
are harmonic in B, we infer that so is u. 

Next, let a,b, denote the Fourier coefficients of f, namely 


Ay = - fro sinnddd, b, = - fro cosnd di (n=0,1,2,...) (15.6) 
an <n 
Choosing 
An = Qn, Bry =D; 
we find 


u(r, 0) = y u,(T, 0) = YG sinné +b, cosné)-r”. 
0 0 


For r = 1 this series is Do aa sinné + b, cosn@) which is just f(@). In particular, such a 
series converges and therefore, by Abel’s theorem on series, we infer that 


lim u(r, 6) = u(t, 6) = f(8). (15.7) 
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This shows that u(r, 8) satisfies the boundary condition. In conclusion, we have proved 
that u(r, 9) gives a solution of (15.1). Rescaling r a we find that uz, 0) satisfies 


Au = 0, on Bp = {x*+y’<R}, u=f ondBg, (15.8) 


which is just the Dirichlet problem for (L) on the ball of radius R. We anticipate that 
(15.8) has a unique solution; see Theorem 15.5 below. 


Theorem 15.1. Let f be any continuous 27-periodic function with Fourier coefficients 
a, b,. Then the solution of (15.8) is given, in polar coordinates, by 


n 


r — : r 
u( 5.6) = Y (ay sin nd +, cosa) (5) . 


Example 15.1. Solve 
Au=0inB,, wu =8sin20 on OB. 


Since f(0) = 8 sin 20, we infer that f, = 8 and f,, = 0 for alln ¢ N,n # 2. Thus w(r, 8) = 
8(5)* sin 20 = 2r? sin 26. Since r” sin 26 = 2r sin 6-r cos 0 = 2xy, we find u(x,y) = 4xy. 


15.1.1.1 The Poisson integral formula 
From Theorem 15.1, we can derive an integral representation of u(r, 6). 


Theorem 15.2. The solution u of the Dirichlet problem in the ball Bp, Au = 0 in BR u=f 
on OBa, is given, in polar coordinates, by the Poisson integral formula 


ye 


ii(r, 8) = ~ | Rar f(9)d9, O<re<R (15.9) 
Int J R2 = 2Rr cos(O — 3) +r? ee , ‘ 


—-T 


Proof (Sketch). From (15.6) it follows for n = 0,1,2,... 


a, (sinn6r”) = 


I 
= | f(9) sinnd dd - (sinné@-r"), 
—- 


b, - (cosnér”) = f (9) cos nd dd - (cosné -r”). 


eo 
2 


ios 


Since sin nOr” and cos n6r” are independent of 3 we infer 


f (9) sinnd sin nr” dd, 


a, (sinn6r”) = = 


ios 
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Tl 
b, - (cos nér”) = | f (8) cos nd cos nor” dd. 
IT 


2 
2m 
Summing up, 


Tl 
a, sinnor” +b, cos nor” = - | f(r" (sin nd sin nO + cos nd cos nd) dd 
| 5 


et n 
=a | for cos n(@ — 3) dé. 


=I. 


Therefore 


co 4 tt a 
u(r, 8) = » = | f(r" cos n(6 - 9) dd. 


Integrating term by term (recall that the series )' r" cos n(@— 9) is uniformly convergent 
for r < 1), we find 


Tv 
it(y, 8) = - | F2)- Yr" cosn(6 - 9) a9, O<r<t. 
0 
1 


It is possible to show that for 0 < r < Lone has 


1 
1-2rcos(@-3) +r" 


y r" cosn(@ — 3) = 
0 


From this we deduce 


TT 


1 i=?" 
,9) = odd, O< 1. 
uy!) 20 | ee ee ) ons 


1 


After the rescaling r + r/R we find 


1f Rp 
Oye | 9)d9, O<reR. 
GP) an J ROR eos@= Oar ) ae 


The function 


Rr’ 
2 _ 2Rr cos(9 — 3) + r2 


K(R,r, 0,9) = 
(RT, 8, 3) Fi 
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is called the Poisson kernel of the Dirichlet problem Au = 0 in Bp. With this notation (15.9) 
can be written for short 


u(r, 6) = - [xe r, 0, 9)f (9) 9. 


Remark 15.1. The denominator of the Poisson kernel has a suggestive geometrical 
meaning. Consider the triangle OAP, where O is the origin and, in polar coordinates, 
A = (R,9), P = (r, 9); see Fig. 15.1. 


A 


y 


Figure 15.1: Plot of the triangle OAP. 


Applying to OAP the law of cosines (also known as Carnot’s theorem), we find 


AP’ = OA -20A- OP cos(0- 9) + OP = R? - 2Rrcos(0— 9) +r”. 


: Rr 
In particular, K(R,r, 0,3) = == 


For r = 0 one has K(R, 0,0, 3) = x = 1. Then, using the Poisson integral formula 
with r = 0, we find 


20 


u(0,0) = + | F(9) ad. 


Since u(0, 8) equals, in cartesian coordinates, the value of wat the origin (0, 0), and f (3) = 
u(R, 3), we get 


TT 
HOY = ms | u(R, 9) ad. 
It 
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Let us show that the right hand side is the average of u on OBg, defined by setting 


| uds = = | Hise | uds. 
|OBpl 27R 
aBp Bp OBp 


Consider the line (or curvilinear) integral of u along the curve oBp, i= uds where ds 
'R 
is the elementary arc length of OBp, see Chapter 1, Section 1.2. Using the parametriza- 
tion x = Rcosd,y = Rsind, 9 € [0,27], one has ds = Rdd whereby be uds = 
'R 


R [” u(R,9) d9. Thus 


8 


1 1 
| uds = —— | uds = — | u(R, 3) dd. 
2mR 2m 
OBR OBR 1 
We can summarize the previous arguments by stating the following result, known 
as the mean value theorem for harmonic functions. 


Theorem 15.3. [fu = u(x,y) is a harmonic function on the ball Bp andu = f on the 
boundary OBp, then the value of u at the center (0, 0) of Bp is equal to the average of u on 
the boundary of the ball: 


u(0, 0) = ms [ Fe) do = f was. 
It Bp 


15.1.1.2 The Neumann problem on a ball 
We look for solutions of a Neumann problem on the unit ball B = {0 < r < 1}. In polar 
coordinates, this amounts to finding a harmonic function u(r, 8) on B such that u,(1, 6) = 
f (8), where f is a given periodic function. 

Let a,b, be the Fourier coefficients of f. We know that u(r, @) = )5°(A, sinné + 
B, cosnd)r" = By t+ Y7° (An sinnd+B, cos né)r” is harmonic in the ball B. Differentiating 
term by term with respect to r we find 


u,(r, 0) = Yi(nA, sinn@+nB, cosndyr"' (r<1). 
T 


If nA, = d,, NB, = b, (n = 1,2,...) andr = 1 the series on the right hand side becomes 
simply f(). Then, using Abel’s theorem, we find 


im u,(r, 8) = u,(1, 6) = f (8). 


Therefore u(r, 8) = By + 7°( su sin nd + Pn cos nor"! solves the Neumann problem, for 
any By € R. 
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The solution depends upon the arbitrary constant Bo, This is not surprising since, 
if u is a solution of the Neumann problem Au = 0 on Q, ou = f on dQ (2 denotes the 
normal derivative), then c + u is also a solution Vc € R, since A(c + u) = Au = 0 and 

C) _ ou 
sy (C + U) = 5 


Example 15.2. Solve Au = 0 forr < 1, u,(1, 6) = sin 26. 
Since all the Fourier coefficients of f are zero but a, = 1, we infer that u(r, 0) = 
Bo + ™ sin 26, By € R. 


15.1.2 The maximum principle 


From the mean value theorem we can deduce the (weak) maximum principle for har- 
monic functions. 


Theorem 15.4. If u is harmonic on a bounded open set Q c IR’, then 


minu = minu < maxu = maxu. 
3Q ro) aQ re) 


Proof. Notice that, since Q := Q U aQ is compact, i.e., closed and bounded, the previous 
maxima and minima are achieved. In addition, dQ c Q implies that maxj9 u < MaXo U. 
If by contradiction maxgg u < maxgu, then maxgu is achieved on Q \ dQ = ®. Let 
P = (x,y) € Q be such that u(x,y) = m = max{u(x,y) : (x,y) € Q}. Up to a change 
of coordinates, we can assume that P = O = (0,0). We can also suppose that u is not 
constant, otherwise we are done. Then, since (0,0) € @ and Q is open, 4R,e > 0 such 
that Bp c Q (see Fig. 15.2) and 


maxu<m-e. (15.10) 
OBp 


Figure 15.2: Plot of the ball Bp c ©. 
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Then, using the mean value Theorem 15.3, we infer 


u(0, 0) = | uds. 
Bp 


From maxgz, U < m—€ it follows that u(0,0) < m—e. Since u(0, 0) = mwe findm < m-e, 
a contradiction. This proves that u achieves its maximum on the boundary 0 and hence 
MaXq U = MaXyq U. The case of the minimum is handled in a similar way. 


15.1.3 Uniqueness of the Dirichlet problem 


Lemma 15.2. Ifu satisfies 


Au(x, y) = 0, ) Q, 
u(x, y) (Gy) € (15.11) 
u(x,y)=0, (x% y) € 0Q, 
then u = 0. 
Proof. Using the maximum principle we infer that 
min u<u(x,y) < max U. 
Since u = 0 on 0Q, we find that u(x, y) = 0 for all (x,y) € Q. 
Theorem 15.5. The Dirichlet problem 
pea =h(x,y), (x,y) € Q, ) 
u(x, y) = fy), (x,y) € 0Q, 


has at most one solution. 


Proof. If v, w are two solutions of (D), then u = v - w satisfies 


AuQyy) =0, (x%y) € Q, 
u(Xxyy)=0, (x,y) € 0Q. 


Then Lemma 15.2 implies that u = 0, namely v = w. 


Proving the existence of the solution of (D) on a general domain is out of the scope 
of this book. In the next appendix we give a suggestion for how to handle this problem 
when h = 0. 
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15.1.4 Appendix: Dirichlet’s integral 


The following proposition is an interesting property of harmonic functions. 


Proposition 15.1. Let u be any solution of Au(x, y) = 0 for (x, y) € Q, and suppose that Q 
is a bounded open set such that its boundary 0Q is a smooth curve. Then for any smooth 
function v such that v = u on 0Q, one has 


| IvuP-ax < | Iv? ax. 
Q Q 


Proof. Since dQ is a smooth curve we can use the Divergence theorem (see Chapter 1, 
Section 1.4) which states that 


for any C' vector field F. Taking F = (v — u)Vu one has F = 0 on aQ, since v = u therein. 
Then it follows that 


| div F = | aivtw —u)Vu] = 0. (15.12) 
Q Q 


On the other hand, setting w = v - u, we find 
div[wVu] = (W-Uy)y + (W-Uy)y = WyUy + WUyy + Wylly + WUyy 
= W(Uyy + Uy) + WU, + WyUy = WAU + Vw: Vu. 


y 


Then (15.12) yields 


| ovau +Vw-Vu) =0. (15.13) 
Q 


Since Au = 0 in Q, we infer 0 = [,Vw- Vu = [, Vv: Vu- [, \Vul?. Using Schwarz’s 
inequality we find 


2 i 


| Ivar? = | w-vus (fivv?) ; (f ivi)” 


Q Q Q Q 


from which the result follows at once. 


The integral J 6 |Vul" is called the Dirichlet integral. 
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Remark 15.2. It is worth noting that (15.13), namely 


| wau =~ | vw- vu, 
Q Q 


valid for any w such that w = 0 on 0Q, can be seen as the integration by parts for func- 
tions of two variables. 


According to Proposition 15.1 one can expect that the solution of Dirichlet’s problem 
Au=0in®, u=f onoQ 


might be found as the minimum of the Dirichlet integral among the class of all smooth 
functions v such that v = f on 0Q. Unfortunately, the minimum could not exist in such 
a Class. To overcome this difficulty one has to consider a larger class of “generalized” 
functions, but this involves topics of functional analysis. 


15.2 The heat equation 


The heat equation in its simplest form is 
Uy — Uxy = 0. 


A solution is a function u(x,t) such that u(x, t) is Cwrt X, c' w.rt. t and verifies 
u;,(X, t) — Uy,(x, t) = 0 for all (x, t). 

In applications, the heat equation models, in suitable units, the propagation of the 
temperature wu in a cylindrical bar with axis parallel to x, under the assumption that 
there are no external heat sources and that the lateral surface of the bar is insulated. In 
this model it is assumed that the thermal conductivity of the material, the mass density 
and the specific heat of the bar are constant and the temperature u depends only on the 
position x in the bar and on time t. 

More precisely, we want to solve the following problem: 


Uy — Uxy = 0, Vx € [0,7], Vt > 0, 
u(x, 0) = f(x), Vx € [0,7], (H) 
u(0,t) =u(z,t)=0, Vt>0. 


The differential equation is simply the heat equation for a bar of length z and is com- 

plemented with the conditions: 

1. wu(x,0) = f(x), Vx ¢€ [0,1], which prescribes the temperature on the bar at initial 
time t = 0, and 

2. wu(0,t) = u(L,t) = 0, Vt = 0, which is a so-called Dirichlet boundary condition that 
says that the edges of the bar are kept at zero temperature for all time t > 0. 
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As for the Laplace equation, we can solve the heat equation (H) by means of the sep- 
aration of variables. Since the arguments are quite similar, we will be brief. Setting 
u(x, t) = X(T (0), Uy — Ux, = 0 yields 


XxX") _ TO) 


X(x)T'(t) =X (xX)T (0), _ that is EG aay 


Then 


ROY EG 
X(x) T(t) — 


Using the Dirichlet boundary condition u(0,t) = u(z, t), we are led to the eigenvalue 
problem 


X"(x) +AX(x) =0, X(0) = X(m) = 0, 
which gives (see Chapter 13, Section 13.3) A = n, n=1,2,...,and 
X,(x) = A, sinnx, n=1,2,... 
Now we solve T’(t) + n’T(t) = 0 yielding 
LG=Be" >) nehin, 


Calling c, = A,B,, we are led to seek solutions in the form 
oF 2 
u(x, t) = > c,e ” ‘ sinnx. (15.14) 
i 


Let us suppose that f(x) is continuously differentiable and that f(0) = f(z) = 0. Un- 
der these conditions f can be expanded in a sine Fourier series (see, e. g., S. Suslov, An 
Introduction to Basic Fourier Series, Springer US, 2003) 


foe) 
f= }ia,sinnx, a, = 
1 


Alw 


| f(9) sinnd a9. (15.15) 
0 


The initial condition u(x, 0) = f(x) yields 


foe) foe) 
Yc, sinnx = >)’ a, sinnx 
i i 


whereby c,, = a, so that (15.14) becomes 


CO 
u(x,t) = Y a,e" sinnx. (15.16) 
1 
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Theorem 15.6. Suppose that f(x) is C' on [0, 2] (actually f being Holder continuous suf- 
fices) and such that f (0) = f(a) = 0. Then u(x,t) = YP? ane"! sin nx solves the heat 
equation (H). 


2 
Proof (Outline). Performing a term-by-term differentiation of the series YS°a,e " ‘sinnx 
with respect to t, we obtain the series 


oo 2 
Y(-’ fe” ‘sin nx. 
1 


Moreover, differentiating term by term the same series twice with respect to x we find 
the series 


[oe] 

Y(-nf,en sin nx. 

1 
So, formally, we find that u, = u,, in [0,7] x (0,+00) and that u(0,t) = u(z,t) = 0. 
The result is not just formal, for it is possible to show that all these series are uniformly 
convergent on [0,7] x [0, +o), for f is C’. Finally, since the series converge on t > 0, u 
is continuous in [0, 7] x [0, +00) and u(x, 0) = f(x). 


Remark 15.3. 

(i) From (15.16) it follows that lim,_,,,, u(x, t) = 0. From the physical point of view 
this means that the temperature decays to zero as t — +oo, as is in accordance 
with experience. 

(ii) It is possible to show that u is CK in [0, L] x (0, +00) for all k. In other words, the 
heat equation has a smoothing effect, in the sense that u(x, t) becomes immediately 
smooth as long as t > 0, even if u(x, 0) = f(x) is merely c or even Holder contin- 
uous. As a consequence, we infer that the “backward heat equation”, namely (H) 
with t < 0, has no solution if u(x, 0) = f is not C®. 

(iii) Recalling that a, = 2 ihe f(d) sin nd dé, see (15.15), we can write (15.16) as 


a 

> | Po) sind ade" sin nx. 
1 

0 


u(x, t) = 


A] 


Since the series is uniformly convergent, we can integrate term by term, yielding, 
after rearrangements, 


u(x, t) = 


EN 


| 49 Y'f(0)sin mx -sinnd- (15.17) 
1 
0 


which provides an integral representation of the solution. 
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(iv) Ifwelookfor solutions ofu,—cu,, = 0,in (0, L)x(0, +00), u(x, 0) = f(x) for x € [0,L] 
and u(0, t) = u(L, t) = 0 for t > 0, we find 


u(x,t) = 5 free sin(fA,x) 
1 


where f, = Z J fo sin(yA,x) dx and A, = (a) are the eigenvalues of X” + AX =0, 
X(0) = X(L) = 0. 


Example 15.3. Let us solve (H) with f(x) = sin 3x. 
Here a; = = ie sin” 3x = 1 whereas a, = = Io sin 3x - sinnx = 0 for alln # 3. Thus 
-9t 


sin 3x. 


u(x,t) =e 


15.2.1 Appendix: further properties of the heat equation 


15.2.1.1 Continuous dependence on data 

Equation (15.17) can be used to show that the solution of the heat equation depends con- 
tinuously on the initial data. Precisely, if u;, i = 1,2, denoting the solution of (H) with 
f =fj, then we find 


U4 (x, t) — U(x, t) = 2 3 |i — f,(9)] sinnd dd - sin nel ©, 
19 


If |f9) — f2(9)| < ¢ it follows that 


T 


\us(x, t) — ux(x, | < = > | If(9) — fo(9)|| sin n9| dd - sin nxte” 
1 9 


2 
<e- |sinnd| dd - sinnxe” 


, 


oy 


Since Is | sin nd| d& < 7, we find 


CO 
2 
\u, (x, t) — u(x, t)| < €-2 ¥. sinnxe” ' = Ke, 
r 


2. 
where K = 27° sinnxe"' < oo. 
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15.2.1.2 Neumann boundary conditions 

Instead of the Dirichlet boundary condition we can impose other conditions. For ex- 
ample, let us briefly discuss the case in which we seek solutions that satisfy (H) with 
u(0, t) = u(z, t) = 0 substituted by u,(0, t) = u,(7, t). This is called a Neumann boundary 
condition. 

The arguments are quite similar to the previous ones. We only indicate the changes: 
repeating the previous calculations, we find X" (x) +AX(x) = 0 and T’(t) +AT(t) = 0. The 
Neumann boundary condition yields X'(0) = X’(s) = 0. The eigenvalues of X"" + AX = 0 
are now A = 0,1,2,... and the corresponding eigenfunctions are X,,(x) = A, cos nx. Thus 


CO 


co 2: 2 
u(x, t) = )'c,e" ‘ cosnx = Cy +) Cpe” ‘ cosnx. 
0 


Finally, we take into account the initial condition u(x, 0) = f(x). Suppose that 


1 (oe) 
f= slo + dn cosnx, Db, = 


AlN 


qT 
| P00 cosnx ar, n=0,1,2,... 
0 


It follows that 


1 ~ -n’t 
UXO) = sfo + Y bye” ‘ cos nx. 
1 


Example 15.4. For example, if f(x) = 2 + cos 3x then by = 2 lis 2dx = 4and 


1 ifn=3, 


oa 
Db, = = | 2 + c0s3x) cos nx dx = 
ae 0 ifn 40,3, 


from which we infer that u(x, t) = 2 +e cos 3x. 


15.2.1.3 A uniqueness result 

Since the series coefficients c,, in (15.14) are uniquely determined by f, it is clear that (H) 
has a unique solution of the form u(x, t) = X(x)T(t). We want to extend the uniqueness 
result to any solution of (H). 


Theorem 15.7. Given f, problem (H) has a unique solution. 


Proof. Let u,v be two solutions of (H). Setting w = u-v we find that w solves the homo- 
geneous problem 


W; — Wy, = 0; Vx € [0,7], Vt > 0, 
w(x, 0) = 0, Vx € [0,7], (15.18) 
w(0, t) = w(z,t)=0, Vt>0. 


272. — 15 Aprimer on linear PDE in 2D. II: second order equations 


Let us define 
a 
W(t) = | w(x, t) dx. 
0 
Differentiating, and using the equation w, — w,, = 0, we infer 
Tl 8 
W'(t) =2 | w(x, t)w,(x, t) dx = 2 | W(X, t)W,,(X, t) dx. 
0 0 
Integrating by parts, it follows that 


| W(X, t)Wyx(X, t) dx = [W(x 1) W(X, 3) A = | w(x, t) dx 
0 0 


Tq 
= w(a, t)w,(z1, t) - w(0, t)w, (0, t) - | w2(x, t) dx. 
0 
Using the boundary condition w(0, t) = w(z, t) = 0 we deduce 
Tq qT 
| W(X, t)W,,(x, t) dx = - | w(x, t) dx, 
0 0 
and hence 
TT 
W'(t) = -2 | wy (x, t) dx < 0. 
0 


This implies that W(t) is non-increasing, whereby W(t) < W(0) fort > 0. Since w(x, 0) = 
0 we have W(0) = 0 and thus 


[won dx= Wi < WO) =0. 
0 


It follows that w(x, t) is identically zero, and this implies that u(x,t) = v(x,t) for all 
x € [0,7] and all t > 0, proving the theorem. 


15.3 The vibrating string equation 
The vibrating string equation, VS equation in short, in its simplest version is given by 


Unt — C’Uyy = 0, (VS) 
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where c # 0 is a given real constant. 

The name is related to the fact that (VS) models the vertical vibrations of an elastic 
string of length L in the absence of external forces. In this application u(x, t) denotes the 
vertical displacement of the string at time t and point x on the string. Moreover, c? = 3 
where p is the (constant) mass of the string and T its (constant) tension. 

Sometimes (VS) is called the D’Alembert equation, named after the French mathe- 
matician J. B. D’Alembert who first studied it. 

A solution of (VS) is a C? function u(x,t) such that u,(x,t) = Uy (x,t) for all 
(x,t) € R. 

Consider the change of variable 


1 
— — t, X= 5(E+ ) 
p a erat is. zee 
n=x+ct, t=2(n-&). 


Then one has 


1 1 
Ug = UyXe + Ute = 5 lx + act (15.19) 


and hence 


ied Ou; 4 OUg Ox | OUg oy _ 1 Og 1 Oug 
‘1 "On Ox OE ~=— Oy ON-—-2 OX ~—2C Oy 


(15.20) 


From (15.19) we infer 


Ouz 1 1 
Ox 2% * 7" 
Ouz 1 1 
BE: gy + gett 


Substituting into (15.20) we find 


u = 3(5" + ty) (Fu + Fle) 
IND ME Gee) DENI Bee: 
Since u is C? the mixed derivatives are equal, that is, Uy = Uyy. Hence, simplifying, 


1 1 
Uy = qixx = Ae 


Finally, recalling that u is a solution of (VS), that is u,, = c’U,, we deduce that u satisfies 
the hyperbolic equation 


Ug, (8 n) = 0. 
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From this it follows that ur(é, n) is independent of n, that is, uz(§, n) = U(é) for some 
function U. Integrating w.r.t. € we find that u = J U dé + q, with q depending on 7. In 
other words, one has 


u(é,n) = p(g) + q(n), 


for some functions p, q. Notice that p,q are C” functions. Conversely, it is clear that, for 
any C’ functions p,q, u(Z,n) = p(é) + q(n) verifies Ug, = 0. Recalling that ¢ = x — ct, 
n =x + ct we deduce the following theorem. 


Theorem 15.8. All of the solutions of (VS) are given by 
u(x, t) = p(x — ct) + q(x + ct) (15.21) 


for any pair of one variable C? functions p, q. 


We will say that (15.21) is the general solution of (VS). 


15.3.1 An initial value problem for the vibrating string: D’Alembert’s formula 


The initial value problem for a second order ordinary differential equation consists of 
prescribing the solution and its derivative at, say, t = 0. Similarly, the initial value prob- 
lem for the string equation consists of seeking a solution u of (VS) satisfying the initial 
conditions 


u(x, 0) = f(x), (VS1) 

u;(X, 0) = g(x). (VS2) 

From the physical point of view, this amounts to prescribing the shape of the string and 

its speed at the initial time t = 0. Throughout in the sequel we will assume that f is a C” 

function and g is C' defined on R. 

Taking y = 0 in (15.21) and using (VS1) we find f(x) = p(x) + q(x) and hence f(x) = 

p' (x) + q' (x). Moreover, (15.21) also implies u,(x, t) = —cp'(x — ct) + cq’ (x + ct) and hence 
(VS2) yields g(x) = —cp' (x) + cq' (x). Solving the system 


| p'(x)+q'(x) =f'(x), 
—cp' (x) +. cq'(x) = g(x), 


for p’,q' we find 
! = a Ny) — = 1 Ny) — 1 
PW =>. (of () - 8) = af) - 5-800), 


Pets lite ale 
q (x) = xe (x) + g(X)) = a (x) + 708%): 
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Integrating and letting G be an antiderivative of g, we find 


1 1 
POX) = sflw) ~ 5-6) 


1 1 
q(x) = of) + 56). 
Substituting into (15.21) it follows that 

u(x, t) = site +ct)+f(x-—ct)] + 7 lee + ct) — G(x - ct)]. 


Since G(x) = ik g(s) ds, we find 


X+ct x-ct xX+ct 
G(x + ct) — G(x - ct) = | g(s) ds - | g(s) ds = | g(s) ds. 
0 0 x-ct 


Notice that u possesses second derivatives u,,,U,, since f ¢ C? andg € Cl. 
Summarizing, we can state the following existence and uniqueness result. 


Theorem 15.9. If f(x) is C” and g(x) is C', then the vibrating string equation (VS) has one 
and only one solution satisfying the initial conditions (VS1) and (VS2), which is given by 
D‘Alembert’s formula, 


X+ct 
1 1 
5x +ct)+f(x-ct)] + i | g(s) ds. 


x-ct 


u(x, t) = 


Corollary 15.1. The solution of (VS) such that u(x, 0) = f(x) and u,(x, 0) = 0 is given by 
u(x,t) = $[f(x + ct) + f(x - ct)]. 


Example 15.5. (a) Solve the ivp u,, — U,, = 0, u(x, 0) = x’, u,(x, 0) = sin x. 
Using D’Alembert’s formula, we find 


x+t 
u(x, t) = slo t) +(x- t)”| + ; | sin s ds 


x-t 
1 
ear 4 5 Lcos(x — t)-cos(x + t)] 
1 deco : : 
=x4+t+ 5 [cos x cos t+sintsinx —cosxcost+sintsin x] 


=x74¢4sintsinx. 


(b) Solve the ivp uy, — 4u,, = 0, u(x, 0) = sin x, u,(x, 0) = 0. 
Using Corollary 15.1 we find 
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u(x, t) = slsincx + 2t) + sin(x - 2t)] 


dats ‘ ‘ : 
= 5 l(sinx - cos 2t + cos x - sin 2t) + (sin x - cos(—2t) — cos x - sin(-2t))] 


= sin x - cos 2t + cosx- sin2t = sin(x + 2t). 


15.3.2 Appendix: continuous dependence on the initial conditions 


Next, we show that the solution of (VS)-(VS1)-(VS2) depends continuously on the initial 
data. Let u;, i = 1,2 be the solutions of (VS)-(VSD)-(VS2) with f = fj, g = g;. 


Theorem 15.10. Suppose that 
iO) -fhodl<e [g0d-g200| <6 VxeER. (15.22) 
Then for all T > 0 there exists K > 0 such that 
\u,(x, t) — Up(x,0)| < Ke, (x,t) € Rx [0,7]. 


Proof. From D’Alembert’s formula we infer 


jest) — wala 0] < SY ~ et) ~ fx ~ | + 5 Pile + et) — fbr ~ ct) 
x+ct 


1 
+5 | Wels) -gx00)1as 


x-ct 


1 
<e+—-2ct-e<e+Te, 
2c 


proving the theorem. 


Let us consider a function g(x) whose support is [a, b], that is, p(x) = 0 if and only 
ifx ¢ (a,b). 

If u, resp. it, denotes the solution of (VS)-(VS1)-(VS2) with f = 9, resp.f =f +9, and 
g = 0, then the D’Alembert formula yields 


u(x, t) = site +ct)+f(x -ct)], 
iu(x, t) = site +ct)+ (x +ct)+f (x - ct) + (x - ct)]. 
Then 


u(x, t) — u(x, t) = slot + ct) + (x - ct)]. 
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For t > 0 we set 
S={0:a<x+cet<bl, S={%t):a<x-ct<bl, S=S,9S8). 
If (x, t) ¢ S, then p(x + ct) = 0; if (x, t) ¢ S, then g(x - ct) = 0. Thusif (x,t) ¢S =S,nS, 


then w(x, t) - u(x, t) = 0. This means that an initial condition disturbance with support 
[a, b] does not have any effect outside S; see Fig. 15.3. 


Figure 15.3: Characteristics through x = aand x = b. 


15.3.3 The method of the characteristics 


This is a method which, jointly with D’Alembert’s formula, allows us to find further fea- 
tures of u. 


Definition 15.1. The straight lines x + ct = k,, k, € R, are called the characteristics of 
Uy — CU, = 0. 
From D’Alembert’s formula it follows that 


X+ct 


| g(s) ds. 


x-ct 


ne site +f(k] 


+ — 
2c 

If g = 0 then u(x,t) = sUf(k .)+f(k_)], so that wis constant along the characteristics. 
Let g = O. Let there be given P,; = (X,,t,), Pz = (X», t,), the characteristics passing 


through P,P, are x + ct = x; + ct;, i= 1,2. Using D’Alembert’s formula we find 


U(X; t;) = site a ct;) + f (x; + ct;)] (1 = 1; 2). (15.23) 
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This shows that the value of u(x;, t;) depends only on the values of f at x; + ct; which are 
simply the intersections of the characteristics through P; with the x axis. They are the 
endpoints of the interval Ip, = I; = [x; — ct;, x; + ct,], i = 1,2, which is called the domain 
of dependence of P;; see Fig. 15.4. 


Ii x 


Figure 15.4: The characteristics through P, and P2 and the domains of dependence J, of P; and Iz of P2; the 
dotted lines are the characteristics through (a, 0) and (b, 0). 


Proposition 15.2. Suppose that f is a function with support [a, b], namely f(x) = 0 ifand 
only if {x < a}U{x > b}. IfIp, (a,b) = 0 then u(P;) = 0. Conversely, iff (x) does not change 
sign in (a, b) and u(P;) = 0 then Ip. (a,b) = 90. 


Proof: If Ip, 1 (a,b) = © then f(x; — ct;) = f(x; + ct;) = 0, for x; — ct; and x; + ct; are out 
of the support of f. Using (15.23) it follows that u(P;) = 0. Conversely, if u(P;) = 0 then 
(15.23) yields f(x; — ct;) + f(x; + ct;) = 0. Therefore, since f does not change sign in (a, b) 
and is identically zero outside, we have f(x; — ct;) = f(x; + ct;) = 0. This means that 
x; — ct; ¢ (a,b) and x; + ct; ¢ (a,b) and thus Ip, (a,b) = 0. 


Example 15.6. Let u(x, t) be such that uj, — Uy, = 0, u(x, 0) = f(x), u;(x, 0) = 0, where f 
is the function given by 


0 if |x| > 1, 
fW= (sa) 


e if |x| < 1, 


whose support is the interval [-1, 1]. Find u(0, 5s u(1, 1) and u(2, 5). 


The characteristics through A = (0, 5) arex+t = +4, which give rise to the domain of 


jones 2 
dependence I, = [- 7 5] which is contained in the support [-1, 1] of f. Then D’Alembert’s 
formula yields 
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1 1 1 1 
0, = ‘ 
u( sli(a) +7 >) 
Since f is even then (4) = f(-) and thus u(0, 4) = f(4) = &°3. 
We refer to Fig. 15.5. The characteristics through B = (1,1) are x +t = 1+1, which 


give rise to the domain of dependence I, = [0,2]. Since x = 0 is contained in the support 
[-1,1] of f, whereas x = 2 is not, we have 


u(L 1) = F1F0) +£@)] = FO = 5. 
=0 


The characteristics through C = (2, 5) arex+t=2+ 5, which give rise to the domain of 


dependence Ic¢ = -3, 3]. Since this is disjoint from the support [-1, 1] of f, u(2, 5) =0. 


Figure 15.5: The characteristics through A, B, C and the support of f (in red); the dotted lines are the char- 
acteristics through (+1, 0). 


Notice that in all the region between the lines x + t = —-1(t = 0), the left characteristic 
through (-1,0), and x -t = 1(t = 0), the right characteristic through (0,1) one has 
u(x, t) > 0, whereas in the complementary region u(x, t) = 0. 


Next, let f = 0 and suppose that g(x) does not change sign and has support [a, b]. 
Let I = [a, B] be the domain of dependence of P, Repeating the previous arguments we 
can see that D’Alembert’s formula yields 


B 
u(P) = | ss) ds. 


Since g = 0 outside (a, b), we infer that 
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B 
u(P) = | ss) ds = | g(s) ds. 
7 (a,B)N(a,b) 


Since g(x) does not change sign for x € (a,b) it follows that u(P) = 0 if and only if 
In [a, b] = @. Precisely, if (a, B) Nn (a, b) # 0 one has 


u(P) = | g(s) ds # 0. 
(a,B)N(a,b) 


In particular, if the support [a, b] of g is completely contained in the domain of depen- 
dence of [a, B] of P, then (a, 8) nN (a,b) = (a,b) and hence 


b 
u(P) = | s@ ds = const. 


a 
Notice that if g changes sign then u(P) could be zero, even if (a, B) n (a,b) # 0. 


Example 15.7. Find u(1, 1), where uy — Ux, = 0, u(x, 0) = 0, u,(x, 0) = g(x), and gis an 
even function with support [-1, 1], such that I 5 g(s)ds=k. 

As in Example 15.6, the domain of dependence of B = (1,1) is [0, 2]. One has (0,2) n 
(-1,1) = (0,1) and thus u(1,1) = { g(s) ds. Finally, since g is even, 


1 
u(1,1) = ; | so = sk 
-1 


15.3.4 A boundary value problem for the vibrating string: the method of separation 
of variables 


Let us seek solutions of the problem 


Ure — Uyy = 0; Vx € (0,77), Vt > 0, 
u(x, 0) = f(x), vx € [0,7], 

t (15.24) 
u(x, 0) = 0, Vx € [0,7], 


u(0,t) = u(7,t)=0, Vt>0. 


Here, to simplify notation, we have taken c = 1. 

The boundary condition u(0, t) = u(z, t) = 0 prescribes the solution at the boundary 
of the interval [0, 77]. From the physical point of view, a solution of (15.24) describes the 
displacement of an elastic string which is kept fixed at its endpoints x = 0 and x = 7, for 
all time t > 0. 
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To solve (15.24) we will use the method of separation of variables which consists of 
seeking solutions of (15.24) in the form 


u(x, t) = X(x)T(t). 
Since the variable are separated, one finds 
Uy = X(X)T"(t), Uy =X" (T(t). 


Substituting in the equation u, = u,, we find X(x)T'(t) = X”"(x)T(t). If X,T # 0 we 
infer 


X"(x) 7 T"(t) 
X(x) T(t) 


Since the left hand side is a function of x only, while the right hand side is a function of 
y only, it follows that they are constant. Calling this constant —A, we find 


X"(x) _ T(t) _ 
X(x)s T(t) 


A, X,Y. 


Thus u,, = U,, is transformed into the following two second order linear ordinary dif- 
ferential equations 


X" (x) +AX(x) = 0, (15.25) 
T(t) +AT(t) = 0. (15.26) 


We now use the boundary condition u(0, t) = u(L, t) to yield 
X(0) = X(m) = 0. 
The problem 
X"(x) +AX(x), X(0) = X(2) = 0, (15.27) 

is an eigenvalue problem. We are interested in nontrivial solutions of (15.27), because 
X(X) = 0 yields u(x, t) = 0 for all x which does not satisfy the initial value conditions, 
unless y = 0. 

Recall that (15.27) has nontrivial solutions if and only if A = n’, n=1,2,..., given by 
the eigenfunctions 


X,(X) =r, sinnx, n=1,2,..., 


where r,, € R; see, e. g., Chapter 13, Section 13.3. 
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IfA =n’, (15.26) becomes 
T(t) +n-T(t) = 0, 
whose general solution is 
T,(t) = A, sinnt+B,cosnt, n=1,2,..., 


for constants A,, B, € R. 
Thus we find that the function 


u, (x, t) = X,(X)T,,(t) = r, sin nx - [A, sinnt+B,cosnt], neéeN, 


is a solution of U,, — Uy, = 0 such that u(0, t) = u(z, t) = 0 for all t = 0. The u, are called 
the normal modes of the string equation. 
As a consequence, also any finite sum of normal modes 


N 
y r, sin nx - [A, sinnt + B, cos nt] 
1 


gives rise to a solution of the string equation. In general, this superposition of a finite 
number of normal modes is not sufficient to find a solution satisfying the initial condi- 
tion u(x, 0) = f(x). For this reason, it might be convenient to consider the infinite series 


foe) 
Ym sin nx - [A, sinnt + B, cos nt}. 
1 


If this series converges uniformly in [0, L] x [0, +co) and the series obtained by differen- 
tiating twice term by term w.r.t. x and y also converge uniformly therein, then it follows 
that 


(oe) 
u(x, t) = Y r, sin nx - [A, sinnt +B, cos nt] (15.28) 
1 


is a solution of Uy — Ux, = 0. 

Assuming this is the case, we can now find r,, A,B, by using the initial conditions 
u(x, 0) = f(x), Uy (x, 0) =0. 

First of all, since 


CO 
Uy(x, t) = x: Tr, sin nx - (nA, cos nt + nB, sin nt] 
1 


one has 
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CO CO 
u;(X, 0) = Y r, Sin nx - NA, = Y nr,Ap sin Nx. 
1 1 


Then u,(x, 0) = 0 implies that r,A, = 0 for alln € NN. Hence, substituting into (15.28), we 
find 


foe) 
u(x,t) = )'r,B, sin nx - cos nt. 
1 


We now use the other initial condition, u(x, 0) = f(x). 
Let us suppose that 


aly 


foo =Sa,sinnx, ay = | f(9) sinnd a9. 
f 0 


Since 
CO 
u(x, 0) = y r,By Sin nx, 
1 
the condition u(x, 0) = f(x) implies r,B, = dy. 
In conclusion, formally, the solution of (15.24) with f(x) = )7° a, sin nx, is given by 
CO 


u(x, t) = Y a, sinnx-cosnt, where a, = 
1 


AN 


| F(9) sinnd dd. 
0 


To make this result not only formal, we should differentiate the preceding series term 
by term twice w.r.t. x and t and check that these series are uniformly convergent. In 
general, this requires suitable assumptions on f. 

The situation becomes much simpler if the Fourier coefficients a, of f are dif- 
ferent from zero only for a finite number of terms. Actually in such a case u(x, t) 
YP a, sin nx - cos nt is a finite sum. 


Example 15.8. Let us solve (15.24) when f is a trigonometric polynomial as f(x) 
3sin x + sin 2x. In this case a, = 3, a, = 1 while a, = 0 for alln > 3. Then one has 


2 
u(x, t) = > a, sin nx cos ny = 3 sin x cos t + sin 2x cos 2t. 
1 


Remark 15.4. To solve 


Uy — CU, = 0, Vx € (0,L), Vt > 0, 
u(x, 0) = f(x), vx € [0,1], 
u;(X, 0) = 0, vx € [0,L], 


u(0,t)=u(L,t)=0, Vt>=0, 
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we need to slightly modify the previous calculations as follows. 
The components X(x) and T(t) satisfy 


(i) X"+axX=0, X(0)=X(L)=0, (ii) ~T" +ACT =0. 


The eigenvalues of (i) are A, = (%)” with eigenfunctions X,, =r, sin VA,x. The solutions 
of (ii) corresponding to A = A, are T,, = A, sin(/A,,ct) + B, cos(/A,,ct). 
The rest of the argument is the same. It follows that the solution is given by 


u(x, t) = Sa, sin( \anx) . cos(AnCt), An = (=), 
T 


where a, = 2 [-' f(9) sin(Wa,0) ad. 


15.4 Exercises 


15.4.1 Exercises on the Laplace equation 


1. Find the solution of the Dirichlet problem Au = 0 in Q, u = h on 0Q, where h is 
harmonic. 

2. Let ube such that Au = OinB = {(x,y) « R?: x’ +y” < t}andu = x* + 2y’ on OB. 
Show that 1 < u(x,y) < 2 for all (x,y) € B. 

3. Let ube such that Au = 0 inQ = {(x,y) € R?: 2x2 +? < d} and u = 5x? + 2y” on dQ. 
Show that 3 < u(x, y) < 2 for all (x,y) € Q. 

. Find the radial harmonic functions in R? \ {(0, 0)}. 

5, Find the radial functions in R? \ {(0, 0)} such that Au = x? +”. 

Knowing that the Fourier series of 
-m-@ forde [-1,-57], 


f(®) = 40 for 6 « [-37, 57], (f1) 


mz-@ for 6 € [57,7], 

is f(0) = = (sin 0 ne + sae ---), solve Au = 0 for r < 1, u(1, 6) = f(0). 

7. Knowing that the Fourier series of f(@) = 1-| 2 (-7 < 0<m)isf(@) = ; + 4 (cos 6+ 
cost + cos" +--+), solve Au = 0 forr <1, u(1, 4) = f(6). 

8. Letube harmonic inr < 1and such that u(1, 6) = f(@). Iff is odd, show that u(r, 0) = 
u(r, 7) = 0. 

9. Showthat Au = 0forr < 1,u(1, 6) = (8), u,(1, 6) = 0, has no solution unless f(0) = k, 
k constant, in which case the solution is u = k. 

10. Find u(r) solving Au =0forl<r<R,u=aforr=1,u=bforr=R. 


11. 


12. 


1. 


14. 


b. 


16. 


17. 
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Using separation of variables, find the solutions of Au = 0 in the rectangle Q 
{(x,y) € R:0<x<n0< y < 1} such that u(x,1) = 0 for x é€ [0,7], u(0,y) 
u(1y) = 0, for y € [0,1] and u(x, 0) = sinx for0< x <7. 

Using separation of variables, find the solutions of Au = 0 in the square Q = {(x, y) € 
R?:0<x<a7, 0<y <a}, such that u,(0,y) = u,(7,y) = 0 for all y and u(x, 0) = 
u(x, 7) = 1+ cos 2x. 

Using separation of variables, solve Au = 0 for x € R, y = 0, such that u(x, 0) = 0, 
Uy(X; 0) =f, 0) := sinnx,n € N. 

Let u, be harmonic in r < 1 and such that u(1, @) = a(5 — 8 sin 6). Using the Poisson 
integral formula, find a such that Ug(5, >) =1. 

Let u be harmonic in the ball Bp, such that u(x, y) = (x +y)" on OB. Find u(0, 0). 
Let u be a harmonic function on IR”. Show that for any Py = (Xp, Yo) € IR’ ande > 0 
one has that u(P)) = Gan, f where B, is the ball centered in Pp with radius e and f is 
the restriction of u on the circle oB,. 

Show that if there exists a nontrivial solution of Au = Au in Q and u = 0 on 0Q, then 
A<0. 


15.4.2 Exercises on the heat equation 


1. 


Solve the heat equation (H) with f(x) = sin x. 
Solve the heat equation (H) with 


f 0, $77], 
fo) = { or x € [0, 57] 


m-x forxe [57,7]. 
Solve the heat equation (H) with f(x) = max{0, sin 2x}. 
Solve u; — 2U,, = 0, in (0,1) x (0, +00), u(x, 0) = 4sin(37x) for x € [0,1] and u(0, t) = 
u(1,t) = 0 for t > 0. 


Let u be a solution of the heat equation (H). If f, = 0 for all n odd, show that 
ou(0,t) _ ou(st,t) 


ox ox * 
Letting c(t) > 0, solve the following by separation of variables 


U; — C(t)Uy, = 0, Vx € [0,7], Vt = 0, 
u(x, 0) = bsinx, Vx € [0,7], 
u(0,t) =u(7,t)=0, Vt>0. 


Solve by separation of variables 
Uz — Uyy + 3u = 0, Vx € [0,7], Vt > 0, 


u(x, 0) = bsin 2x, Vx € [0,7], 
u(0,t) =u(7,t)=0, Vt>0. 
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10. 


11. 


12. 


Solve the following Neumann problem for the heat equation 


Uz — Uy = 0, Vx € [0,7], Vt > 0, 
u(x, 0) = a, cosx + a, cos2x, Wx « [0,7], 
u,(0, t) = u,(7, t), Vt >0. 
Knowing that 
ing 3 
(x) SEEM = 29 cos 3(2k - 1)x, 
sin 71x : 
solve 
Uz — Ux, = 0, Vx € [0,7], Vt > 0, 
u(x, 0) = f (Xx) := Sm SA Vx € [0,7], 
u,(0, t) = u,(7, t), Vt >0. 
Solve 
Ut — Uyy = 0, Vx € [0,7], Vt = 0, 


u(x,0) =|cosx|, Vx € [0,7], 
u,(0,t) =u,(7,t), Wt > 0. 


Solve by separation of variables: 


U; — Ux, = O,~ Vx € [0,7], Vt > 0, 
u(x, 0) = bsin x Vx € [0,7], 
u(0,t) =u,(7,t)=0, VWt>0. 


Let u(x, t) be a solution of u,-u,, = h(x, t)in A = [0,7] x [0, T] for some T > 0. Show 
that if h(x, t) < 0in the interior of A, then u achieves its maximum on the boundary 
of A. 


15.4.3 Exercises on D’Alambert’s equation 


PR WNP 


Solve Uj; — Uy, = 0, u(x, 0) = sinx, u,(x, 0) = 1. 

Solve Uj — Uy, = 0, U(X, 0) = x, U;(x, 0) = 2x. 

Solve Uy — 4U,, = 0, u(x, 0) = 0, u,(x, 0) = x(a - x). 

Show that the solution of u,, — Cie = 0, u(x, 0) = f(x), u,(x, 0) = 0 is even int. 
Show that the solution of uy, — Uy, = 0, u(x, 0) = 0, u,(x, 0) = g(x) is odd in ¢. 

Let u be the solution of u, — uy, = 0 in [0, LZ] x [0, +00), u(x, 0) = f(x), u;(x, 0) = 0. 
Knowing that f(;L) = f(2L) = 2, find u(4L, $L). 


10. 


Solve by separation of variables: 


Ur — Ux = 9, 
u(x, 0) = 0, 
u,(x, 0) = bsin 3x, 


u(0, t) = u(z, t) = 0, 
Solve by separation of variables: 


Uy — Uy = 0, 

u(x, 0) = sin x, 
u,(x, 0) = sin x, 
u(0, t) = u(z, t) = 0, 


Solve by separation of variables: 
Upp — Ux = 0, 
u(x, 0) = sin 2x, 


u,(x, 0) = sin 3x, 
u(0, t) = u(z, t) = 0, 


Solve by separation of variables: 


Uy — Uyy = 0, 
u(x, 0) = 3+ 4cos 2x, 
u, (Xx, 0) = 0, 


u,(0,t) = u,(7, t), 


15.4 Exercises 


Vx € (0,7), Vt > 0, 
Vx € [0,7], 

Vx € [0,7], 

Vt >0. 


Vx € (0,7), Vt > 0, 
Vx € [0,7], 

Vx € [0,7], 

Vt >0. 


Vx € (0,7), Vt > 0, 
Vx € [0,7], 

Vx € [0,7], 

Vt >0, 


Vx € (0,7), Vt > 0, 
Vx € [0,7], 

Yx € [0,7], 

Vt>0. 
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16 The Euler-Lagrange equations in the Calculus 
of Variations: an introduction 


This chapter is intended to serve as an elementary introduction to the Calculus of Vari- 
ations, one of the most classical topics in mathematical analysis. 

For a more complete discussion we refer, e. g., to R. Courant, Calculus of Variations: 
With Supplementary Notes and Exercises, Courant Inst. of Math. Sci, N. Y.U., 1962, or 
B. Dacorogna, Introduction to the Calculus of Variations, 2nd Edition, World Scientific, 
2008. 


Notation: in this chapter we let x denote the independent variable and y = y(x) the 
dependent variable. 


16.1 Functionals 


Given two points in the plane A = (a, a), B = (b, B), the length of a smooth curve y = y(x) 
such that y(a) = a, y(b) = B is given by 


b 


ely] = | \1+y/200 dx. 


a 


The map y +> €[y] is an example of a functional. 

In general, given a class of functions Y, a functional is a map defined on Y with 
values in the set of real numbers R. 

We will be mainly concerned with functionals of the form 


b 


Ty] = | Loayoo.y'Co)dx, ye, wD 
where the class Y is given by 
Y = {y € C*([a,]) : y(a) = a y(b) = BI (Y) 


and the Lagrangian L = L(x,y, p) is a function of three variables (x, y, p) € [a,b] x Rx 
R, such that L(x, y(x), y’(x)) is integrable on [a, b], Vy € Y. In the preceding arclength 


example, L is given by L(p) = \! +p. 

To keep the presentation as simple as possible, here and in the sequel we will not 
deal with the least possible regularity. For example, though J[y] would make sense for 
y € C\([a, b]), we take C” functions to avoid technicalities in what follows. 

The analysis of functionals as (I) is carried out in the Calculus of Variations. This is a 
branch of mathematical analysis dealing with geometrical or physical problems whose 
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solutions are functions that minimize, or maximize, quantities like (I). We will mainly 
deal with absolute (or global) minima of I[y] on Y, namely y € Y such that 


IV] <I], ve. 


If < is replaced by < we say that y is a strong minimum. In a similar way we can 
define local minima as well as local and global maxima of I[y]. 

Roughly, in the calculus of variations we look for functions y € Y at which (D 
achieves a minimum, or maximum, whereas in calculus we search minima or maxima 
of functions f : R" + R. 


16.2 The Euler-Lagrange equation 


Theorem 16.1. Suppose that L € C*([{a,b] x R x R) and lety < Y be such that 
I[y] = min{I[y] : y € Yt. (16.1) 


Then the function y(x) solves the differential equation 


aa 


ry oO ’ 
ae ap Levy )= ay LOY ); (EL) 


and the boundary conditions y(a) = a, y(b) = B. 


The equation (EL) is named the Euler-Lagrange equation of the functional I[y] on 
the class Y. Sometime it is written, for short, as 6J = 0, where éI = ZL, - Ly. 


Remark 16.1. Since y is the minimum of I[y] on Y, the fact that I[y] might be +co on 
some y € Y does not play any role (of course, provided I[y] is finite for some y € Y). 


Postponing the proof of Theorem 16.1, we now discuss a couple of simple examples. 


Example 16.1. 
(a) IfL = \1 + p? we have the arclength functional I[y] = é[y] = ie \1 +y! (x) dx. In 
this case L, = react and hence (EL) becomes 


0. 


d 
dx yi+y!2 
With straight calculation we find 


Wal Geyht yee 
y Jy y yity”? a sy : (1 ey?) eit agt 


1+y!2 (ley!) 1+y" 


S00) 
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(b 


YS 


Thus y(x) = c,X + Cy. Taking into account the boundary conditions y(a) = a, y(b) = B 
we find y(x) = a+ fra -(x-a) which is simply the segment connecting the points (a, a) 
and (b, 6). Notice that this segment is just the (absolute) minimum of the arclength 
functional. 

If L = ™p? - v(y), then ly] = ™ [ y'2(x) dx - [” Voy) dx and (EL) becomes the 
nonlinear second order equation 


£ my’ (x) + V'(y) = 0, 

namely the Newton equation of motion, my” + V'(y) = 0. 

Thus a possible minimum or maximum of I [y] on the class Y will solve the boundary 
value problem 


my” +V'(y)=0, y(a) = a,y(b) = B. 


This remark suggests a way to prove the existence of solutions of a bvp as the pre- 
vious one: it suffices to show that the corresponding functional [y] has a minimum 
(or a maximum) in Y. 


To prove Theorem 16.1 the following lemma is in order. 


Lemma 16.1 (Du Bois-Reymond lemma). Let w € C([a,b]) be such that 


b 
| veo -2(x)dx =0, Vz € C([a,b]) : (a) = z(b) = 0. (16.2) 


a 


Then w(x) = 0. 


Proof. By contradiction, let xg € [a, b] be such that W(x) # 0: to be specific, leta < xp <b 
and (X,) > 0 (the other cases require small changes). By continuity, there is 5 > 0 such 
that the interval T = (xp — 6, Xq + 5) is contained in (a, b) and ~(x) > 0 on T. 


Consider a function Z € C({a,b]) such that Z(x) > 0 for x € T and zero otherwise; 


see Fig. 16.1. 


Clearly z(a) = z(b) = 0 and hence we can use (16.2) with z = Z, yielding 


b 


| W(xX)Z(x) dx = 0. 


a 


Recalling that Z = 0 outside the interval (xp — 6, Xp + 6), we deduce 


b Xot+d 
[ pooac dx = | vooze dx =o. 


Xy-6 
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a xo-8 Xo xo+8 b x 


Figure 16.1: Plot of a Z(x). 


Since both yw and Z are positive on (X, — 6, Xp + 5), we find a contradiction, proving the 
lemma. 


Proof of Theorem 16.1. We set Yo = {z € C([a, b]) : z(a) = z(b) = O}. Noticing that 
yt+ezeY,Vz € Yo, we consider 


b 
gle) TIy + ez] = Ec F(x) + €2(x), 9 (x) + ez! (x)) dx. 


a 


The function ¢ : R+ Ris continuously differentiable and one has (0) = I[y]. Since y 
is a minimum of I[y] on the class Y then 


o(e) =I[y+ez] =I[y] = (0), VeeR. 


Thus ¢ = 0 is a minimum of ¢ and hence ¢'(0) = 0. Let us evaluate @’ (e): 


b 


b 
¢'(€) = : | EG5+ ez,y' + ez') dx = | 


Fe L(x,y + €z,y! + €z') dx 


a 
de 


a 
b 
= [yey + €Z,¥) +€2')2+L,(x,¥ + €z,9 + €z')z’] dx. 
a 


Taking into account that z(a) = z(b) = 0, an integration by parts yields 


b b 
| Bplay +z,y' +ez')z' dx =- | a L,(x,y + €2,y' + €2' )z dx. 
a 


a 


292 —— 16 The Euler-Lagrange equations in the Calculus of Variations: an introduction 


Then we find 

b be 

¢'(€) = Eco) +ez,y’ +€z')zdx - | aa L,(x,y + €z,y' + €2')z dx 
a a 
; d 
= [ [tes +€2z,y' +€2')= ax LP Y + €z,y' + ez')| -zax 

a 

whereby 
; d 
¢' (0) = [ [e559 = FL XFT)) -zax=0, Vz Yp. 


a 


(16.3) 


Using Lemma 16.1 with W(x) = Ly(x, 00,’ 00)- £ Lyx yO, ¥ (x), we infer that po) = 


0, namely Ly(x, VO, ¥'(X)) - £ Ly VOO,Y' (x) = 0, Vx € [ab]. 
Corollary 16.1. If L is independent of x, namely L = L(y, p), then (EL) becomes 


y'L,(y,y')-LOy') =k, keR. 


Proof. Let us evaluate 


© py" lp(w,y/00) -L(900.9'0)] 


MW / / d / / / / " 
=y Ly’) +y Ley (x)) -Ly yy’ -Ly.y' dy 


U d , 1y\,,/ L d U Ul 
=J Lp Oy (x)) -Lyyy' ly =y'- Lp Oy (x) — Ly(y.y") |. 


From (EL) we infer that o [Liy,y’) - y'Ly y’)] = 0 and hence (EL’) follows. 


(EL') 


Example 16.2. If L(y, p) = ap — V(y), we know that (EL) is the Newton equation my” + 


V'(y) = 0. On the other hand Lp = mp and hence (EL’) becomes 


my!? — Sy"? + Vy) = k = oy? + V0) =k. 


Since “y'* is the kinetic energy and V(y) the potential energy, the relationship “y'? + 


V(y) = k is simply the principle of conservation of the total energy. 


Remark 16.2. Theorem 16.1 deals with minima of I[y], but the proof makes it clear that 
(EL) is satisfied by any y such that 47 [y + ez] = O where z € Yj. These functions are 
called stationary points of the functional J and include local maxima and minima as 


well as saddles. 
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Remark 16.3. Given I[y] = fa ~y!*)* dx and Y = {y € C*([-1,1]) : y(-1) = y() = 0}, 
let us show that infy I[y] = 0 but I[y] does not attain the minimum on Y. 

To prove this claim, we consider the sequence of functions y, € Y suchthaty,(x) > 0 
and 


Thus I[y,,] — 0 and infy I[y] = 0. By contradiction, let J[y] have a minimum y « Y. Then 
y satisfies the Euler-Lagrange equation, which yields y’ = 1 whereby y = x + c. Clearly, 
none of these functions can satisfy both the boundary conditions y(+1) = 0. 

On the other hand, if we consider the class Y, of continuous, piecewise differentiable 
functions on [—1, 1] with y(—1) = y(1) = 0, then all the functions y ¢€ Y, such that |y’| = 1 
on the intervals where y is differentiable satisfy I[y] = 0 and hence are minima of I[y] 
on Y;. Two such functions are plotted in Fig. 16.2. 


Figure 16.2: Two functions in the class Y;. 


This example highlights that the solution of minimum depends on the class Y. Even 
more: the functional I[y] could have no minimum on a class Y, whereas it could attain 
the minimum on a larger class Yj. 
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An important problem is to show that miny I [y] is achieved. 

We have to be aware that this existence problem is not merely a mathematical cu- 
riosity but is relevant, since there are functionals which are bounded from below on 
Y but miny I[y] is not attained (an example has been discussed in Remark 16.3). The 
question is far from trivial and cannot be addressed here. It is a branch of the Calcu- 
lus of Variations named Direct Methods and, among other things, has stimulated a lot of 
research that led to the birth of topics such as functional analysis. 

In general, after having transformed the problem under consideration into the 
search of the minimum of a suitable functional I[y] on a class Y, the arguments are 
completed by means of two further steps: assuming that miny I[y] exists, 

1. one solves the related Euler-Lagrange equation finding a solution y(t); 
2. one checks that y(t) is really the minimum we are looking for. 


In what follows we will limit ourselves to discussing the first step only. 
In the next two sections we discuss some classical problems that marked the birth 
of the calculus of variations. Some further problems are proposed as exercises. 


16.3 Least time principles 


In this section we deal with two celebrated least time principles: the fastest descent prob- 
lem (brachistochrone) and Fermat’s principle in optics. 


16.3.1 The brachistochrone 


The brachistochrone is one of the first problems studied in the Calculus of Variations. 
After some observations by Galilei, the problem was proposed by the Swiss mathemati- 
cian Johann Bernoulli in 1696 as a challenge that was solved some time later by Bernoulli 
himself (see the historical remark at the end on the next section). 

Given two points A, B on a vertical plane, we look for the curve of fastest descent 
on which a point subjected to the gravity only, namely with no friction, falls down from 
A to Bin the shortest time. Roughly, we are searching the shape of a runner on whicha 
body falls from A to Bis the least time. A simplistic (foolish?) intuition would say that the 
segment AB, which is the line of shortest distance, is also the curve of the least time. As 
we will see, this is wrong: the least time curve is an arc of cycloid, called brachistochrone 
(from Greek: brakhistos khronos = shortest time). 

Letting A = (0,0) and B = (b, 8), B > 0, we consider a c7((0, b]) function y = y(x) 
such that y(0) = 0, y(b) = B (notice that yeC([a, b]) would suffice; see the remark in 
section 16.1). 

We start evaluating the time taken by the body to descend from A to B along y. For 
this it is convenient to introduce curvilinear abscissa s € [0, 2], where s is the length of 
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the arc AP and is the length of the curve y = y(x), x € [0, b], see Chapter 1, Section 1.3.On 
a point P on the curve with curvilinear abscissa s the only force acting is the projection 
of the gravitational force mg on the tangent to the curve at P, namely mg sin 0, where 
0 is the angle between this tangent and the vertical axis, as reported in Fig. 16.3 (notice 
that the y axis is directed downwards). 


Figure 16.3: The arc AB of equation y = y(x), x € [0, b]. 


Then Newton’s law yields 


2. 


mo > =m sin 8 
ee 


Since from calculus it is known that sin 6 = a it follows that 


d’s dy __dy at 
= z ; 16.4 
dz eas * at ds wo 


Now, we notice that 


Ae ee 
dt\dt/ “dt dt?’ 


which, together with (16.4) implies 


2 
d(ds\_, dy 
“() ape 


Integrating this equation with respect to t we find 
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ds . 
(+) =2gy+c, ceR. 


Assuming that the body is at rest when in A, namely & = Oats = 0, we findc = 0, 
whereby 


. def ds 
= — = gy. 
s dt EY 


Since the time to reach B is given by T = ie dt, the change of variable t + s yields 


Turning back to the cartesian coordinates, we find ds = ./1+ y’2 dx and thus 


» Co 
T= | an dx. (16.5) 


In conclusion the brachistochrone is the curve that minimizes the functional 


B ; \i+ 
Ily] = [roy )ax, L.p) = 


0 


on the class Y of functions y € c([0, b]) such that y(0) = 0, y(b) = B. 
The corresponding Euler-Lagrange equation is L — y’ Ly =k. Since Ly = Jun : Te 
+p 


we find the equation 


(ee ye gs aay ay -% 
78) \agy(l +y!?) \2ey(l + y’2) 
whereby 
1 2 12 1 
=k* => y(1 =. 
2gy(1 + y!?) eS ae agk? 

Setting K = ie we deduce 

y(t+y!*) =K. (16.6) 


It is convenient to find solutions in a parametric form. With some calculations, which we 
omit, one finds that (16.6) yields the following equations, as a function of the parameter T: 
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| X(T) = p(T - sinT), 


y(T) = p(1- cost), (16.7) 


which is a cycloid with initial point (0, 0). 

We take a short detour to recall that a cycloid is a curve traced by a point on a circle 
of radius p that moves in a clockwise direction, without slithering, along y = 0; see 
Fig. 16.4. 

Zooming in Fig. 16.4, we plot in Fig. 16.5 a point P = (x,y) on the cycloid and consider 
the generating circle passing through P. If C is its center, let 7 denote the angle PCH, as 
shown in Fig. 16.5. With this notation C has coordinates (p7, p) and a straight trigono- 


Figure 16.4: The cycloid. 


Figure 16.5: Parametric coordinates of the cycloid. 
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metric calculation yields x = x(t) = pt-—psint and y = y(T) = p—pcost, which are the 
parametric equations of the cycloid. 

Let us come back to the brachistochrone problem. We have shown that the brachis- 
tochrone with initial point A = (0,0) is an arc of the cycloid of equation (16.7). Now we 
have to select the cycloid passing through B. For this we solve x(t") = b, y(t") = B, which 
yields 


p(t - sin) = b, 
p(i- cost) = B. 


Notice that the function tT +> Tt - sinT is increasing. Drawing the graphs of T + 
B(t—sinT) and Tt + b(1-cos 7) it is easy to check that there is a unique tT* > 0 such that 


B(t* -sint”) = b(1- cost"). 


Once we have found z* > 0 we infer that p* = b/(t* - sin t*) (notice that t* —sint* > 0 
since T + T — sinT is increasing). Then we infer that the arc of cycloid 


te [0,7°], 


X(T) = p*(tT-sin7T), 
y(t) = p*(1— cos 7), 
has endpoints A, B and hence gives rise to the (unique) brachistochrone from A to B. 


Remark 16.4. It is possible to show that the brachistochrone is truly the absolute mini- 
mum of I[y] on Y. 


Example 16.3. Let us compare the time T taken by the body to fall from A = O = (0,0) 
to B(z, 2) along the brachistochrone with the time T, taken traveling on the segment OB. 
We refer to Fig.16.6. By inspection, one shows that solving 2(t* — sint*) = 2(1- cos 7") 


Figure 16.6: The brachistochrone vs. the segment OB. 
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yields t* = 2 and hence p* = m/(t* — sint”) = 1. Thus the brachistochrone from O to B 
is given by 


| X(T) =T-SinT, eat 


y(t) = 1- cost, 


Using (16.5) one finds T = \e- es 


The segment OB is as an inclined plane with height h = 2, length V4 + 7? and incli- 
nation angle a such that sina = —2—. From elementary mechanics we know that the ve- 


Vater ; 
. “45 oe . . . = . 2, ‘S : 
locity of the body sliding down on this inclined plane is given by v(t) = g sinat = Tad t. 


We also know by the conservation of the energy that the final velocity is v = 2gh = 2g. 
Then a -Ty = 2VZ, which yields Ty = “#. Thus T < Tp, according to the fact noted 


A472 ve 
before: T is the least descent time. 


16.3.2 Fermat’s principle in geometrical optics 


Fermat’s principle states that going from one point to another in a medium, the light 
propagates along the path that takes the shortest time. As for the brachistochrone, one 
has to be aware that the path minimizes the time, not the length. 
To start with let us consider the following elementary cases: 
(a) both A and B lie in a medium with constant refraction index n; 
(b) the points A, B stay in two different media separated by a plane, each medium hav- 
ing constant refraction index. 


Recall that the refractive index n is defined as n = 5 where c and v denote the velocity 
of light in the vacuum and in the medium, respectively. 


Case (q). It is trivial: the velocity in the medium, v = - is constant as n is and hence 
minimizing the 


: space 
time = ; 
velocity 


is equivalent to minimizing the length. Therefore the ray travels on the segment AB. 


Case (b). The light ray starting from A in the first medium, enters into the second medium 
via a point C (to be determined) and reaches the point B; see Fig. 16.8. 

From (a) we know that in each medium the light ray is a segment. Then the path 
would be the polygonal path ACB on which the light takes the shortest time. If v,, v, 
denote the velocity of light in the two media, we find 


space _ AC , CB 


time = - 
velocity vy vy 
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Letting C = (x,0) one has AC = \(x —a)?+a? and CB = \|(b-x)* + B2 and hence it 


follows that we have to minimize in [a, b] the function 


She V(x - a)? + @2 . \o- e+ Be 


Vy V2 


T 


Setting n,; = ai we find T(x) = Lin Vix -ar+aet+n, ye —x)* + B?]. The graph of the 
function T(x) is plotted in Fig. 16.7. 


Figure 16.7: Graph of y = T(x). 


By a direct calculation we see that T(x) attains the unique absolute minimum at 
some x* € (a,b) such that T'(x*) = 0, which yields 


x*-a b-x* 
ny n 


(x* - a)? +a? * io — x2 +B - 


If 6,,0, denote the angles that the incident light ray and the refracted light ray make 
with the normal at C to the interface between the two media, see Fig. 16.8, we find 


0. 


x*-a b-x* 


sin 6; Sa sin 05 i eT) 
oe -a) +a \b =x) + 
and thus 


n, sin 6, = ny sin Oo, 


which is known as Snell’s law. 
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Figure 16.8: Snell’s law of refraction. 


We now deal with the general case in which light travels in a medium with refractive 
index n(y). For simplicity, we assume that n depends smoothly on y only. 

Given two points A = (a, a) and B = (b, B) in the plane (x, y), an argument similar to 
that presented for the brachistochrone shows that the time taken by the light to travel 
along a pathy € Y is given by 


b 
Ily] = fro) 1+y!2dx. (16.8) 


a 


Therefore we have to minimize I[y] on Y. The Lagrangian of the functional (16.8) is given 
by L(y, p) = n(y)1/1 + p* and then the corresponding Euler-Lagrange equation (EL’) be- 
comes 


L(y,y') ~y'Ly(y.y’) = nly) V1 +y!2-y' - nO)y 


yl+y!? 
1+y'?-y’2 _ ny) 


Let us define (x) by setting 9(x) = arctany'(x), namely y'(x) = tan d(x). With this 
notation we find 


= ny) k, 


1 1 


= =cosv, cosd>0, 
\1 +yl2 \l + tan? 3(x) 


which yields 


n(y)-cosd =k, (16.9) 
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or, setting 6 = an -v, 
n(y)-sin@=k. 


Remark 16.5. As for the brachistochrone, it is possible to show that the solution we 
found before is the absolute minimum of I[y] on Y. 


Historical remark. Johann Bernoulli solved the brachistochrone problem using Snell’s 
law, by means of an elegant optical analogy. The body falling from A = O = (0,0) to B = 
(b, B) subjected to the gravitational force only, is compared to a light ray that travels from 
Ato Bona medium with refractive index n(y) = 1/+/y. Dividing the plane in infinitesimal 
strips with thickness e, one approximates 1/./y with a piecewise constant function, in 
such a way that we can assume that in the ith strip the refractive index is constant = n,. 


Passing through two consecutive strips, Snell’s law yields 


n, sin 6; 
N41 SIN Dis1 


Notice that nj;,, < n; implies 6;,, > 0;. In this way we find a polygonal path from A to 
B as shown in Fig. 16.9. Taking the limit as e — 0, Bernoulli proved that the polygonal 
path converges to the brachistochrone. See also Exercise 8. 


Figure 16.9: Bernoulli’s argument to find the brachistochrone using Snell’s law. 


16.4 Stationary solutions vs. minima 


Another question we have to take into account is that (EL) might have more than one 
solution. In such a case, how can we select the minimal solution if there is any? 

The question has been broadly addressed in the past giving rise to several necessary 
and/or sufficient conditions for the existence of minima of I[y] ona class Y. 

In this section we simply state the following necessary condition, due to Legendre. 
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Theorem 16.2 (Legendre’s necessary condition for a minimum). Let L € C?([a, b] x RXR). 
Ify is aminimum of the functional I[y] on Y, then 


Lyp(% VX), ¥'()) = 0, Wx € [a,b]. 


Example 16.4. 
(a) Inthe ee functional (16.8) the lagrangian is L = n(y) \! + p’. In this case Lop = 
n(y)- ——~— and hence L,,(V,y') > 0 provided n(y) > 0. 
(4p) ear 
Faye 
(b) In the brachistochrone problem the lagrangian is L = ce y > 0. Here 
= d : : > 0. 


(1+ p2) yi + p? v2gy 


Therefore in both cases the Legendre necessary condition for minimum is satisfied. 


Sufficient conditions are more involved and would allow one to show, for exam- 
ple, that the solutions of the brachistochrone and Fermat’s problems are really minima, 
indeed absolute minima, as we already pointed out. 

One sufficient condition, simple to state, but maybe difficult to use, is the following: 

ify € Y isa solution of SI[y] = 0 and if L(x, y, p) is a strictly convex function, then y 

is the minimum of I[y] on Y, and the only one 


Example 16.5. Letting Y = {y € C’([a,b]) : y(a) = y(b) = 0} andJ[y] = Mi [5y'? + gy] dx 
a solution of 6I[y] = Oisy = 0.Since L(y, p) = 5 sp + pi is convex, ie a is the minimum of 
I{y] on Y and the only one. Hence the peundary value problem y"—y’ = 0, y(a) = y(b) = 

has only the trivial solution y = 0. Notice that the fact that y = 0 isa minimum of I[y] on 
Y can be checked directly, since J[0] = 0 < I[y], Vy € Y,y #0. 


16.5 On the isoperimetric problem 


Another celebrated problem in the calculus of variations is the isoperimetric problem 
which, in the planar case, amounts to finding among the closed curves of given length y, 
the one that encloses the greatest area. 

The problem is equivalent to seeking an arc with endpoints on the x axis and 
prescribed length such that the area spanned by the arc is maximal. From the vari- 
ational viewpoint, we look for y « Y = {C?({a,b]) : y(a) = y(b) = 0} such that 
J] = [. \! +y!? dx = $y, which maximizes the area functional I[y] = [. y(x) dx. 

Some geometrical properties of the solution can be found by elementary arguments. 
For example Fig. 16.10 shows how we can replace an arc with two bumps by an arc with 
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Figure 16.10: Showing that a solution of the isoperimetric problem cannot have more than one bump. 


a single bump having the same length and greater area. Thus a solution cannot have 
more than one bump. 

The isoperimetric problem is slightly different from the previous ones since here 
the test functions y € Y have to satisfy the constraint J[y] = [ 1+y!*dx = sy: This 
is similar to the problem of finding the maxima of a function f(x;,...,x,) under the 
constraint g(x,,...,X,) = c. From calculus we know that if x = (x,,...,X,) is one of these 
maxima points then there exists A € R (the Lagrange multiplier) such that 


Vf (x) =AVE(X), SOX) =. 


Dealing with functionals, the counterpart of the Lagrange multiplier rule is given by the 
following. 


Theorem 16.3. Given I[y] = { Ldx and J[y] = | L, dx with L,L, € C’, let ¥ be such that 
I[y] = max{I[y] : y € Y and J[y] = y}. Then there exists A € IR such that y satisfies the 
equation SI[y] = A- 6] [y], namely 


(16.10) 


d aL aL fez 2) 
dxdp oy  |dx op oy] 


Let us apply the previous theorem to the isoperimetric problem. Since we have 


Ty] = iy dx and J[y] = [. 1+’? dx, equation (16.10) becomes 


y 
i eed 0. 


Oey 


Integrating we find 
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U U 


Pity (eee ae a Cee =C-X. 


\i+y" \i+y” 


Adding —x to both sides and then squaring, we obtain 


12 2 

2 y 2 12 (c — x) ; c-X 
=(c-xX) => = .———_—— _ => SS; 

1+y”? oP \# -(c-x)? 


Integrating, we obtain 


y=-a-(c-xP +c 3 (yc) +(x-0) =X, 


which is the equation of a circle centered at (c, c’) and radius A. The values of c,c’ and A 
are found by using the boundary conditions y(a) = y(b) = 0 and the constraint J [y] = sy. 

As for the brachistochrone and for the Fermat principles, one checks that Legendre’s 
necessary condition for a minimum is satisfied. Moreover, it is possible to see that the 
half circle really encloses the greatest area among all the smooth curves from (a, 0) to 
(b, 0), with given length. 


Example 16.6. If a = -1,b = 1 andy = 7, the boundary conditions y(a) = y(b) = b 
become y(+1) = 0 and yield the system 


| e410? =72; 
e274 (1-c) =a’, 
U 


whereby c = c’ = 0. Hence y* + x? = A’. As for A, we use the constraint J[y] = 
fe \1 +y!* dx = 7, with y = VA? - x? to infer 


2 
i 1 

x? 2 dx < 1 

welt a) SY |e ak mG) 


whereby A = 1. Thus we find the half circle x? + y” = 1. 


The general isoperimetric problem was completely solved only in the middle of the 
last century by the Italian mathematician Ennio De Giorgi. 


1 A myth relates the isoperimetric problem to queen Dido: after her arrival on the Tunisian coast, the 
queen received a piece of land, from the local king, which could have been enclosed by a bull’s skin. Dido 
cut the skin in very thin strips and enclosed the greatest area with a half circle. In that location Carthage 
was founded. 
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16.6 The Sturm-Liouville eigenvalue problem revisited 


In section 13.3 of Chapter 13 we studied the Sturm-—Liouville eigenvalue problem which, 
using the notation introduced in this chapter, can be written as 


(rooy’)' + Apooy = 0, _y(a) = y(b) = 0. (EP) 


Here we want to revisit this problem from the point of view of the Calculus of Variations. 
In the sequel we assume that r, p € c7([a, b]), and r, p > 0 on (a, b). Moreover, keep- 
ing the notations of Chapter 13, we let A, denote the least eigenvalue of (EP). 
Given the functionals 


b b 
I[y] = | roay"*00 dx, Jiyl= | pcoy’eo dx, 


defined ony € Y = {ye C?([a, b]) : y(a) = y(b) = 0}, consider the variational problem 


minI[u], where S = {ue Y: J(u] = 1}, 


ucS 


which is simply the problem of finding miny J [y] constrained by the condition J [y] = 1. 
It is possible to show that the previous minimum is attained at some u € S. Then, 
according to Theorem 16.3, u satisfies (16.10), namely 


2 (pag) =A(-p-t) = (r-t’)' +Ap-7=0, 

dx 
for some Lagrange multiplier A. Multiplying the preceding equation by u and integrating 
by parts it is easy to check that A = I[u]. This shows the following. 
Lemma 16.2. A = I[U] is an eigenvalue of (EP), a corresponding eigenfunction being U. 


Furthermore, the following Lemma holds. 


Lemma 16.3. If A is any eigenvalue of (EP) and (x) is a corresponding eigenfunction 
such that i. po dx = 1, then A = I[]. In particular, taking A = J, one has A = Ii]. 


Proof. The eigenfunction @ satisfies the boundary value problem 
(r@)g')’ +A-pOdG =0, O(a) = G(b) = 0. 


Multiplying the equation by ¢ and integrating on [a, b] we get 


b b 


[(rcoe)'o aca | pond? d=. 


a a 
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Taking into account that (a) = ¢(b) = 0, an integration by parts yields 


b b 
| (r009)'¢ ax =~ | roog!? ax, 
whereby 
b b b b 
‘ | r(x\h!2 dx +A | nie dx =0, ie, A | pix)? dx = | rood!” ax. 


Since [. p(x)@* dx = 1 we finally infer 


b 


ve | roog” ax High: 


a 


Remark 16.6. The condition (ts po dx = 1 is not restrictive. Actually, if i po dx = 
k + 1, it suffices to take @ = $/vVk (notice that k > 0 for p > 0 and @ # 0) which is 
also an eigenfunction. 


Theorem 16.4. A = A,, the least eigenvalue of (EP). 


Proof. We know that A is an eigenvalue of (EP); see Lemma 16.2. Let A be any eigenvalue 
of (EP) and denote by ¢ a corresponding eigenfunction such that (i po” dx = 1. We will 
prove the lemma by showing that A < A. Actually, by Lemma 16.3 one has A = I[@] as 
well as A = I[u]. Then, recalling that I[u] = min, <5 I[u], we find A = I[U] < I[@] = A. 


Next we introduce the the Rayleigh quotient defined for y € Y, y # 0, by 


[. reoy!00 ax _ Ip] 


Riy) = 
f peoy*eo ax JU 


It is immediate to check that R(y) is homogeneous of degree 0, in the sense that 
R(ay)=R(y), VaeR, a#0, VyeY,y#0. (16.11) 


Theorem 16.5. min,<s J[u] = min,-y R(y) and hence A, = miny.y R(y). 


Proof: Iftu € Sis such that I[u] = min, 5 I[u] then 
I{u) <I{uj], Vue Y such that J[u] =1. 


For any y € Y, y # 0, the positive number a = 1//J[u] is such that 
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b b 
Jlay] = | poo (ay)? dx = a | poay’ dx = Jl] =1. 


a 


a 


Thus ay € S and hence 


I[u] < I[ay]. (16.12) 
Recalling that J [ay] = 1 we get 
I[ay] 
I R Ry), 16.13 
[ay] Flay] (ay) = R(y) (16.13) 


where, in the last equality, we have used (16.11). 
From (16.12) and (16.13) we infer I[u] < R(y). Since this holds for anyy ¢ Y, it follows 
that 


I[u] = minJ[u] < min R(y). 
uceS yeY 
Conversely, ify € Y is such that R(y) = miny R(y) then R(y) < min,<;J[u]. The argu- 
ment is quite similar to the previous one and is omitted. 
Finally, A, = minycy R(y) follows immediately from Theorem 16.4. 


As an application, we prove an elegant inequality involving the first eigenvalue A. 


Theorem 16.6 (Poincaré inequality). If A, is the first eigenvalue of (EP) then one has 


b b 
A,-| poaytar< | rony’tdx, we. 
a a 


Proof: The previous theorem yields A, = miny-y R(y), namely 


ie r(x)y"? dx 
Se ere 
J, pooy? dx 


From this the Poincaré inequality immediately follows. 


The next example shows a possible application of the Poincaré inequality. 


Example 16.7. Let A, denote the first eigenvalue of y” + Ap(x)y = 0, y(a) = y(b) = 0. 
Prove that the nonlinear boundary value problem 


y" +Apiy-y? = 0, y(a) = y(b) = 0, (16.14) 


has only the trivial solution, provided that A < A. 
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Solution. Let y be a nontrivial solution of (16.14). Multiplying the equation by y and 
integrating we find 


b b b 
Joy!" ax+a | pooy?ax - [yta> 0, 
a a a 


for y(x) # 0. 
Now an integration by parts yields 


b b b b 
- [y?ax+a[ pooy?ax > 0 => [ya <a | poay? dx 


a a a a 


Since A < A, we infer [ yl de Sy 4 p(x)y” dx, which is in contradiction with the 
Poincaré inequality. 


16.7 Exercises 


1. Find the Euler-Lagrange equation of I[y] = (i L dx, where L(y, p) = F(y)G(p) with 
E.G eC (R). 

2. Let I[y] = fo l4y’? ~ 7y*] dx and Y = {y € C*((0,7]) : y(0) = y() = 0}. Show that 
infy I[y] = —oo. 

3. Find the Euler-Lagrange equation of I[y] = fo ay'?- 4y?] dx on Y = {y € C7({0,z]) : 
y(0) = y(7t) = 0} and solve it. 

4. Given /[y] = fo Gy? - Ay? + ty") dy € Y = {y € C*([0,71]) : y(0) = y(t) = 0}, show: 
(a) I[y] is bounded below on Y, namely 4C € Rsuch that I[y] =>C, Vy €Y, 
(b) infy I[y] < 0 provided A > 1, 
(c) knowing that this infimum is achieved at y, what is the boundary value problem 

solved by y? 


5. Let Y = {ye c?([0,2]) : W(O) = 0, y(2) = 2} and I[y] = i \ 7 dx. Solve 6I = OonY. 

6. Show that the time T taken by a body to descend from A = (0,0) to B = (1,1) along 
the Brachistochrone is less than or equal to 2/./g, where g is the gravitational ac- 
celeration. 

7. Compare the time taken by a point to travel from A = (0,0) to B = (27,0) on the 
Brachistochrone and on the line y = 0. 

8. Consider a medium with refractive index n(y) = 1/./2gy and check if the light rays 
are Brachistochrone curves. 

9. Finding the shape of a heavy chain with length y, suspended at the points (-1, 1), 


(1,1), leads to finding a curve y = y(x) that minimizes I[y] = [i yy +y'* dx on 
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10. 


Y = {y € C((a,b]) : (1) = yt) = 1, [’, l+y/2dx = y}. Find the solution when 
y>2. 

As first noted by Newton, the problem of finding the shape of the solid of revolution 
with least resistance when it moves in a fluid with constant velocity parallel to the 


axis of revolution leads to looking for the minimum of I[y] = is y- = dx on Y = 
{y € C*({a, b]) : y(a) = y(b) = 0}. Find the Euler-Lagrange equation of I[y]. 


Solutions 


Solutions to Chapter 2 


2. 


10. 


12. 


14. 


16. 


Solve x’ + (In2)x = 2. 
Solution. An integrating factor is u(t) = e“"?”. Thus we find (xe"™*)’ = 2e2)", 
Integrating both sides we get 


2 
yet [eee ate o= =e" ge 
In2 


and hence 


—(n2yt | 4 


t) = 3 
x(t) = ce in2 


Solve x’ — 4t = 2x, x(0) =2. 

Solution. Rearranging x’ — 4t = 2x, we have x’ — 2x = 4t. Then (ex)! = 4te 
(ex) = 2te** —e** +c, x(t) = 2t-1+ ce”, x(0) = 2 implies 2 = -1+¢,c = 3;s0 
x(t) = -2t -1+ 3e”, 

Solve x’'-t=x+1,x(0) =1 

Solution. Rewriting the equation as x’ — x = t+1, we have (ex)! = te‘ +e‘; hence 
(e'x) = -te'-e'-e'+kandx = -t-2+ke' from which we get the desired 
solution x = -t — 2 + 3e". 

Solve x’ + x = sint + cost. 

Solution. (ex)’ = e' sint + e' cost, x(t) = sint + ce“. 

Solve tx” +x’ =t +2. 

Solution. Letting z = x' and solving for z, we have z = st +24 a Integrating both 
sides we obtain x = xt +2t+clInt+k. 

Show that if k < 0 then there is no solution of x’ + kx = h such that lim,_,,,, x(t) is 
finite, but the constant one. 

Solution. The general solution is x(t) = ce Kt 4 t. Thus, if k < 0 and c + 0 one has 
limy_,400 X(t) = +00, depending on the sign of c. 

Show that for any x) € R the solution of x’ - x = h, x(0) = Xp is such that 
lim,_,-o9 X(t) = —h. 

Solution. The general solution is x(t) = ce’ — h. For t = x = 0 we obtain c = h + xo 
and hence the solution of the ivp is x(t) = (h+ Xe" —h. Thus lim,_,_,, x(0) = —-A. 

* Explain why the boundary value problem x’ +kx = 0, x(1) = 2,x(3) = —1has no so- 
lution. This shows that, unlike the initial value problems, boundary value problems 
for first order homogeneous equations don’t always have solutions. 

Solution. The general solution is x(t) = ce Ke. Thus, x(1) =2>2= ce-* and hence 
c = 2e“ > 0. On the other hand, x(3) = -1 => -1 = ce ** and hence c = —e** < 0, 
contradiction. 


—2t 
, 
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18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


Solve x’ + (cot t)x = cost, t # nz. 

Solution. (x sin t)' = sint cost, x(t) = : sint+ccsct. 

Show that the boundary value problem x’ + p(t)x = q(t), x(t,) =X, X(t,) = Xp, p(t) 

and q(t) continuous, cannot have more than one solution. 

Solution. This is obvious because if x(t) and y(t) are two solutions such that x(t,) = 

y(t,), then by the Uniqueness Theorem, x(t) = y(t). 

Find the largest interval in which the solution to the following Cauchy Problems 

exist. 

1. x! + ao x(t) = 0, x(-1) = 10. 

2. x! + a x(t) = 0,x(3) =1. 

3, x! + a x(t) = 0, x(-10) = 1. 

Solution. 1. (—2, 2), 2. (2, co), 3. (-00, -2). 

(a) Show that if x,(t) is a solution of x’ + p(t)x = f(t) and x,(t) is a solution of 
x! + p(t)x = g(t), then x, + xX, is a solution of x' + p(t)x = f(t) + g(t). 

(b) Use the method in part (a) to solve x’ + x = 2e' — 3e™'. 

Solution. 

(a). (xy + PX) + (X5 + PX) =f +9 > (X{ +X) + P0+X%) =f tg. 

(b). x’ +x = 2e' > x, = eb +-ce and x’ +x = -3¢' => x% = -3te' +.ke“. Then 
X(t) = x,(t) + x,(f). 

*Find a number k such that x’ + kx = 0, x(1) = 2, x(2) = 1has a solution. 

Solution. x(t) = ce => 2 = ce* and1 = ce** = _ = 2; and k = In2. Hence 

x(t) = ce“ and x(1) = 2 > 2 = ce" ™* = c = 4. Hence x’ + (In2)x = Ohas the 

solution x(t) = 4e 2” that satisfies the required boundary value conditions. 

*Let x,(t) be any solution of (2.1) x’ + p(t)x = q(t). Recall that x(t) = ce Sy pind i 


t 
dt . 
I, Be “isthe 


Ss 


the general solution of (2.2) x’ + p(t)x = 0. Show that x(t) = x,(t) + ce 
general solution of the nonhomogeneous equation (2.1). 


f 
. ; is 3 - dt. : 
Solution. First show, by substitution, that x(t) = x, + ce I, nee is a solution of 


(2.1). Then let z(t) be any solution of (2.1) and let ty) be any number in its domain 
of definition. Let z(t)) = k. Show that there exists ¢(€ = z(to) — X;(t))) such that 


x(t) = x4,(t) + Ce I, pa is a solution of (2.1) and x(t)) = k, which would imply, by 


the uniqueness theorem, that x(t) = z(t). 

Explain why the function x(t) = e' — 1 cannot be a solution of any homogeneous 
equation x’ + p(t)x = 0, where p(t) is some continuous function. 

Solution. We note that x(0) = 0. Also the trivial solution z(t) = 0 satisfies the initial 
condition z(0) = 0. Therefore, by the uniqueness of solutions, we must have x(t) = 0 
for all t, which is not true, since, for example, x(1) = e-1# 0. 

Explain why x(t) = t?-1 cannot bea solution of a homogeneous equation x’ +p(t)x = 
0, p(t) continuous. 

Solution. x(1) = 0 implies x(t) = 0. 
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Solutions to Chapter 3 


2. 


10. 


12. 


14. 


Verify that for any (to, Xo) € IR’ the local existence and uniqueness theorem applies 
to the ivp x’ = In(1 + x’), x(tg) = Xp. 

Solution. The function f(t, x) = In(1 +x") is continuous for all x « Rwith continuous 
filtsx) = 25. 

Find the domain of definition of the solution to the ivp x’ = x?,x(0) =a. 

Solution. If a = 0, the solution is x = 0. Let a # 0. As in Example 3.1 we see that 
X= 4 solve x’ = x”, for all constant c. The initial condition x(0) = ayields a = i, 
namely c = i Sox = Ss = aie In particular, these solutions are defined for t # -. 
Moreover, taking into account that the solutions are continuous, we have to take 
only the upper branches of the hyperbolas if a > 0 and the lower branches if a < 0. 
Hence: 

- ifa=0OtheddfisR, 

— ifa> 0 the ddfis (—co, +), 

— ifa< Othe ddfis (4, +00). 

Show that the Cauchy problem x’ = a + x(0) = 0, does not have a unique solution. 
Solution. One solution is x = 0. Another solution for t > 0 is given by x(t) = (2 ee 


Show that the solutions of x’ = V¥1+ x? are defined onallt € R. 
Solution. The continuous function f(x) = V1+ x? has bounded derivative f'(x) = 


x 


Vi4x2" 
Show that the solution of the Cauchy problem x’ = sinx, x(0) = 1, is such that 


0 < x(t) < m and is increasing. 

Solution. x(t) is defined for all t € R, for f(x) = sin x is continuously differentiable 
and f'(x) = cos x is bounded. Moreover x = kz, k = 0, +1,+2,... are the equilibria 
solutions. Since 0 < x(0) = 1 < m then 0 < x(t) < z. Since sinx > 0 for0 < x < 7, 
then x’(t) > 0 and thus x(t) is increasing. 

Let f(x) be an even cl(R) function and let x9(t) be a solution of x’ = f(x) such that 
x(0) = 0. Prove that x,(t) is an odd function. 

Solution. Setting z(t) = —x9(-t), we find z’(t) = xp(-t) = f(xo(-t)) = f(-z(t)). Since 
f is even, then f(-z) = f(z) and thus z’ = f(z). Moreover, z(0) = —x,(0) = 0. Then 
both z and xy are solutions to the ivp x’ = f(x), x(0) = 0, and hence, by uniqueness, 
z(t) = X9(t). Recalling that z(t) = —x9(—t) we find —x9(-t) = xo(t), namely x9(-t) = 
—X,(t) which means that x, is an odd function. 

Solve x’ = |x| —1, x(0) = 0. 

Solution. For x > 0, resp. x < 0, the equation becomes x’ = x - 1, resp. x’ = —x -1. 
Considering separately the two equations, we apply Theorem 3.2 to infer that the ivp 
has a unique solution defined for all t « IR. The equation has two equlibria x = +1 
and hence the solution x(t) of the ivp satisfies -1 < x(t) < 1 for all t. Since x(0) = 0 
and x’(0) = |x(0)| — 1 = -1, the solution x(t) is negative for t > 0 and positive for 
t < 0. Thus x(t) satisfies x’ = -x -1 fort > 0 and x’ = x -1 fort < 0. Solving the 
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16. 


18. 


20. 


22. 


24. 


26. 


two linear equation as learned in Chapter 2, we obtain x(t) = -1+ce™' fort > 0 and 
x(t) = 14 ce! for t < 0. For t = x = 0 we findc = 1in the former case and c = —1in 
the latter case. In conclusion, the solution is given by 


Since x! (0+) = x’(0—) = —1 the above function is of class C’. 

Find the lim,_,,., X(t), where x(t) is the solution of the Cauchy problem x’ = 1- e*, 
x(0) =1. 

Solution. Since 1— e* < 0 provided x > 0, the solution is decreasing. Moreover x = 0 
is the (unique) equilibrium solution and thus 0 < x(t) < 1for allt > 0. It follows 
that lim,_,.,, X(t) = 0. 

Let x(t) be the solution of the Cauchy problem x’ = In(1 + x’), x(0) = 0. Show that 
lim,_,409 X(t) = +00 and lim,_,_,, x(t) = —oo. 

Solution. The solution x(t) is defined for allt € R, for f(x) = In(1+ x’) has bounded 
derivative f’(x) = Zs. Since In(1 + x”) > 0, then x(t) is increasing. Moreover x” = 
f'@x' = = -In(1 + x”). Thus, x!’(t) > 0 <= x(t) > 0. It follows that x(t) is convex 
for t > 0 and concave for t < 0 which in turn implies that lim,_,,,, x(t) = +oo and 
lim,_,_4, X(t) = -00. 

Study the convexity of the solutions to x’ = x? - 1. 

Solution. Differentiating we get x” = 3x7x! = 3x"(x>-1). Hence x’"(t) > Oiffx(t) > 1. 
Notice that the equation has a unique equilibrium solution x = 1 and all the other 
solutions are either greater than 1 or smaller than 1. Thus the solutions such that 
x(t) > 1 are convex, whereas the solutions such that x(t) < 1 are concave. 

Study the convexity of the solutions to x’ = x(1+ x). 

Solution. x! = x +x? > x" =x! + 2xx! > x" =x4+x742x(x+x*) =X 43x74 2x7 = 
x(1 + 3x + 2x”). Solving x(1 + 3x + 2x”) > 0 we find that x(t) > 0 whenever 
-1 < x(t) < -5 or x(t) > 0. The equation has two equilibria x = 0 and x = -1; and 
x’ > 0 for {x < -1} U {x > 0}, whereas x’ < 0 for -1 < x < 0. It follows that the 
solutions such that x(t) > 0 or x(t) < —1 are (increasing and) convex, whereas the 
solutions such that —1 < x(t) < 0 (are decreasing and) change their concavity at the 
unique ¢t* such that x(t*) = -3. 

Find the locus of maxima of x’ = x° - t. 

Solution. At maxima one has x’ = 0 = x = t. Moreover x’"(t) = 3x*(t)x/(t)-1 = -1. 
Thus the locus of maxima is the curve x° = t. 

Show that the solution of x’ = x4, x(0) = Xo # 0, is strictly convex if x) > 0 and 
strictly concave if x) < 0. Extend the result to x’ = x?, x(0) =x) #0,p2>1. 
Solution. All the solutions of the ivp are either positive or negative, for xj # 0. 
Moreover x" = 4x?x’ = 4x7 >0 @ x >0.Ifx! = x?, then x” = pxP-ty? = px?! So 


x" >06x?1 50 6x > 0, since 2p — 1is an odd integer. 
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28. Let x(t) be the solution to x’ = f(t, x), x(0) = Xp > 0, where f is smooth for (f, x) € R’. 
If x(t) is defined on [0, +00) and f(t, x) > x, show that lim,_,,, x(t) = +00. 
Solution. f > x > x’ > x = x'’—x > 0. Multiplying by e' we get (e‘x)’ > 0. 
Integrating from 0 to t it follows that e‘x(t) —x(0) > 0 > x(t) > x(O)e = xpe". Since 
Xo > 0, it follows that lim,_,,,, x(t) = +00. 

30. Find a function f(x) such that 


ef ift > 0, 


x= t+1 ift<o, 


is the solution of the Cauchy problem x’ = f(x), x(0) = 1. 
Solution. Notice that x is continuously differentiable, for 


fool te 
; e ift>0, 
t)= 

AD) ie ift <0, 


and the two functions are equal at t = 0. This also shows that x’ = f(x), where 


x ifx>1, 


foo = | 1 ifx<1 


Solutions to Chapter 4 
Solutions to Section 4.3 


2. Solvex’ =e el, 


Solution. e* dx = e‘dt implies $e* = e' + c or e* = 2e'+k,k = 2c arbitrary 
constant. 
4. Solve x’ = (+), 
t+1 
Solution. x = i =(1 a) dt implies In |x + 1| = t-In|t+1] +c. 


6. Solve x’ =x(x+1). 
Solution. As in the previous exercise, x(t) = 0 is one solution; otherwise, 


Press - [aves [oP =t+c. 


. 1 1 1; 
Since xqqn = x 7 xq it follows that 
dx 1 1 
| -| | = In|x| -In|x+1)=In =|. 
x(x + 1) Xx x+1 x+1 
Thus 
in| ~ J=t+e3| |=e%" =e" e, 
X+1 +1 
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which is the general solution in implicit form. 


P oe 
8. Solve x’ = 4*1, p,q positive numbers. 


Solution. Separating the variables and integrating we find 


[extn a = fav snatre => a ese = cee ee 
qt+1 p+i1 


10. Solve ef*?*x! = et *, 
Solution. e'e%x! = e“e* => e*dx=e'dt => e* =3e'+k. 
12. Solve V1- t2x' =x. 


Solution. Separating the variables and integrating we find 


{2 -| a +c = In|x| = arcsint +c 
x V1-t , 


txt 
14. Solve x’ = 2 


Solution. 


| So -[ ented arctane +e, 
x+1 14+¢? 


16. Solve x’ = 4t-Vx, x > 0,x(0) =1. 
Solution. Separating the variables and integrating we find 


[ Zxs[tdescsave=2 +0 


Moreover, x(0) = 1 => c = 2. Hence, Vx = t” + 1 whereby x(t) = (t? + 1)”. 
18. Solve x’ = 4t? Vx, x > 0, x(0) =1. 
Solution. 


ax 3 4 
— =4|/fdt+c>2vx=t' +c. 
Ja-4] i 
Then c = 2and x(t) = (5c + 1). 
20. Solve x' = x(2 — x), first with the initial value x(0) = —1 and then with the initial 
value x(0) = 1. 
Solution. The general solution is 


and x(0) =1>c =1,x(0)=-l>c=-l. 
22. Solve et dx = 2e*** dt. 
Solution. ee" dx = 2e*e' dt => e dx = 2e" dt = ek =e +c. 
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Solutions to Section 4.5 


10. 


Solve x’ = = - (zy. 
Solution. Setting x = tz, the problem becomes tz’ + z = z-z’ = tz’ = -z’. Solving 
this separable equation we find 


[g- [fs 1 nfat ase 1 an 1 mays t 
2 t Z In|t}-c  t In|t|-c In|t|-—¢’ 


Solve x’ = * + tan(#). 
Solution. x = tz = tz’ +z =z+tanz = tz’ = tanz. Separating variables and 
integrating, we have 


[S22 = [ra 
sinz t 


or In| sin z| = In|t| + c whereby |sinz| = e“|¢| > | sin =| = e“|t| = kit|, k a positive 
constant. 


2 2 
Solve x’ = <4" 
Solution. x = tz > tz) +z=74z4+1 5 t2/ =741 5 “& =“ Integrating 
z+ t 
dz dt 
= | — = arctanz =In|t|+c. 
z+1 t 


Solving for z we get z = tan(In |t| + c) and thus 


x=tz=t-tan(In|t|+c), t#0. 


Solution. In differential form, we have (tx) dx = (x2 + ot") dt. Substituting x = tz 
and dx = tdz + zdt, and simplifying yields zdz = 7 dt. Integrating and making the 
substitution z = ce we obtain 

x=tint* +ct*. 


Solve x! =e! + .. 

. _ 1 eae rs 4 -Z _ at . 
Solution. Letting x = tz and simplifying, we get tz’ = e*, ore“ dz = —. Integrating 
and substituting * for z, we have 


4 
et +Int=c. 


Solutions to Section 4.7 


2. 


Solve the Bernoulli equation x’ = * + 3x°. 


. —, 3 3 
Solution. y = x? = y’ = -2-2-6 > y'+2-4 6 > y= 5-2 >x=y? (aap)? 
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10. 


Solve x’ +x = x’. 


Solution. Let y = x1. Then x’ = -x’y’ and x = x*y and hence y’ ~y = -1. Solving for 


t 1 
y, we have y =1+ce' andx = 73. 


Solve the Bernoulli equation x’ = -* +x~*, x(1) =1. 
Solution. Substituting y = x°, x’ = dx *y',x = x *y and simplifying, we obtain 
3t'+4c y¥3 


7 3a, . . . a a) _ 
y + zy = 3. Solving this equation, we get y = ct + gt > X = (Ga 


A 
x7) =191= 2 = 4cs15x = (4). 
Solve x! — tx? = x. 
Solution. Writing it as x’ — x = tx’, we see that this is a Bernoulli equation. Letting 
z=x~' leads to z' +z =-t. Solving this linear equation, we have z(t) = 1-t+ ce! 


arson 
and consequently x = —~W-- 


1 
Solve x! —x = x3. 
2 1 1 
Solution. Let y = x3. Then x = x3y and x’ = 3x3y’. Substituting and simplifying, we 


have y’ — 2y = 2. Solving for y, we have y = -1+ cet, yielding x = (-1 + ce3")?, 


Solutions to Section 4.9 


Solve the Clairaut equation x = tx’ — e* and find the singular solution. 
Solution. The general solution is x = ct — e°. The system (4.15) becomes 


| x=ct-e, 
t=e°. 


Solving e° = t we get c = Int, t > 0. Hence the singular solution can be given in 
cartesian form as x = tInt - t,t > 0. See Fig. 4.4. 
Solve the Clairaut equation x = tx’ + —1, and find the singular solution. 


3(x')8 
Solution. x = tc + mat c # 0. Singular solution: 
= = 1 1 _ 4 
fou? ee 33 
t=a = 0 
3 4/3 
=>t=|-x >Oorx=+ p/4 t>0 


Solve the Cauchy problem x = tx’ + =, x(1) =b. 
Solution. (The equation is similar to Exercise 55 of the old book.) The general inte- 
gral is x = ct + 2, c # 0. Singular solution: 


1 
X=ct+- 1: 32, 1 1 
| BETS eh geal Bee: $2 or pe ESO) 
t=+>0 c 6C¢ Cc 4 
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The initial condition yields b = c+ + > c? -be+1=0 > Gy = 


|b| < 2 the ivp has no solution, for |b| > 2 it has 2 solutions: x = c,.t + =, whereas 
” 1,2 


for b = 2, resp b = —2, the ivp has one solution which is the line x = t +1, resp. 


x =-t-1,anda second solution which is the singular solution t = qx. 


pas -— Thus for 


Solutions to Chapter 5 


2. 


10. 


12. 


14. 


16. 


Solve x” + yeX + (y+ e*)y’ = 0. 

Solution. Writing the equation in the form (x7 +ye*) dx +(y+e*) dy = 0, we see that it 
is exact because My = e% = N,. Using Method 2, we have fo tye”) dx+ fo +) dy = 
axe +ye*-yt iy ty=axr tyes ty =c. 

Solve the initial value problem (3x”y + 2xy*) dx + (x? + 2x’y — 6) dy = 0, y(1) = -1. 
Solution. We let y = 0 in the first term and integrate, obtaining F(x, y) = i (x3 + 
2x’y -—6) dy = x°y+xy?—6y. Thus the general solution is given by x*y +x’y" —6y = k. 
Substituting the initial values x = 1, y = —-1 yields k = 6 and the desired solution is 
xy + xy? — 6y =6. 

Solve (12x° — 2y) dx + (6y® — 2x) dy = 0. 

Solution. Using Method 1, we have [, 12x° dx + {) (6y° - 2x) dy = 2x° + y® — 2xy =c. 
Find the number a such that (x? + 3axy’) dx + (xy + y*) dy = 0 is exact and solve it. 
Solution. Setting M, = N,, we have 6axy = 2xy => a= ;-Hence (x3+xy*) dx+(x2y+ 
y*) dy = 0, which is exact, with the general solution given by 7x* + 5x’y’ + iy =c. 
Solve 2xy? + 1+ (3x’y*)y’ = 0, y(1) = 1. 

Solution. The equation written as (2xy° + 1) dx + (3x’y*) dy = 0 is exact and the 
general solution is given by if dx + | ; (3x*y) dy = x+xy> = k. The initial condition 
y(1) = 1implies k = 2 and the desired solution is x + x’y° = 2. 

Find the solution of (x’-1) dx+y dy = 0 passing through (-1, b) with b > 0 and show 
that it can be given in the form y = y(x). 

Solution. The general solution is ax -X+ sy = c. Since c is arbitrary constant, 
we can write the equation as 3y” + 2x° — 6x = c. The initial values x = -1,y = b 
imply that c = 3b + 4 and hence 3y” + 2x? — 6x = 3b” + 4. Solving for y we find 
y= +5 V3b? + 4 + 6x — 2x3. For x = —1 one has y(-1) = +|b|. Since b > 0 we take 
the positive square root yielding y(x) = 5 V3b2 + 44 6x — 2x3. 

Solve y dx — 3x dy = 0. 


: ee . NM, ; 
Solution. The equation is not exact. Checking -— = <4, we see that there is an 


y 
integrating function p(y) given by u(y) = € Multiplying the equation by p(y) = ra 


we obtain the exact equation ¥ dx - 7 dy = 0. Let Xy = 0, yp = 1. Using Method 1, 


we have ibs dx — irs 3xy 4 dy = 3 = c. The given equation is also separable and can 


be solved by separating the variables. 
2 
Solve we dx + 4ylInx dy = 0. 
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18. 


20. 


Solution. First we notice that the term va +" prohibits us from using x) = 0 as the 


lower limit. So, let us use Xp = 1, Yo = 1. Then, using Method 1, we let y = 1in the 
first integral and integrate, obtaining 


>< | vo 


x y 
F(x,y) = | dx + | ynxay = 3lnx + 2y" In. x -—2Inx =Inx+ 2y” Inx =C. 
1 1 


(A) Solve (y + x) dx + dy = 0 by finding an integrating factor u(x). 

(B) Explain whether or not it also has an integrating factor that is a function of y 
only. 

Solution. 

(A) Since “—™« = 1, u(x) = e/ 1™ = eX Multiplying (y+x) dx+dy = Oby e*, we get the 
exact equation (ey+xe*) dx+e* dy = 0. Solving it, we have F(x, y) = xe*—-e* +e*y. 

(B) Since a —_ 7 = o is not a function of y only, then there is no integrating factor 
u(y). 

Solve y(cos x + sin” x) dx +sin x dy = 0in two ways, first as a separable equation and 

then as an exact equation. 

Solution. The equation can be written as 


dy r “ sn] a 


y sin x 


cosx 
= | : +4 sinx| dx, 
sin x 
and integrating it yields 
In |y| + In| sin x| - cos x = c, 
or 
cos x 


ysin xe =C. 


To solve it as an exact equation, let us try to find an integrating factor that is a func- 
ae My-N, 

tion if x only. We have —[— = sin x. Hence e “°°” is an integrating factor. Multiply- 

ing the given equation by e ©°**, we obtain the exact equation 


cos x 


(ycos xe °°S* + ysin? xe" ©°S*) dx +e °S* sin x dy = 0. 


Now if we use Method 1 and let y = 0 in the first part, we have only one integral to 
deal with. So, we have 


F(x,y) = | & “°* sinx dy = ye °° sinx =c, 


oS 


the same as in part A. 


Solutions to Chapter6 —— 321 


22. Solve (y + axy” + xy) dx + (x + y) dy = 0. ; 
. . : My-Ny _ dexytx?-1xytx? . . 
Solution. It is not exact. Since ~~ = —, eae then an integrating 
ee’) 
factor is p = e2* . Solving the exact equation 
3y? 5 ae ee xt 
er (y+ 5 + x‘y | dx +e2° (x+y)dy=0 
we find e2* (xy + sy) =C. 

24. Solve (3y + x) dx +x dy =0. 

Solution. It is not exact. Since pe = +1 = 2, then an integrating factor is u(x) = 
eli = em — y? solving the exact equation (3yx2 + x3) dx + x3dy = 0 we find 
fg Pax+ fp dy = txts xtysc. 

26. Does the equation (x — 2y) dx + (xy + 1) dy = 0 have an integrating factor that is a 
function of y only? Explain. 

Solution. No, because —_ = = is not a function of y alone. 

28. Consider the exact equation (xy”—1) dx +(xy+1) dy = 0. Solve it by taking the lower 

limits as (2, 1), i.e. X) = 2 and yg = 1. Then find the particular solution satisfying the 
initial condition y(1) = -1. 
Solution. F(x, y) = f(x -1) dx + [?0Cy +1) dy = }x’y? +y — x —1. Thus the general 
solution is described by 5x’y"+y-x = c.To find the particular solution, we substitute 
the initial values xq = 1, yp = —1, yielding c = -3 and the particular solution 5x’y* - 
X+ye= -3. 

Solutions to Chapter 6 


Solutions to Section 6.2.2 


Show that x, = 2sint and x, = sin 2t are linearly independent. 
Solution. Suppose that c,(2 sin t) + c,(sin 2t) = 0. Then = 2c, sint + 2c, sint cost = 0. 
If we let t = 5, we obtain 2c, = 0 and hence c, = 0. If we let t = 7, we obtain 


2c, 2 v2 = 0 and hence cy = 0. 
Show that x, = sin’ t and x, = cos’ t are linearly independent. 


Solution. Suppose that c, sin’ t + c, cos? t = 0 for all t. Then we have 
2 a) a) 
c, sin” t + C,(1 — sin” t) = 0 = (c, — Cy) sin” t + cy = 0. 


If c, — c, = 0, then c, = 0 and we have c, sin’ t = 0 which implies that c, = 0. If 
C, — Co # 0, then sin’ t ae which is absurd since the left side is a variable and 
the right side is a constant. 

Let y(t) be any function, y(t) # 0 for t € R. Show that if x,(t) and x,(t) are linearly 


independent, then so are y(t)x;(t) and y(t)x,(t). 


ll 
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10. 


12. 


14. 


16. 


Solution. c,y(t)x,(t) + cyy(t)xo(t) = 0 = y(t)(c,x,(t) + Cox, (t)) = 0. Since y(t) # 0, 
we must have c,x,(t) + C)X_ = 0. Since x, and x, are linearly independent, we must 
have c, = Cy = 0. 

Show that if p # q then u, = t? and u, = t? cannot be solutions of the same second 
order equation L[x] = 0. 

Solution. Evaluate the Wronskian W(u,, U);t) = | i i | =| ae a | = qePtat — 
pt?*t1 = (q — p)t?*T", We find W(u,,u,)(0) = 0 whereas W(u,,U,)(1) = q-p # 
0. Thus they cannot be solutions of any second order linear equation since Abel’s 
Theorem implies that the Wronskian of two solutions is either always 0 or never 0. 
Solve W(t +1,x(t)) = t +1, x(0) =1. 

Solution. The problem asks to solve the initial value problem 


(t+1)x’-x=t+1, x(0)=1. 


The solution is x(t) = (t + 1)[In |t + 1] + 1]. 

Let u,, U, be solutions of L[x] = 0 onJ such that u,(ty) = u,(ty) = 0 for some ty ¢€ I. 
Show that they are linearly dependent and hence all their zeros are in common. 
Solution. One has W(iy,U2)(to) = Uy(to)Uh(to) — Uj(to)U2(tp) = 0. Therefore, 
W(u,,U,) = 0 and hence u, and u, are linearly dependent. Thus u, = Au, and 
all their zeros are in common. 

Solve W(t, x) =1, x(1) =2. 

Solution. Solving tx’ — x = 1, x(1) = 2, yields x = 3t - 1. 

Let x,, X_ be solutions of x" — x’ + q(t)x = 0, p, q continuous. If W(x,, X,)(2) = 5, find 
W(X, X2)(3). 

Solution. W(x, x,)(t) = ce’ and since W(x, X_)(2) = 5, then ce” = 5 and hence 
c = 5e*. So, W(X1,X2)(t) = Se yields W(x%4, X2)(3) = 5e. 


Solutions to Section 6.3.4 


Find the general solution of x’’ + 2x’ + 10x = 0. 

Solution. C(A) = A? + 2A +10 = 0 > A = -1+3i. Thus x = e “(c, sin 3t + C) COS 3¢). 
Solve x" + 3x’ = 0, x(0) =1,x'(0) = -1. 

Solution. C(A) = 47+ 3A = 0 = A = 0,A = -3. Thus the general solution is x = 
c, + ce *'. To find the solution to the initial value problem, we set x(0) = c, + C) =1 
and x! (0) = -3c, = -1. Thus c, = 3 and c, = 1- 5 = obtaining x(t) = 4 + 3e*. 
Find the general solution of 9x’’ + 6x’ + x = 0. 

Solution. C(A) = 97 + 64 +1= 0 => A=} (double). Thus x = e73"(c, + Cf). 

Show that the nonconstant solutions of x" — kx' = 0, x(0) = 0, x’(0) = Kk are increas- 
ing or decreasing. 

Solution. The general solution is x = c, +c,e*, The initial conditions yield c,+c, = 0, 
kc, = k whereby x = -1+ e Thus x(t) is increasing if k > 0 and decreasing if k < 0. 


10. 


12. 


14. 


16. 


18. 


20. 
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Find k € Rsuch that all solutions of x" + 2kx’ + 2k?x = 0 tend to 0 as t > +00. 
Solution. C(A) = 2 + 2kA + 2k” = 0 = A = -k + ik. Then the general solution is 
X= pe sin kt + c, cos kt). Ifk > 0 we find lim,_,,., x(t) = 0 for any c), c). If k < 0 
the nontrivial solutions do not tend to 0 as > +00. 

Find x(t) such that x" — 2x’ = 0, lim,_,_,, x(t) = Land x'(2) = 1. 

Solution. The general solution of the equation is x = c, + c,e”. Moreover, 
lim;_,_.. X(t) = 1 implies c, = 1 whereby x(t) = 1+ ce", The condition x'(2) = 1 
yields 2c,e* = 1 => c, = $e *. Thus x(t) =1+ 5e 4e% =1+4 je". 

Show that all the solutions x of x” + 2x’ + x = 0 are such that lim,_,,, x(t) = 0. 
Solution. Since C(A) = A* +2441 = Ohas the double root A = —1, the general solution 
of the equation is x = e ‘(c, + Cyt). It is clear that lim;_,,, X(t) = 0 Wey, € R. 
Solve the bvp x” — 6x’ + 9x = 0, x(-1) =1,x(1) = 0. 

Solution. Since C(A) = A? — 6A +9 =O has the double root A = 3, the general solution 
of the equation is x = e(c, + Cyt). The boundary conditions x(—1) = 1, x(1) = O yield 
the system 


e3(c,-c) =1, 

(cy + Co) = 0. 
Solving for c,, Cc, we find c, = —c, and 2c, = e® whereby c, = se 
fore the solution is x = sere™(1 -t)= seed -t). 
Let a # 0. Show that the bvp x” + 3x! — 4x = 0, x(-a) = x(a) = 0 has only the trivial 
solution. 
Solution. Since the roots of C(A) = 42 +3A-4 = OareA =1,-4, the general solution 
of the equation is x = (c,e' + c,e™). The boundary conditions x(-a) = 0, x(a) = 0 
yield the system 


,Cg=- se. There- 


| ce" + coe = 0, 
ce" + c,e ** = 0. 


The determinant of this system is given by 


—a 4a 
FE ‘ =e” -e #0, Va#0. 


Thus, by the Cramer rule, we find c, = c, = 0, which gives rise to the trivial solution. 
Solve x" —x =t. 

Solution. The general solution of the homogeneous equation is x = c,e' + c,e'. We 
can see by inspection that a particular solution of the nonhomogeneous equation is 
given by y = -t; otherwise we may use Variation of Parameters or the method of 
Undetermined Coefficients. Thus, the general solution is x = ce’ + c,e' - t. 
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22. 


24. 


26. 


Solve x” — 4x' + 3x = sint. 

Solution. The solution is given by x = c,e' + c,e* + y, where y” — 4y' + 3y = sint. 

Taking y = Asint + Bcost we find y’ = Acost—Bsint, y” = —Asint — Bcost. Then 

—-Asint —Bcost —4(Acost — Bsint) + 3(Asint + Bcost) = sint > (2A + 4B) sint + 

(2B - 4A) cost = sint > 2A+4B = 1,-44+2B =0 5 A = 7,B = i. Thus 

y= qsint + i cost and x = cet + cje* + 1 sint + £ cost. 

Solve x” + 4x = sin wt. 

Solution. The solution is given by x = c, sin 2t + c, cos 2t + y, where y” + 4y = sin wt. 

We distinguish 2 cases: 

(1) w # 2 Mmonresonant case). Taking y = Asinwt + Bcoswt, we find y” = 
—Aw” sin wt — Bw” cos wt. Thus y" + 4y = —Aw” sin wt — Bw* cos wt + 4(A sin wt + 
Bcos wt) = (-Aw* +4<A) sin wt + (-Bw” + 4B) cos wt. Then y” +4y = sin wt implies 


1 
AA Au =1). “4B = Bo" = 0 SA =———=; B=. 
4-2 


In conclusion, x = c, sin 2t + c, cos 2t + oe sin wt. 


(2) w = 2 (resonant case). Taking y = Atsin2t + Bt cos 2t, we find y’ = Asin2t + 
Bcos 2t + 2At cos 2t — 2Bt sin 2t whereby 


y” = 2A cos 2t — 2B sin 2t + 2A cos 2t — 2B sin 2t — 4At sin 2t — 4Bt cos 2t 
= (-4B — 4At) sin 2t + (4A — 4Bt) cos 2t 


Then 


y” + 4y = (-4B — 4At) sin 2t + (4A — 4Bt) cos 2t + 4(At sin 2t + Bt cos 2t) 
= —4B sin 2t + 4A cos 2t 


andy” + 4y = sin 2t yields A = 0, B = ~}. Hence y = —}t cos 2t and 
: 1 
X = C, Sin 2t + C2 cos 2t — gi cost. 


Find the general solution of x" — x = t? + 2t. 

Solution. We solve this problem in two parts. First we find the solution x, of x” —x = 
2t and then the solution x, of x" — x = t®. We may use the method of Undetermined 
Coefficients or simply observe that x, = —2t solves x"’—x = 2t. Then using the method 
of Undetermined Coefficients or Variation of parameters, we find that x, = -t? — 6t 
solves x" — x = t?. Consequently, x, + x, = -t? — 8¢ solves x” — x = t? + 2t. Since the 
general solution of x” —x = 0 is given by y(t) = ce’ +c,e‘, then the general solution 
of the given nonhomogeneous equation is —t? — 8¢ + ce’ + c,e*. 
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Solutions to Section 6.4.1 


Solve t?x” — tx! +x = 0. 

Solution. Substituting t = e°, we obtain x — 2x + x = 0. Since A = 1 is a repeated root 
of the characteristic equation, the general solution is given by x(s) = c,e° + c,se’, 
and x(t) = cyt + c,t Int. 

Solve t2x" — 5tx! + 5x = 0. 

Solution. Substitution of t = e* changes the equation to x — 6x + 5x = 0. Roots 
of he characteristic equation are A, = 1 and A, = 5. Thus x(s) = cye° + c,e* and 
x(t) = Ct + Et. 

Solve 


Ox" +tx'+x=0, x()=1, x'Q=-1 
Solution. Letting t = e*, we obtain x + x = 0. The general solution is x(s) = c, sins + 
C, cos sand x(t) = c, sin(In t)+c, cos(In t). Now, x(1) = 1implies c, sin 0+c, cos(0) =1 
which yields c, = 1. Calculating x’, we have x'(t) = a cos(In t)-+ sin(In t). Therefore, 
x'(1) = -1implies c, = -1 and the desired solution is 


x(t) = —sin(In t) + cos(In ft). 


Solutions to Chapter 7 


2. 


10. 


12. 


Show that if uj, U),...,Uz,2 < k <n, are linearly dependent, then any larger set 
Uy, Uy,..., Ug, Uzyq>--+ Uy is linearly dependent. 

Solution. By assumption, there exist constants c,, C),...,C;,, not all zero, such that 
CyUy + Coy +--+ + CU, = 0. We can now let c,,,; =--- = C, = 0 and obtain c,u, +---+ 
CnUy = 0, where not all the c;’s are zero. 

Solve x” — 4x’ = 0. 

Solution. The roots of a° — 4A = 0 are A = 0, +2 and hence x = ¢, + ce" + c,e 
Solve x!” — 2x" +x! —2x = 0. 

Solution. By observation we see that A = 2 is a root of the characteristic equation. 
Hence A® — 207 +A —2 = (A—2)(A? +1). Therefore the roots of A? — 207 +A-2 = Oare 
given by A = 2and A = +i, yielding x = ce“ + c, sint +c, cost. 

Solve x’ — 3x"" + 2x = 0. 

Solution. The roots of the biquadratic equation A* - 347 +2 = OareA = +1 and 
A= +V2. Thus x = cet + cet + cge + eye. 

Solve x!” — 4x’" = 0. 

Solution. The roots of A* - 44° = 0 are A = 0 (triple) and A = 4. Thus x = c, + Ct + 
eat Eee, 


Solve x!” — x = et. 
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14. 


16. 


18. 


20. 


22. 


Solution. Since 4? — 1 = (A — 1)(A2 + A +1), then the roots of A427 -1 = OareA =1 


and A = mene Then the general solution of the homogeneous equation is x = 


1 
ce’ + e2"(c, sin Be + C3 COS By) + v. Since we are in the resonant case, we look 


for v = Ate’. We find v"” — v = 3Ae' + Ate‘ — Ate’ = e' > A = 3. Then x = ce + 
e-2"(c, sin wr + C3 COS M34) + 3te’. 

Solve the ivp x!” +x" = 0, x(0) = 1, x’(0) = 1, x’"(0) = 0. 

Solution. The roots of 4° + A” = OaredA = 0 (double) and A = -1. Then the general 
solution is x = c, + Cyt + c3e”‘. The initial conditions yield the system 


Cy +03 =1 
Cp — 3¢3 = 1 > C=C, =1,c,=0 
c3 = 0 


Thus x =1+t. 

Prove that the solutions of a third order equation cannot be all oscillatory. 
Solution. The characteristic equation is a third order polynomial and hence it has 
at least one real root A. The corresponding solution x = ce" is not oscillatory. 
Show that for every b # 0 there is a one-parameter family of nontrivial solutions of 
x!" — b’x" = 0 which tend to zero at t > +00. 

Solution. The characteristic equation is A* — b*A? = 0. Solving it, we find A = 0 
(double) and A = +b. Thus x = c, + Ct + c,e" + cye™. If b > 0 we take c, = cy = 
C3 = 0, yielding x = ce’ which > 0 as t > +00 for any c, # 0. Ifb < 0 we take 
C1 = Cy = Cy = O yielding x = c3e” which > 0 as t > +00 for any c3 # 0. 

Solve x’” — x" = t by the method of Variation of Parameters. 

Solution. Solving 


! 1 ae 
V,+Vot+v,e = 0, 


v5 + ve" = 0, (1) 
rt 
vse’ = t, 
: 7 ge 2s Oe Pani = 
we obtain v, = 3t° — 50°, v) = —50°, v3 = -te " —e’. The general solution is x(t) = 


Cy + Cot + c3e + 3 - st”. 

Show that t?x!”” + 32x” + tx’ +x = 0, x(1) = x/(1) = x’(1) = 1 has exactly one 
one-parametric solution that tends to 0, as t > oo, and two oscillating ones. 
Solution. Transforming the equation via t = e*, we obtain 


X-—3X4+2k43(X-xX)+X4+x=X4+x=0. 


l 


ls 


The characteristic equation 4° +1 = (A+1)(A?-A+1) = OhasrootsA = -1,A = 5+ 


1 1 
and the general solution is x(s) = cye* + c,e2° sin Ws + C,e2° COS a, or 


x(t) = fe ae + Cot? sin( ne In t) + ct? cos( 8 In t) 


24. 


26. 


28. 
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The assertion of the problem is now easy to verify. 
Solve t?x!” + 2t?x" — 4tx! + 4x = 0, x(1) = x'(1) =1,x"(1) = 0. 
Solution. Transforming via t = e°, we obtain 


X- xX -4x + 4x =0. 


The characteristic equation is A? — A? — 44 +4 = A?(A- 1) —4(A-1) = (A-1)(0? - 4) = 
(A — 1)(A + 2)(A - 2) = 0, yielding the roots A, = 1, A, = 2,A3 = -2 and the general 
solution x(s) = ce’ + c,e*5 + c,e5, or 
X(t) = qt + ot? +c, 
Now, substituting the initial values, we obtain the required solution 
x(t)=t 
Solve x!’ — x" +x’ -x =0. 


Solution. The characteristic equation is C(A) = A° - A +A-1 = (A, -1)(A? +1) = 0, 
whose solutions are A, = 1, A, = i, A3 = —i. Thus the general solution is 


x = ce’ +c, cost +c, sint. 


Evaluate the Wronskian W (2, sin? t, t’e’, e , cos? t,t, t5 — 1). 

Solution. The subset {2, sin” t, cos” t} consists of linearly dependent functions. There- 
fore 2, sin? t, t’e’, e' , cos? t, 3, 3 — 1 are linearly dependent and hence their Wron- 
skian is identically zero. 


Solutions to Chapter 8 


2. 


Use the eigenvalue method to find the general solution of 


| x’ = 4x + by, 
yl =x43y. 


Solution. The system is equivalent to 


where 
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The eigenvalues are A = 1, A = 6. Corresponding to A = 1, (A - Al)v, = 0 yields two 
equations, 3V, + 6V, = 0 and V, + 2v, = 0, which are the same equation. So let v, = 1. 
Then v; = —2 implies 


W(X, X2)(0) = -5 shows that they form a fundamental set of solutions, and the 
general solution is given by X(t) = c,X, + CX. 


4. Solve 
- ( 1 1 )x 
x= X. 
2 2 


Solution. The eigenvalues are A = 0, A = 3 with corresponding eigenvectors 


a-(1,), a=(; }: 


The general solution is 


< = 4 1 et Cy + ce" 
X = C4Xq + CoX2 = Cy 1 + Cy opt | = dee iy. 
= —Cy 2 


6. Solve problem 5 by converting the system to a linear scalar equation suggested by 
Theorem 8.5. 
Solution. We have to solve the system of two equations x’ = 3x +yand y’ =-x+y. 
The corresponding linear equation from Theorem 8.2 is x” — 4x +4 = OandA = 2 
is repeated root of the corresponding characteristic equation. Hence two linearly 
independent solutions are x, = e”, x, = te’. Corresponding to x, = e”“, we solve 
x’ = 3x +y for y and obtain y, = 2e” — 3e = -e”", yielding 


s(%) 
Le aot J 
Similarly, corresponding to x, = te“, we obtain y, = e* +2te” — 3te” = e* — te“ and 
hence 


10. 


12. 


The general solution is 


__ f ce" +cte* 
x ce + c,(et — 
Lo) 


yielding 


Find the inverse of 


Oo 
on CO 
a2 co oO 


Solution. 


> 

nn 

Il 
oO COAalr 
Oalrk © 
asl Oo Oo 


Show that any system 


Ul 
| X= AX, + Dx), 
i 
Xq = CX, + AX). 
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te") ) 
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has a nontrivial constant solution, x, = k,, X) = k,, if and only if the determinant 


a b 
=0. 
c d | 
Solution. By Cramer’s rule, the system 
| ak, + bk, = 0, 
ck, =e dk, =0 


has a nontrivial solution if and only if |¢4| = 0. 


First explain why the equation below has a nontrivial constant solution and then 


solve it. 


Dae a 
ae 


-1 )x 
-2 
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14. 


16. 


Solution. It has a constant solution because 


be 


= 0. 
2 -2 


The eigenvalues are A = 0, -1. The corresponding solutions are 


no-(1), no-( 2) 


Use the eigenvalue method to find the solution to the initial value problem 


cae : ie x(0) = ( - \, 


Solution. The eigenvalues are A = 1+ i. To find an eigenvector corresponding to 
A = 1+ 1, we set up (A — Al)v = 0, which yields two equations —iv, + v. = 0 and 
—Vv, — iv) = 0. These two equations are essentially the same, so we choose vy, = 1 
which gives v, = i. Hence, using Euler’s equation, 


_ Dt— nef e' cost .( e'sint 
Za oltdty _ ra | | A o )+i( ; ) 
i -e' sint e' cost 


yielding two real solutions 


7 -( e' cost ) x -( e‘sint ) 
1 \ -esint J? “2 \ efcost /' 
The general solution is 


= ce’ cost + ce" sint 
i= 
-ce' sint + c,e' cost 


Substituting t = 0 and solving for c,, c, we find the required solution x, as 


a e'cost—e'sint 
Xp 


-e' sint — e' cost 


Show that 


cannot have periodic solutions if b and c are either both positive or both nega- 
tive. 


18. 


Solutions to Chapter 8 


Solution. After converting the system to the scalar equation 
x" —(a+d@x' + (ad — be) = 0, 
we see that the discriminant of the characteristic equation is 
(a+ d)* - 4(ad — bc) = (a- d)* + 4be 


and hence if bc > 0 then there are two distinct real roots. 
Solve 


1-1 1 
x ={ 1 2 -2 JX 
Oo sha ~ 


Solution. Eigenvalues are: 0, 0,2. One solution corresponding to 0 is 


0 
X,= 1 
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Asecond solution can be found as v, + tv, =, where Vv, is the extending eigenvector, 


yielding 
1 
3 
Xo _ t 
5 +t 
The solution corresponding to A = 2 is 
2e2t 
x = _et 
ert 
The general solution is 
0 ; 2" 
x(t) = 1 + Co t + C3 =e" 
1 Stet et 


20. Find a fundamental set of solutions for 
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Solution. There are 3 distinct eigenvalues, A = 1,3,5, which yield 3 distinct linearly 
independent solutions 


2et 8e* 2e* 
X1 = -e! > Xo = et > X3 = et 
0 4e*" 0 


Solutions to Chapter 9 


2. 


Using the phase plane analysis, show that the solution of x” - 4x? = 0, x(0) = 0, 
x'(0) = -1is increasing, convex for t < 0 and concave for t > 0. Sketch a qualitative 
graph of the solution. 

Solution. The energy is E(x,y) = Sy’ - x’, where y = x’. The energy is constant: 
sy” ~x* = c.To evaluate c we use the initial conditions x(0) = 0, x'(0) = -1 yielding 
c = 1/2. Since E(x(t), y(t)) = ; and (x(0), y(0)) = (0, -1) then x(t), y(t) belongs to the 
lower branch E_ of {E = st (marked in blue in Figure 9.4 below). On E_ we have that 
y(t) < y(0) = -1. Thus x'(t) = y(t) < 0 for all t, which implies that x(t) is decreasing, 
whereby t < 0 > x(t) > Oandt > 0 = x(t) < 0. Moreover, from the equation we 
infer that x!’ = 4x° and hence 


t<0>x(t)>0>x"(t)>0= x(t) is convex; 


t>0>x(t)<05x"(t) <0 x(t) is concave. 


A sketch of the graph of the solution x(t) is reported in the Figure 9.4 below, right 
side. 

Show that the solution of x” — x + 4x? = 0, x(0) = 1, x’(0) = 0, is periodic. 

Solution. Here V(x) = 5x + x\E 7 iy - 5x £X, c = E(1,0) = ; and 

@ ViX< ; eax +x < ; © 2xt-x7-1<06-1<x<1L 

(ii) V'(1) = 3and V'(-1) = -3. 

Therefore E = ; is a smooth closed bounded curve with no singular point, since the 
only singularity is (0, 0). Thus x(t) is periodic. 

Let x,(t) be the solution of the nonlinear harmonic oscillator x" + w*x — x° = 0, 
Xq(0) = 0, x/ (0) = a. Find a > 0 such that x,(t) is periodic. 

Solution. From the energy relationship iy + sux’ - pe = C it follows that the 
energy of x, is given by c = 5xn(0)] = 5a’. It is known (see Subsection 9.3.1.1) that 
the nonlinear harmonic oscillator has a periodic solution whenever 0 < c < su. 
Thus x,(t) is periodic whenever 0 < 5a” < 5w’, namely 0 < a < |wl. 


Let x,(t), yq(t) be the solution of the Hamiltonian system 


U 


| x’ =axty, 
y' =-x-ay, 


such that x(0) = 0, y(0) = 1. Find a such that x,(t), y,(t) is periodic. 


10. 


12. 


14. 


16. 


18. 
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Se nen: We see that H(x,y) = 5x" + ay + sy’. Since H(0,1) = ; then we find 
x’ +2axy+y” = 1. The equation x” re y’ = 1is equivalent to (x + ay)*+(1-a’)y*. 
Hence, the conic is an ellipse if a” < 1. Otherwise, the conic is a hyperbola for a” > 1 
or it is a pair of straight lines if a” = 1. Thus x,(t), y4(t) is periodic whenever a” < 1. 
Find k such that the equation x” = k*x — x? has a homoclinic x(t) to 0 such that 
MaXp X(t) = 

Solution. As in the previous exercise one has that max x(t) is the positive solution 
Xo of E(x, 0) = 0. In this case we have E(x, 0) = ~5k?x? - qx’ = = Oand hence xq = 2k’. 
Thus, if x) = 2 we find 4 = 2k? > k = +v2. 

Show that for k < 0 the ae pS x has no homoclinic to 0. 

Solution. The energy E = iy - okx? ae x" has a local proper maximum at (0,0), 
provided k < 0. Thus in the vliace lane: ‘A 0) is surrounded by closed curves E = 
€ > 0 small enough, and there eanmiot be homoclinics to 0. 

Show that for p > 1 the ees x" +x? = 0 has no heteroclinic. 

Solution. The energy E = iy oS xe has a unique singular point x = y = 0. Using 
(+) at page 158 we can conclude that the eivell equation has no heteroclinic. 

Find a such that x” + 2x - 2x" = 0, x(0) = 0, : '(0) = a is a heteroclinic. 


Solution. E = jy’ +x? - 5x‘, E(0,a) = ja’. To bea heteroclinic, E, = {E = ¢} 
has to contain the Snails aie (+1, 0). pe c = E(+1,0) = : It follows that 
p= 50 Saat 


* Let T = T(a) be the period of the periodic solution of the nonlinear harmonic 
oscillator x" + w?x - x? = 0 such that x(0) = 0, x/(0) = a > 0. Show that 
lim,_,9 T(a) Sa 

Solution. Since E(0,a) = 5a” we infer ee = ya? — w2x? + 5x4, ae Xp > Obe 
such that E(X9, 0) = 5a”, we find 5a” = a” — w’xg + 5X9 which gives a” = w°x9 - 3X5. 


2 2 
Next, we have 


ae Xo 4s Xo ss 
reef toe] pet] 
aes ; \@ — wx? + 5x4 \ux? — 3x4 — wx? + 5x4 


The change of variable x — xpé yields 


1 


T(a) = | Xo 
5 \orx? = aXe = wx? E? + axae4 
Canceling Xp we get 
T(a) = — 


| ww? — 1x2 — Wyre 4 ae 
0 


As a — 0, we have that x) — 0 and hence 
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1 1 
lim T(a) = 4 | a we 
a0 ‘ Vo? - o# (6) ‘ 1-2 


20. * Show that there exists a unique A > 0 such that the boundary value problem 
x" + Ax? = 0, x(0) = x(z) = 0, has a positive solution. 
Solution. Consider the solution such that x(0) = 0, x’(0) = 1, whose energy is E = e 
In the phase plane any E = ; is a closed bounded curve with no singularity and 
hence it carries a periodic solution with period T = T(A). Finding a positive solution 
of the given bvp amounts to finding A such that T(A) = 27. We evaluate T(A) as in 
the previous exercise. From E(X9,0) = E(0,1) we infer that TAXG = ; => dG = 2. 
We have 


4 : 20 
= —-arcsinl= —. 
7) Ww 


fax of dx ; d 
o> 9 yt- dat gt Faxdes 


Since Xq = (2/A)"*, we find 5x = 34- ¢ =1. Then 


1 1 1 
Xq dé dé hag am 
sala eran real rer 


Setting A = i 4% the equation T(A) = 27 yields 


ye 


1/4 1/4 4 
4(5) -A=In > (5) ao aa=2.(=) ; 
A A 2A 1 
Solutions to Chapter 10 
2. Establish the stability of the equilibrium of 
| x’ =-y+ax, 
y' =x + ay, 


in terms of a. 
Solution. The coefficient matrix is 


whose eigenvalues are A = a + i. Thus: 

1 ifa<0then x = 0is an asymptotically stable focus; 
2. ifa> 0 then x = 0is an unstable focus; 

3. ifa=0 then x = Oisastable center. 


10. 


12. 
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Given the 3 x 3 system 


show that (0, 0, 0) is a stable equilibrium. 
Solution. The matrix of the system is 


-1 1 0 
A={ -1 -1 0 
0 1-1 
Its eigenvalues are the solution of 
-1-A 1 0 
-1 -1-A 0 =0 
0 1 -1-A 


namely, (-1-A)[(-1 —A)? +1] =0 >A =-1andA = -1+i. Thus we have asymptotic 
stability. 
Establish the stability of the equilibrium (0, 0) of the system 


x" =-2x +y, 
Se 


Solution. We can either write the system as a first order system in x, x’, y,y’ or we 
can transform the system to the fourth order equation x!" = —2x'"+y" = -2x""4x = 


x!" 42x" —x = 0. The characteristic equation of this latter equation is A*+24?-1 = 0 


whose roots are + \-1 + V2. Since \-1+ V2 > 0, we have instability. 


Show that the origin is a center for the harmonic oscillator x" + w*x = 0, w +0. 
Solution. Roots of the characteristic equation are +iw. 

Using stability by linearization, show that the trivial solution of x” + 2x! +x +x? =0 
is stable. 

Solution. The linearized equation at x = Ois y” + 2y’ + y = 0. In this case, A = —1is 
a double root and x = 0 is stable. 

Show that x = 0 is an unstable solution of x!" — 4x’ +x = 0. 

Solution. The roots of the characteristic equation C(A) = A* - 44” + are 


az+\be v3. 


Since the roots +2 + V3 are positive, we have instability. 


336 — Solutions 


14. 


16. 


18. 


20. 


Show that the solution x = 0 of x" + w*x + x** = 0, w #0, k € N, is stable provided 


k>1. 

Solution. x = 0 is a strict local minimum of the potential U(x) = sux? + ma 
Study the stability of the equilibria kz of the pendulum equation x” + sinx = 0. 
Solution. The potential is U(x) = — cos x which has a strict minimum at 2nz, n € Z. 
Thus they are stable. To establish the nature of &, = (2n + 1)z we consider the lin- 
earized problem y” + (cos ,)y = 0, namely y” —y = 0. Since the roots of the charac- 
teristic equation *-1= Oared = +1, we infer that é, = (n+), n € Z,isa saddle, 
namely a hyperbolic equilibrium. 

Using stability by linearization, show that if g’(0) = 0 then x = 0 is unstable for 
x" + g(x')-x=0. 

Solution. The linearized equation at x = 0 is y” + g’(0)y’ -y = y” —y = 0. The roots 
of the corresponding characteristic equation are A = +1. Thus x = 0 is unstable. 
Study the stability of the solution x = 0 of x” — (1 — x”)x’ - x = 0. 

Solution. The linearized equation at x = 0 is y” — py’ — y = 0. For any u € R the 
characteristic equation A” - yA - 1 = 0 has a positive root. Hence x = 0 is unstable. 


Solutions to Chapter 11 


2: 


Find the recursive formula and the first five nonzero terms of the series solution of 
x" +tx' =0. 
Solution. Substituting 


Ya, ¢* 


0 


yields 
+00 +00 
Y k(k- Na, + ¥ ka, t* 
2 1 
+00 +00 
= Vik +1(k+2))ayyot* + Y ka; = 0. 
0 1 


For k = 0, we obtain 2a, = 0 and for k > 1, we have the recursive formula 


ka, 
Ars = SRSA 2 es 
ke (k + 2)(k+D cs 
It follows: a, = a4 = dg = --- = 0 whereas a, = —#1, a, = —2% = 2%. q, = 2% = 
es 2D AAO EG = 3 39M A 8.482 ATS Sg 
3a, 


—7§5437 and so on. Hence 


e 3t° 5-3t7 ) 
tees - 


4. 


6. 


8. 
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Use the infinite series method to find the function that solves x’’ — 4x = 0, x(0) = 1, 
x'(0) =2. 
Solution. Substituting 


x(t) = 3 a,,t” 
0 


we obtain the recursive formula 


4a, 
Qn.2 = —————>._ ned. 
m2“ (n+ 1(n +2) 


We also have dy = 1, a, = 2, yielding a, = z and 


xO)= y (2t)" = git. 


! 
0 n 


Use the series solution method to find the function that solves the initial value prob- 
lem x’ — 2tx = 0, x(0) = 1. 
Solution. Taking derivative and adjusting indices, we obtain 


foe) foe) 
Vint Venat™ - ¥! 2cq_at" = 0. 
0 1 


For n = 0, we obtain c, = 0. Also, by assumption, Cy) = 1. For n > 1, we have 


Therefore, For n > 0, we obtain Cy,,; = 0 and Cy, = - and hence 


t4 t® t8 (ee) t2)” 
PG pe eee ee are =e. 
2 3! 4! 0 


Find the general series solution of x’’ — tx’ = 0. 
Solution. Taking derivatives of x, = 9° a,tk and adjusting indices, we obtain 


Vik + VK + 2ag,at* — Y kat = 0, 
0 1 


yielding a, = 0 and 


ka; 


: . k=42... 
A+ = SDK 41) 


Hence 
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3 5 7 
t 3t 5-3t 
x)= +a(er + 5e + 7 ve) 
10. Find the infinite series solution for (1-t)x'—x = 0, x(0) = 1 and identify the function 
represented by the series. 
Solution. Substituting the series 


Cc 
x(t) = Sat 
0 
we obtain 
Cc CO CO fe4] CO Cc 
Y negt” = ¥ neqt™ — ¥ eqt™ = Yn + Yepuat™ — Y nent” — Y cnt” = 0. 
T T 0 0 T 0 


For n = 0, we have c; — Cy = 0 > C; = Cy = 1. Forn > 2, we have the recursive 
formula 


_(n+De, _ 


n+1 n+1 n* 


Hence 
a 1 
x(t) = Yt" = —. 
(t) » = 


12. Show that t = 0 is a strict maximum of Jp. 
Solution. Differentiating Jy(t) = 9° y 5)" term by term, it follows that J'(0) = 0 
and J¢’(0) = -}. 

14. Show that if a # 0 is such that J)(a) = 0 then J’(a) + 0. 

Solution. Otherwise J’(a) = 0 and hence, from the equation aye! (a) + afo(a) + 
a@Jo(a) = 0 it follows that Ji/(a) = 0. Differentiating ¢77)/(t) + t{j(t) + tJo(t) = 0 
we find 


(n!)? 


tf (t) + C779" (t) + Jo(t) + th (t) + 2tfo(t) + t77G(t) = 0 


whereby Jj’’(a) = 0. Repeating the calculation we get “Io(q) = 0 for any k ¢ N. 
Thus Jy(t) = 0, a contradiction. 
16. Show that (t},(t))’ = t/p(t). 


Solution. 
2n 


ney i Gena) : (5) 5 ri ae 


0 


an 


2n+2 


18. 


20. 


22. 


24. 


26. 
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Thus 


an+1 


roo (YD an42(t\™ _ Sn +1) (t 
ly PU aCEET z (;) 2y ana) 


an 
ta(- 
ee 
2d 


an+1 


(5) = Up. 


Show that x(t) = tJ,(t) solves tx” — x' + tx = 0. 
Solution. x’ = J, + ij and x” = 2J; + t/j'. Thus 


tx" —x' +x = 2g) +07! -f,-o +h = C7! +974 (ee - vy, = 0, 


since the last equation is the Bessel equation of order 1. 
Find the equation satisfied by Jy(5t”). 

. _ 1,2 ! — gpl 142 mo te 42 27117142 . 
Solution. Let x(t) =Jo(st ). Then x'(t) = tJo(5t ) and x =Jo(zt )+tJo Gt ). Since 
9 (s) = ~J9(s)/s —Jo(s), namely (s = 51”) fg! (507) = -27§(507)/t? — Jo( Ft), we find 


panty Key /2)+ 2 .[- y(t? /2)/t? =Jale /2)] 
= Jg(t’/2) - i /2) — t°Jg(t?/2) = -Jg(t?/2) - CJo(t?/2). 


Since Jj (5 t 2) = = x'(t)/t, it follows ae A) satisfies x" + * + t2x =0. 

Solve the problem tx” + tx’ + t?x = 0 such that x(0) = b and x(a) = 0, wherea > 0 
is a zero of Jo. 

Solution. The general solution of the equation is given by x(t) = cJo(t) + c,Yp(t). 
Since J)(0) = 1 whereas Y(t) — -co as t > 0+, then x(0) = b implies c, = 0 and 
Cc, = b. Therefore x(t) = bj(t), which automatically yields x(a) = bJy(a) = 

Solve the Euler equation t?x”’ — 2x = 0 by means of the Frobenius method. 
Solution. Here p = q, = 0 and q = —2. The indicial equation is Z(r) = r(r - 1) - 

r? —r—2 = 0 with roots p, = —1, p, = 2. Moreover, for k < IN one has Z(p, + k) = 
T(k -1) = (k-1)(k—2) —(k-1) -2 = k* —4k +1 ¢ 0, since the roots of s?- 4s +1 = 0 
ares =2+V3¢Z. Similarly, Z(p, +k) = T(k+2) =k? +2k+2 # 0 fork € N (actually 


I(k +2) > 0). Then A;, = - 7 ‘Gy = O and B, = - ee, = 0 for k =1,2,... and thus 


A 
X = Apt”! + By2t™ = “a Bat: 


Find a solution of t?x" — tx’ + (1 - t)x = 0 such that x(0) = 

Solution. Here p = -1, g = 1, q, = -1. The indicial equation is Z(r) = r(r-1)-r+1= 
r? —2r +1 = 0 with roots p, = p, = 1.Since Z(1+ k) = (k +1)? -2(k+1)+1=k’ and 
q, = —1, then (11.5) yields 


(-1)*Ay ~ Ao _ Ag 
Z(1+1)Z(14+2)---ZA+k) 22-32... k2 (ka) 


Ay = (-1)* 
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2. 


Or, we can directly use equation (11.4) to infer that for k =1,2,... 


—-Ag + Ay 0, 

-A,+2°A, =0, 

-A,+3°A, =0, 

-Ay_1 + kA, = 0 
Thus we find A; Ao Ar G = GAs = B = gh = Gi Aa = B= ate = Gm 

A A 
As = 3 = apg = a ape and in general A; = ae 
Thus a solution of the equation is given by 
t? tb (ee) tk 
X(t) =Ap-{1+t+—|] +--)=A,- 5 —. 
= Ay-( ae * GD? )=4 D Tey 
The condition x(0) = Xq yields Ay = Xp and hence we find 
foe) tk 
x(t) =X): ) =. 
(t) = X » Tp 
Solutions to Chapter 12 
Find Y[e~24]. 
Solution. 
ot 1 2 
gle?) = =——, by (L2). 
[e?'] sel Bel y (L2) 

Find Y[e~ sinh ¢]. 
Solution. (L7) > [sinh t] = zy Property 9 yields [e~ sinh t] = Ee 
Find Y[e* cos 2t]. 
Solution. By (L9) we have L{e* cos 2t] = L[cos 2t](s—3). Since L[cos 2t](s) = nat 


we get 


s—3 


L [cos 2t]|(s _ 3) = (s—-3)24+4 


If Z[f(t)] = F(s) = 


a. find f(t) = 2 “(F(s)]. 


10. 


12. 


14. 
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Solution. We note that F(s) can be written as 


1 
4 2 2 
F(s) = — 
(s) s?-16 s-4 s+ 
Therefore, f(t) = 5e" - 5e*. 
Find .[e™ sin 3¢]. 
polurion:Usuls (L9), we have Y[e- 4C cin 3t] = F(s+4), where F(s) = @[sin 3t]. Since 


Y 3 
£ {sin 3t] = =, then F(s = 4)= Gays" 
q S+ 
Find f(t) that such that #[f(0)] = rao 
Solution. 
st+1 J E 
t)] = = —3 s 
O)] st+4+s-2 s-1 s+2 


implies that f(t) = ge‘ + ye 
* Show that 7 il = = Te where J is the Bessel function of order 0, such that 


Jo(0) = 1, Jg(0) = 
Solution. Notice ha Jo € @, since Jy is continuous and bounded. Moreover, Jy satis- 
fies tJ’ +J+Upo = 0. Taking the Laplace transform, one has Y[t/j/]+2[o]+-Z2[Yol = 
0, whereby 
- Eel + ZU - 221 =0. (7) 
ag nd eds 

Setting X = Y[Jy], we find 

Lo] = 8° Lo] - Jo(O)s ~ Jo(0) = 8°X — Jo(0)s - Jo) 

LJo] = 8-LYol — Jo(0) = sX — Jo(0). 
Thus (+) yields 


d 
as 


s°X —Jo(0)s —J}(0)) + 8X —Jy(0) + ox =0, 

namely —2sX — s*X' + Jo(0) + sX —Jo(0) — X' = 0. Rearranging, we find 
(1+ s”)X' + sX = 0. 

Solving this separable equation for X we obtain 


x s 
XX 1+4+8? 


=> In |X| = -5 In(1+s*) = In(1 + sy 


where we have used the known fact that X(0) = hag Jo = 1. Finally, In |X| = In 
yields 


1 
Vi1+s? 
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16. 


18. 


20. 


22. 


24. 


26. 


Find .2~"[233]. 
Solution. A AS] = = Re 
Find 47 [15]. 


+ 5) =22 [2] +32 [4] = 2438. 


s2 


He 
. . psd ak te Sn FT opel Tey. 
Solution. Using partial fractions, we have: aoc ea 4 ea 2 laal= 
-1 1 aed . 
Lo [s-a]=2 1S] L [aql=t sint. 


Using the Laplace transform, solve the ivp x’ — x = 1, x(0) = 2 
Solution. Letting X = [x], we have 


2s+1 


sX -2-X = Y{1] = : = (§-1)X = 


2s+1 2 1 2 1 1 1 1 
xX bt = + = + = 3 a 
s(s—1) s-1 s(s-1) s-1 s-1 $s s-1 s 


yielding the solution x(t) = 7 '[X] = 3e' - 1. 
Use the Laplace transform to solve x" — 2x’ + x = 0, x(0) = 0, x/(0) =1. 
Solution. Applying the Laplace transform, we find 


(s°X - 1) - 2(sX) +X =0 


which yields 


7 1 
~ (s—1)?" 


Therefore, x(t) = te‘ (see LA). 

Using the Laplace transform solve the ivp x” + x = 0, x(0) = x'(0) = 1. 

Solution. Applying the Laplace transform, we find s’°X —s-1+X =0 whereby X = 
L{x"] 

ae = 8 Then 


1+s? T+s? mu a 
X= | . +L 
1+s2 
Using the Laplace transform, solve the ivp 4x” — 12x’ + 5x = 0, x(0) = 1,x'(0) = 


depending upon k € R. 
Solution. Applying the Laplace transform, we find 


‘| 1 =cost+sint. 
1+ 32 


4. (s’X - s—k) -12- (sX -1) +5X =0 
L[x"] L{x'] 


and rearranging, (4s” — 12s + 5)X - 4s - 4k + 12 = 0. It follows X = i Seeking 
A, B such that 


4s+4k-12_ A |B 
4s2-125+5 2s-1 2s-5’ 
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we get 
A(2s — 5) + B(2s - 1) = 4s + 4k - 12 = 2(A+ B)s -5A-B = 48+ 4k - 12 
and hence the system 


| A+B=2, 
-5A - B = 4k - 12. 


Solving, we find A = 2- B and 5A - (2—A) = 4k - 12, whereby -4A = 4k-10 > A= 
-k+3,B=2-A=k-3. 


-kt3 kp kt Roba Al k 1, 1 
= 2 De 2, 23:1 = i Lan ke 
Therefore, X = ay hogs 9 2 no es ( tes yy eat GS re) = 


and hence 


x= £7 IX] = (-F+ 3) ets (4 - z)-e 


. Use the Laplace method to solve x” — x = f(t), x(0) = 1, x'(0) = 0, where f ¢ &. 
Solution. F = .7[f] @ f = Z{F],andX = Y[x]. One has -Y[x"]-[x] = Lif] = 
s’X —s-X = F whereby X = 5°. Thus 


onels}ellles 


1 s?-1 s?-1 


t 
= (sinh +f) (t) + cosht = | sinh(t - r)f(r) dr + cosht. 
0 


. Find the generalized solution of x” + x = f(t), x(0) = 0, x’(0) = 1, where 


1 ifO0<t<a, 
0 ift>a 


fo-{ 


a>0. 
Solution. [x"] + Y[x] = Lif] = s°X -14+X = Lif] =, 


1+Z[f] 1 , 2 


2 
si4)X=14+ 27/f] => X= < 
( ) if s74+1 s74+1 st41 


Thus x = .# 1[X] = sint + (f * sin) (t) = sint + (; sin(t — r)f(r) dr. 
Since f(r) = 0 for r > aand f(r) =1for0 <r <a, we infer 
(a) O<t<a => J, sin(t-r) - adr = a- [cos(t - r)]j = a - acost, 


(b) t>a => {, sin(t —r)f dr = a-acosa. 
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Thus 


sint+a-—acost, if0<t<a, 
sint+a-—acosa, ift>a. 


x(t) = | 


Solutions to Chapter 13 
2. Write the following in selfadjoint form: 
2. 


tx” +tx’-x=0, t>0. 


Solution. Dividing by t, we have 
1 1 
i 4x! = aS (tx')' - 7X = 0. 
4. Write the following in selfadjoint form: 
2,0 


t’x"” —tx' +x =0. 


Solution. Multiplying 


by ,, we obtain 


1 
(=*") + aires 0. 
t t3 


6. Show that for any continuous function p(t), 
x" — x! + p(t)x =0 


is nonoscillatory if p(t) < 0. 
Solution. Transforming it to selfadjoint form, it becomes 


(e*x')' + e“p(t)x = 0 


which is nonoscillatory, by Theorem 13.4. 
8. Let P(t) = a,t? + ay yt? * +--+ + ayt + dy and Q(t) = Dyt? +b, 0?! +--+ + byt + Do. 


Show that the equation x” + ox = 0 is oscillatory provided a >0. 
Solution. Since lim,_,,, Gl 7 e > 0, Corollary 13.2 applies. 
p 


10. Write the following in selfadjoint form and determine its oscillation status: Vix" + 
(t+1)x =0. 


12. 


14. 


16. 


18. 
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Solution. Write the equation as 


Then it follows from Theorem 13.5 that it is oscillatory. 
Write it in selfadjoint form in order to determine a condition on c(t) so that 


x" ax! +c(t)x =0 


is nonoscillatory. 
Solution. (:x')! + re(t)x = 0. Hence c(t) < 0 will suffice. 
Determine the oscillation status of 


| 


2 t 
( x1) + x=, t>1. (x) 
3t +2 t2+sint 
Solution. 
t x t 
t+sint t2+1 
Since 


! 
2 
( x) + atox=0 
3t+2 t24+1 


is oscillatory by Theorem 13.5, it follows from the Sturm comparison theorem that 
(«) is oscillatory. It also follows from a direct application of Theorem 13.5. 
Determine the values of the constant a for which 


tx” —x'+atx=0, t>1, 


is oscillatory. Are there values of a that will make it nonoscillatory? 
Solution. We first write it in selfadjoint form 


! 
(;*') + ox =0. 
t t 


Then it follows from Theorem 13.5 that if a > 0, the equation is oscillatory. On the 
other hand, if a < 0, then by Theorem 13.4, it is nonoscillatory. 
Determine the oscillation status of 


x Sere SO. 
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20. 


22. 


24. 


2 
Solution. Eliminating the x’-term by letting x = ez y and simplifying, one gets 
y"+(14+t)y=0 


which is oscillatory, by Corollary 13.2. 
Prove (i) and (ii) of Corollary 13.4. 
Solution. From Theorem 13.7 it follows that 


kx? keg? 
A;{m] = me(b — a)?’ A;[m,] = m2 (bay? 
Then, m, < m, implies A; [m,] = A;,[m,], proving (ii). 
Let M = maXjqp)m > 0. Since m < M, the comparison property yields A,[m] = 
Ay[M]. Since A,,[M] = weg thus A, [m] > wo > limy ico Aglm] = +00, 
proving (i). 
Show that the eigenvalues A;, of (1+ t”)x"” + Ax = 0, x(0) = x(z) = 0, satisfy A, > k’. 
Solution. Write the equation as x" +A- a -x = 0.Since a < 1, then the comparison 
property of eigenvalues yields Ala] > A, [1] =k’. 
Let A; [r;], i = 1,2, denote the eigenvalues of r;x” + Apx = 0, x(a) = x(b) = 0. If 
I, = 12 > 0, show that A; [7,] = A,[Fro]. 
Solution. It suffices to rewrite the equation as x” +A Ex = 0 and apply Theo- 
rem 13.8-(ii). 


Solutions to Chapter 14 


2. 


Let u be a solution of u, - Uy = 0. Knowing that u(0, 1) = 2, find u(1, 0). 

Solution. The characteristics are y+ x = c. The one passing through (0, 1) is y = 1-x. 
Since u is constant along the characteristics, then u(x,1- x) = u(0,1) = 2 for all x.In 
particular, for x = 1 it follows u(1, 0) = 2. 

Solve the ivp u, + 2uy = 0, u(0,y) = y. 

Solution. u(x, y) = o(y — 2x). Then y = u(0,y) = @(y). In other words, ¢ is the map 
re rand hence u(x, y) = y - 2x. 

Solve the ivp 2u, - 3uy = 0, u(x, 0) = x, 

Solution. One has u(x, y) = o(y+ 3x). Then the initial condition yields x? = u(x,0) = 
(3x) = $(r) = (Gr). It follows that u(x,y) = [3(y + 3x)]? = (x + 2)’. 
Alternatively, we can use the method discussed in Subsection 14.1.1.1. The given ivp 
has the form of (14.6) with g(x) = 0 and h(x) = x”. Writing the equation as u, — $Uy = 
0 we find: 

1. The characteristics through (x,y) are =s + x,n = -3s +y. 

2. Solving n(s) = g(&(s)) = 0 yields —3s + y = 0 and we find sq = Zy. 

3, One has u(x, y) = h(E(sq)) = A(Sp +X) = (K+ ty)’, as before. 


10. 


12. 


14. 


16. 


18. 
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Solve the ivp 2u, -— Uy = 0, u(x, x) =x-1. 

Solution. One has u(x, y) = d(2y + x) => x -1= u(X,x) = Ox) = P(r) = ir -1It 

follows that u(x, y) = 3(2y +x)-1= ty + 3x -1. 

Alternate solution: 

1. The characteristics through (x,y) are =$+x,n = -5s +y. 

2. Solving n(s) = g(E(s)) = 0 > n(s) = E(s) > $+xX =-48+y = Sy = F(V-X). 

3. One has u(x,y) = (Sy) -1=s)9+x-1= F(y X)+x-1= ty + x1. 

Solve u, + Uy = 0 such that u = x ony =Inx+x,x > 0. 

Solution. One has u(x, y) = @(y — x) whereby @(Inx +x -x) =x => d(Inx) =x > 

g(r) =e > u(x, y) = &™. 

Alternate solution: 

1. The characteristics through (x,y) are =S+x,n=S+y. 

2. Solve n(s) = g(&(s)) = n(s) = Inés) + &(s) > s+y = IN(s +x) +(S+xX) > 
In(s+x)=y-x>s+x=0%* >5,=0* -x. 

3. One has u(x, y) = h(E(Sp)) = E(Sg) = Sp +X =O * -—x4+KX=02™%. 

Solve the ivp 3u, + 2uy = 0, u(y, y) = zy. 

Solution. The general solution is u = ¢(y- 5x). The initial condition yields @(y- ty) = 

3) namely $(3Y) = 3y. Thus @(r) = r and hence u(x, y) = y- 2X. 

Solve the ivp 2yu, — Uy = 0, u(x, 0) = 2x. 

Solution. The ivp is like (14.6) with a(x, y) = 2y, b(x, y) = -1, g(x) = 0 and h(x) = 2x. 

1. Find the characteristics by solving 


eae &(0) =x, 
n'(s)=-1, (0) =y. 


The solution of the second equation is n(s) = —s + y. Substituting into the first 
equation we get &'(s) = —2s + 2y, €(0) = x, which yields &(s) = x - s+ 2ys. 

2. Find sy such that n(so) = g(&(Sq)), namely n(Sp) = 0, which yields -s) +y = 0 => 
So =y. 

3, u(x,y) = h(E(sq)) = 2E (Sq) = 20x — $3 + 2ysy) = 2x —y? + 2y’) = 20x +’). 

Solve the ivp xu, + 2u, = 0, u(x, 1) = -x. 

Solution. Here a = x, b = 2, g(x) = 1and A(x) = -x. 

1. Find the characteristics by solving 


le =€s), (0) =x, 
n'(s)=2, (0) =y, 


which yields (s) = xe®, n(s) = 2s +y. 
2. Find the solution of n(s) = g(&(s)), namely 2s + y = 1, which yields sy = (1 -y). 
3. u(x,y) = h(E(S9)) = -E(S9) = -xe" = —xe2”, 
Solve the ivp u, — yuy = 0, u(0,y) = y*. 
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20. 


22. 


24. 


Solution. Solving 


fe &(0) =x, 
n'(s) =-n(s), n(0) =y, 


we find &(s) = s +x, n(s) = ye’®. For sy = —x we have &(sy) = 0. Then (sp) = ye = 

ye*, The initial condition u(0,y) = y’ yields u(E(sq), n(So)) = u(0,n(So)) = 7(Sg) = 

y’e* and thus u(x,y) = ye. 

Solve uy — Uy = y. 

Solution. We can find a particular solution u* depending on y, only. So —Uy =y> 
= iy. Thus u = d(y + x) - sy. 

Solve the ivp u, — 2uy = y’, u(0,y) =y°. 

Solution. A particular solution is u*(y) = —3y*. Thus u = $(y — 2x) — Zy*. The initial 


condition yields @(y) - ty? =y*? = $(r) =r? + gr? = Zr. Thus 
7 3 1.3 
= _ 2. _-_ — 3 
u= E(y- 2x)" ~ By 
Find the solution of Burger’s equation u, — 3uuy = 0 such that u(0, y) = 1- sy. 


Solution. Here b = -3 and h(y) = 1- sy and thus z + bxh(z) = y (see page 251) 
becomes z — 3x(1- 32) = y. Solving for z we find 


3x 
Z=2(x,y) = _ , (x#-1), 


and thus 


1 y+3x  3-y 
3 14+x 304+x) 


u(x, y) = A(z(x y)) =1- 52069) =1 (x #-1). 
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Solutions to Section 15.4.1 


Let u be such that Au = OinB = {(x,y) « R?: x2 +y” < dpandu = x* + 2y’ on os. 
Show that 1 < u(x,y) < 2 for all (x,y) € B. 

Solution. Let F(x,y) = x’ + 2y”. Using, e.g., the Lagrange multipliers method we 
see that maxXsgF = F(0,+1) = 2and mingg F = F(+1,0) = 1. Using the Maximum 
principle (Theorem 15.4) it follows that 1 < u(x, y) < 2 for all (x,y) € B. 

Find the radial harmonic functions in R? \ {(0, 0)}. 

Solution. If u is radial harmonic, then Au = u,, + Uy = 0, namely, ru,, + u, = 0. 
Since ru,, + U, = (ru,)’, then u=c,+c,Inr,r > 0. 


10. 


12. 


Solutions to Chapter 15 ——= 349 


Knowing that the Fourier series of 


-m-@ forde [-1,-57], 


f(0)=30 for 6 € [-57, 57], (f1) 


nz-0 for 6 € [57,7], 


is f(0) = - (sin 6 ne + sae ---), solve Au = 0 for r < 1, u(1, 6) = f (0). 


Solution. Since u(r, 0) = Y7°(a, sinné + b, cosnd)r”, where a, b, are the Fourier 
coefficients of f, then 


u(r, 8) = = (rsing ,38in3@ | _ssinsé ) 
1 


3? 5 


Let ube harmonic inr < 1 and such that u(1, 6) = f(6). Iff is odd, show that u(r, 0) = 
u(r, 7) = 0. 

Solution. If f is odd, then f(0) = Y7° a, sinn@ and hence u(r, 8) = Y7° ayr” sinné. 
Then u(r, 0) = u(r, 77) = 0. 

Find u(r) solving Au = 0 forl<r<R,u=aforr=1,u=bforr=R. 

Solution. For r > 0 radial harmonic functions are given by u = c, + c, nr. The 
boundary conditions u(1) = a, resp. u(R) = b, yield c; = a, resp.b = a+ c)InR, 


namely c, = ae Thus u(r) = a+ 2“ Inr. 


Using separation of variables, find the solutions of Au = 0 in the square Q = {(x, y) € 
R?:0<x<7,0 < y < 7}, such that u,(0,y) = u,(7, y) = 0 for all y and u(x, 0) = 
u(x, 7) = 1+ cos 2x. 

Solution. Setting u(x, y) = X(x)Y(y) we find (i) X" + AX = 0, X’(0) = X'(t) and (ii) 
Y” —AY =0.As for (i) we find A = A,, = n’,n = 0,1,2,..., X,(x) = a, cos nx. Then (ii) 
with A = n’ yields Y,,(t) = B,e” +C,e™. Thus, relabeling b,, = @,Bns Cn = GnCn» 


u(x,y) ~ Y cos nx - (b,e™ +c,e ™). 
0 
The condition u(x, 0) = u(x, 7) = cos 2x implies 


foe) foe) 
¥ cos nx: (by + Cy) = ) cosnx - (b,e"” + C,e-™”) = cos 2x. 
0 0 

=u(X,0) =U(X,7) 


Then: 

@) n=0 > do+CG)=1 

(ii) n=2 > by +c, =1,andb,e” +c,e*" =1, 

(iii) ne N,n#0,2 > Db, +c, =0. 

Solving (ii) we obtain c, = 1- by and bye" + (1—b,)e *" = 1, namely bye” + (1-b,) = 
e*”, whereby 
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In conclusion, 


U(X, y) = (Dp + Cy) + (b,e” + C,@-”) - cos 2x 


1 ay et 5 
=1+ oF Crt e - COS 2x 
et +1 et +1 


=1+ -[e% +e" . cos 2x. 


eet 4.4 
14. Let u, be harmonic inr < 1 and such that u(1, 6) = a(5 - 8 sin @). Using the Poisson 
integral formula, find a such that Ug(3, 3) =1, 
Solution. The Poisson integral formula with R = 1,r = 5, 6 = 5 and f(3) = 5a - 
8a sin 3 yields 


(5 ) 1 [ee (5a — 8a sin 3) as 
a = 1 1 
1 M25 COS Ug 
qT 


l 3 . 
= 5a -8asind = i 
1 pas ) a9 3 {% Basind a9 34 
TT 


> —2sind ~ Ont 5-8sind 


Then Ug(5s 5) = limplies a = ; 

16. Let u be a harmonic function on R’. Show that for any Pp = (Xp, Yo) € R? ande > 0 
one has that u(P,) = Gan, f where B, is the ball centered in Pp with radius e and f is 
the restriction of u on the circle oB,. 

Solution. Changing the variables x = x—X 9, Y = y—yo and setting u(x, y) = u(x, y) we 
find Ai = Au = 0. Applying the mean value theorem to itin B, = {(x,y) : x? +y’ < €7} 


and letting f denote the restriction of i on B,, we obtain 


JT 


U(X, Yo) = U0, 0) = = | f (9) dd = b ip 
TE OB, 


Solutions to Section 15.4.2 


2. Solve the heat equation (H) with 


x for x € [0, 1a], 
{= - 


m-x forxe [57,7]. 


Solution. Recall that f(x) = = (sin x a + sm ---); see Exercise 15.4.1-7. 
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In this case the Fourier coefficients of f are a,h = 0 anda, = +, a3 = -5 . = 
As = = . 2, etc. Thus (15.16) yields 
8 (+. 1 3. 1 3 
u(x, t) = Ze ‘sinx - —e°‘sin3x+ —e> ‘sin3x ----). 
1 32 52 


Solve u, — 2U,, = 0, in (0,1) x (0, +00), u(x, 0) = 4sin(37x) for x € [0,1] and u(0, t) = 
u(1, t) = 0 fort > 0. 
Solution. Using Remark 15.3-(iv) with c = 2, L = 1 we find 


u(x, t) = ge rt sin(3z2x). 
Letting c(t) > 0, solve the following by separation of variables 
U; — C(t)Uy, = 0, Vx € [0,7], Vt > 0, 
u(x, 0) = bsin x, Vx € [0,7], 
u(0,t) =u(7,t)=0, Vt20. 
Solution. Letting u(x, t) = X(x)T(t) we find XT' = c(t)X"'T, that is 


x" T' 
X cor 


Then we find 
(i) X"" +AX =0, X(0) =X(m) =0, (ii) T’ + Ac(t)T = 0. 


Solving (i) we get A = nr’ and X,(X) = C, Sin nx. Then (ii) becomes T'+ n’c(t)T = 0. 
Separating the variables and integrating we find T(t) = b,e” , where C(t) = 
(K c(s) ds. Thus, setting a, = DpCp; 


2 
u(x, t) = > a,e” “ sinnx. 


Since C(0) = 0, we obtain u(x, 0) = ¥ ae" CO sin nx = a, sinnx. Thus the initial 
condition u(x,0) = Dsinx yields a, = b anda, = 0 forn = 2,3,..., and hence 
u(x,t) = be sin x. 

Solve the following Neumann problem for the heat equation 


U; — Ux, = 0, Vx € [0,7], Vt = 0, 
u(x, 0) = a, cosx+a,cos2x, Vx « [0,7], 
u,(0, t) = u,(7, t), Vt>0. 


Solution. Since the Fourier coefficients b, of f are null for n = 0,3,4..., whereas 
b; = a4, by = dy, we find u(x, t) = a,e' cos x + aye cos 2x. 
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10. Solve 


Uz — Uyy = 0, Vx € 
u(x,0) =|cosx|, Vxe 
u,(0,t) =u,(7,t), Vt>0. 


Solution. The Fourier coefficients of f(x) = | cos x| are 


4 (-1)" 
7 (2n —1)(2n + 1) 


oni1 = 9, Ayn = 


and thus 


4< (-1)" ~(2n)*t 
Ct) = e cos 2nx. 
ee x Gn=DensD ae 


12. Let u(x,t) bea solution of u,—u,, = h(x, t)inA = [0,2] x [0, T] for some T > 0. Show 
that if h(x, t) < 0 in the interior of A, then u achieves its maximum on the boundary 
of A. 
Solution. Being continuous, u attains its maximum at some (x, f) € A. If (x, t) belongs 
to the interior of A, then Vu(x, f) = 0, in particular u,(x, t) = 0. From the equation it 
follows that u,, (x, t) = u,(x%,)-A(x, t) = -h(x, ft) > 0. This is a contradiction because 
at any maximum point one has u,,(X, f) < 0. 


Solutions to Section 15.4.3 


2. Solve Up — Uyy = 0, U(X, 0) = x, U;(X, 0) = 2x. 
Solution. Using D’Alambert’s formula with c = 1, one finds 


x+t 
u(x, t) = sla t)+(x-t))+ ; | 2sds 
x-t 


: alas =X+ Ace ty -(x*= t)”) =X + 2xt. 


4. Show that the solution of u,, - Cy = 0, u(x, 0) = f(x), u,(x, 0) = 0 is even in t. 
Solution. One has u(x, -t) = 5(f (x — ct) + f(x + ct)) = u(x, 0). 

6. Let ube the solution of u,, — uy, = 0 in [0,L] x [0, +00), u(x, 0) = f(x), u;(x, 0) = 0. 
Knowing that f(;L) = f(2L) = 2, find u(4L, $1). 
Solution. From u(x, t) = af (x +t) +f(x —t)) we infer 


208) -IpCee8s) ode 2) $a) (0) 


8. 


10. 


Solutions to Chapter16 —— 353 


Solve by separation of variables: 


Urpe — Uy = 0, Vx € (0,7), Vt > 0, 
u(x, 0) = sin x, Vx € [0,7], 
u; (x, 0) = sin x, Vx € [0,7], 


u(0,t)=u(7,t)=0, Vt>0. 


Solution. Using u(x,t) = ).r, sinnx - [A, sinnt + B, cos nt], the condition u(x, 0) = 
sinx yields r,A,; = 17,4, = O0forn ¢ N,n # landr,B, = 0forn € N. Then 
u(x, t) = sinx sint which also satisfies u,(x, 0) = sin x. 

Solve by separation of variables: 


Ure — Uxy = Oz Vx € (0,7), Vt > 0, 
u(x, 0) =3+4cos2x, Vx « [0,7], 

u;(x, 0) = 0, Vx € [0,7], 

u,(0,t) = u,(7, t), Vt>0. 


Solution. Setting u = X(x)T(t), we find the usual system 
(i) X"4+aAx=0, (ii) T’+AT=0, 


but now (i) is coupled with the boundary condition X'(0) = X’(z). Solving, we find 
that the eigenvalues and the eigenfunctions are, respectively, A, = n’,n = 0,1,2,... 
and X, = r, cosnx, whence u = 9° r, cosnx(A, sin nt + B, cos nt). From u,(x, 0) = 
Yo nr,An cosnx = 0 we infer that r,A, = 0. Then u(x,t) = ¥>° r,B, cos nx cos nt 
and hence u(x, 0) = 3 + 4cos 2x implies that r,By = 3, r,B, = 4andr,B, = 0 for all 
neéWN,n # 0,2. Thus u(x, t) = 3+ 40s 2x cos 2t. 
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Let I[y] = fly [ty’? — 1y*] dx and Y = {y € C?([0,z]) : y(0) = y(z) = 0}. Show that 

infy I[y] = 

Solution. i, = sinx and evaluate I[ry] = 577 ib cos” x dx — 3r* 1 sin* x dx. Then 

one finds lim,_,,,.9 I[ry] = -co. 

Given I[y] = fo Gy (ay? -4y*+ a dx,y € Y = fy € C7([0,7]) : y(0) = y() = 0}, show: 

(a) I[y] is Sind below on Y, namely 3C € Rsuch that I[y] =>C, Vy <€Y, 

(b) infy I[y] < 0 provided A > 1, 

(c) knowing that this infimum is achieved at y, what is the boundary value problem 
solved by y? 

Solution. 

(a) One has I[y] = {, [y* - 4y*] dx. Since ty* - 4y’ > c we infer I[y] > cm :=C. 
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10. 


(b) Forr € Rlet us evaluate g(r) a [r sin x], yielding 


8 


a 
g(r) = 51 | cos? xa — 27? | sin? x dx + 7 * | sint xx 
0 0 


= 12 - Aj2 + a | sin‘ x dx = al -Ayr* + La | sin’ x dx. 
2 2 4 2 4 

It follows that @(r) < 0 for r > 0 small enough. As a consequence we have that 

infy I[y] < 0 forA > 1. 
(c) 61 =0 => y"+Ay-y? = Oand thus the minimum yis a solution of the boundary 

value problem y" + Ay — y°® = 0, y(0) = y(t) = 
Show that the time T taken by a body to descend from A = (0,0) to B = (1,1) along 
the Brachistochrone is less than or equal to 2/./g, where g is the gravitational ac- 
celeration. 4 
Solution. We know that T = miny/[y], with I[y] = [f (Zz dx and Y = fy € 


c7([0, 1]) : y(O) = 0,y(4) = 1}. Take u(x) = x. Evaluating J on this specific u ¢ Y 
we find 


and therefore T = miny I[y] < J[u] = a 

Consider a medium with refractive index n(y) = 1/./2gy and check if the light rays 
are Brachistochrone curves. a 

Solution. If n(y) = 1/./2gy the Fermat functional I[y] = ita J, 2) \1 +y!2 dx equals 


b ee 


the Brachistochrone functional I[y] = eon dx. Hence the two problems have 
the same stationary solutions. 

As first noted by Newton, the problem of finding the shape of the solid of revolution 
with least resistance when it moves in a fluid with constant velocity parallel to the 
axis of revolution leads to looking for the minimum of I[y] = ig y- oo dx on Y = 
{y € C*({a, b]) : y(a) = y(b) = 0}. ag ie Euler-Lagrange equation of I[y]. 

Solution. The Lagrangian L(y, p) = +; is independent of x. So, using (EL’) we find 


3p 3 
y'L, -L = k. Since L, = y- pvp BE y- noe then y'L, — L = k, namely 
pL, —L =k, becomes 
pi+3p?y-p _ 
(1+p2)? 1+p? — 


Rearranging we find 
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2yp° 
(1+ p*)? 


yp 
(1 + p*)? 


.[p°+3-(1+p")] = 


and hence the Euler-Lagrange equation is 


2yy! 3 _ 


Gay? - 
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